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Abstract. In this paper, some results on the upper convex densities of self-similar sets
at the contracting-similarity fixed points are discussed. Firstly, a characterization of the
upper convex densities of self-similar sets at the contracting-similarity fixed points is
given. Next, under the strong separation open set condition, the existence of the best
shape for the upper convex densities of self-similar sets at the contracting-similarity
fixed points is proven. As consequences, an open problem and a conjecture, which
were posed by Zhou and Xu, are answered.
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1 Introduction and preliminaries

It is well known that the theory of Hausdorff measure is the basis of fractal geometry
and Hausdorff measure is an important notion in the study of fractals (see [1,2]). But un-
fortunately, it is usually difficult to calculate the exact value of the Hausdorff measures
of fractal sets. Since Hutchinson [3] first introduced the self-similar set satisfying the
open set condition (OSC), many authors have studied this class of fractals and obtained
a number of meaningful results (see [1-10]). Among them, Zhou and Feng’s paper [5]
has attracted widespread attention since it was published in 2004. In [5], Zhou and Feng
thought the reason for the difficulty in calculating Hausdorff measures of fractals is nei-
ther computational trickiness nor computational capacity, but a lack of full understand-
ing of the essence of Hausdorff measure. Some authors recently studied self-similar sets
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by means of upper convex density and best covering, which are very important to the
study of Hausdorff measure (see [5-10]). In [5], Zhou and Feng posed eight open prob-
lems and six conjectures on Hausdorff measure of similar sets. Among them, a problem
and a conjecture are as follows.

Let E C R" be a self-similar set satisfying OSC, the Hausdorff dimension of E be s, i.e.,
dimy E=s, and x € R". Denote by D¢(E,x) the upper convex density of E at the point x.

Problem 1.1 (see [5]). Under what conditions is there a subset U, in R" with |U,|>0 such

that S( )
_ HS(ENnU
D(E,x)=——~" ">
C( x) ’ux’s

Such a set U, is called a best shape for the upper convex density of E at the point x.

Conjecture 1.1 (see [5]). s=dimpyE>1 = there is an x € E such that D¢.(E,x) < 1. Further-
more, 55(3(C x C,A) <1, where C x C denotes the Cartesian product of the middle third
Cantor set with itself and A denotes any vertex of C x C (see [5, Fig. 4]).

Recently, in order to study Conjecture 1.1 above, Xu [6] and Xu and Zhou [7] in-
troduced the notion ”“contracting-similarity fixed point”, and obtained a sufficient and
necessary condition for the upper convex density of the self-similar s-set at the simple-
contracting-similarity fixed point less than 1. In [7], a conjecture was posed as follows.

Conjecture 1.2 (see [7]). Let EC R" be a self-similar s-set satisfying OSC. Suppose that x is
a contracting-similarity fixed point of E. Then D¢-(E,x) <1 if and only if H*(ENU) < |U*
for each compact subset U in R” with x€ U and |U|>0.

This is an important conjecture connecting Hausdorff measure and upper convex
density. In Xu [6], it was shown that Conjecture 1.2 would be true if we only consid-
ered the upper convex density at the simple-contracting-similarity fixed point of a self-
similar s-set satisfying the strong separation set condition (SSC), instead of the one at the
contracting-similarity fixed point of a self-similar s-set satisfying OSC. In the subsequent
section (i.e., Section 2), we will set up a characterization of the upper convex densities of
self-similar set at the contracting-similarity fixed points. Then, under the strong separa-
tion condition (SSC), we show that the existence of the best shape for the upper convex
densities of the self-similar sets at the contracting-similarity fixed points. As application-
s, we answer an open problem (i.e., Problem 1.1 above), which was posed by Zhou and
Feng in 2004. As consequences, we prove Conjecture 1.2 does hold true in the case that
SSC is satisfied, thus generalizing the corresponding the result in Xu [6]. Some defini-
tions, notations and known results are from references [1-4].

Let d be the standard distance function on R", where R" is Euclidian n-space. Denote
d(x,y) by |x—y|, Vx,y € R". If U is a nonempty subset of R”, we define the diameter of U
as |U|=sup{|x—y|:x,y€U}. Let é be a positive number. If E C |J;U; and 0 < |U;| < for
each i, we say that {U,} is a d-covering of E.
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Let EC R" and s> 0. For § >0, define

H;}’(E):inf{Z]Ui]S:UUZ-DE,0<]U1-]§(5}. (1.1)

Letting 6 — 0, we call the limit
H*(E) ztlsirréHfg(E)
_)

the s-dimensional Hausdorff measure of E. Note that the Hausdorff dimension of E is
defined as
dimyE=inf{s>0:H*(E) =0} =sup{s>0: H*(E) =o0}.

An H*-measurable set E C R" with 0 < H*(E) < oc is termed an s-set.
Let E be an s-set in R", and x € R". The upper convex density of E at x is defined as

(see [1])

— H*(E
D¢ (E,x) =limsup { %
0—0 | ’

Note that the above supremum may just be taken over all subsets U in R" with x € U and
o< Ul <p.

Now we review the self-similar s-set satisfying the open set condition. Let D C R"
be closed. A map S:D — D is called a contracting similarity, if there is a number ¢ with
0<c<1 such that

:UconvexinR”,xEU,O<|U]§p}. (1.2)

[S(x)=S(y)|=clx—yl, VxyeD,
where c is called the similar ratio. It was proved by Hutchinson (see [1]) that given m >2
and contracting similarities S;: D — D, (i=1,2,---,m) with similarity ratios c; there exists
a unique nonempty compact set E C R" satisfying

The set E is called the self-similar s-set for the iterated function system (IFS) {S1,---,S},
here we assume that there is a bounded nonempty open set V such that

and
Sl(V)ﬂS](V):Q, 1#], ]:1/2,/1/’1,

which is often referred to as the open set condition (OSC). In this case, we know that
0<H*®(E)<oco and so E is an s-set. Furthermore, we call E satisfying the strong separation
condition (SSC), if E meets with OSC and satisfies

S(E)NS|(E)=@, i#j, j=12,,m.
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Denote by Ji the set of all k-sequences (i1,---,ix), where 1 <ij,---,ix <m, k> 1 and
put Ej,...;, = S;,0---05; (E), which is referred to as k-contracting-copy of E. Obviously,
Y(iy, - ,ix) € Jx, we have

|Ei1---ik|sz |Si1 0:-:05 (E)’s :Cil"'cik’EP'

iy
It is not hard to see that for each k> 1,

E=JEi,...,- (1.3)
Tk

Definition 1.1 (see [6,7]). Let E C R" be self-similar s-set for the IFS {S;,---,S,, } satisfying
OSC and x € E. x is called a contracting-similarity fixed point of E, if there are a positive
integer k and (iy,--+,ix) € Jx such that

Sil O oSik(x) =X.
Note that here x is alternatively called the contracting-similarity fixed point of E associ-
ated with §; o---0§; .

In particular, x is called a simple-contracting-similarity fixed point of E, if there is
i€{l,---,m} such that 5;(x) =x.

Definition 1.2 (see [5-7]). Let E be an s-set in R". A sequence {U;} of subsets in R" is
called an H®-a.e. covering of E, if there is an H°-measurable subset Ey in R" with Ey C E
and H?®(Ey) =0 such that {U;} is a covering of E—E (i.e., E—EoCJ;U;). A sequence {U;}
of subsets in R" is called a best H*-a.e. covering of E if it is an H%-a.e. covering of E such
that

H(E) =Y |u

Note that a best H*-a.e. covering may be alternatively called a best almost covering or an
optimal almost covering (see [10]).

A family {U;};>1 of subsets in R" is called a best covering of E (see [5]), if it is a
covering of E with |U;| >0 (Vi>1) such that

H*(E)=)_Iuil*.

i>1

Note that a sequence {U;} of H°-measurable subsets in R" is an H%-a.e. covering of E if
and only if H*(E—J;U;) =0.

Let M and N be both nonempty subsets in R". Then the Euclidian metric between M
and N is defined as follows:

dist(M,N) =inf{|x—y|:xeM, ye N}.
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Let A and B be both nonempty compact sets in R". Recall that the definition of Haus-
dorff metric is as follows:

h(A,B)=inf{e: ACN.(B), BCN:(A)},

where
N.(A)={xeR":3y€ A, such that |[y—x|<e},

which is called the open e-neighborhood of A.

2 Main results

In this section, we first give a characterization of the upper convex densities of the self-
similar sets at the contracting-similarity fixed points. As applications, we prove that
under the strong separation open set condition, there exists a best shape for the upper
convex density of the self-similar set at any contracting-similarity fixed points.

Proposition 2.1. Let E C R" be an self-similar s-set satisfying OSC and x € R", then the
upper convex density of E at x is equivalently as

Hs(ENU)

S .
D¢(E,x) —hmsup{ ur

:U closed in R", xeu,o<yu|gp}. 2.1)
0—0

Proof. It is easily shown that (2.1) is true by means of the definition of Dg(E,x) as (1.2).
So, the proof is completed. O

Theorem 2.1. Let E C R" be an self-similar s-set satisfying OSC. Suppose that x € E is any
contracting-similarity fixed point of E, then

S
De(E,x) :sup{% :U closed in R", xe U, |U]| >0}. (2.2)
Proof. Write
HS(ENU
Dzsup{%:dclosediml{”,xeu, |U]>O}. (2.3)

It suffices to show that 5Z(E,x) > D, since we can easily see that 52(E,x) <D by (2.1)
and (2.3). In fact, suppose that there are a positive integer k and (i1,---,i) € J; such that

Sj0---05; (x)=x.
Then, for any closed subset U in R" with xe U and |U| >0, there exists a sequence {V]}j’il
defined by

VkZ(Silo---OSik)j(U),
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such that x €V}, [V;| >0 and

HS(EQVj) >Hs((si1o"'oSik)j(E))mHs((Si1O“'Osik)j(u))

vile |(Siy 0008 ) (U)]*
. (Ci1 '-~Cik)jsHS(EQU) . HS(EQU)
(Cil"'Cik)j5|U!5 ’u|s

for all j > 1. Moreover, we also see | V;| — 0 as j — co since
0<|Vj|=[(Si 0008 (U)| = (ciy i VU S CE[ =0, j—roo,

where c=max{c;,--,¢;, } <1. Thus, by the definition of upper convex density and (2.1)
and (2.3), we have

HS(ENV))

D¢ (E,x) >limsup —
' Vil

]—00

>D, (2.4)

which is the desired result. O

The following theorem is obvious according to the definitions of upper convex densi-
ty and contracting-similarity fixed point. So we omit its proof.

Theorem 2.2. Let E C R" be an self-similar s-set satisfying OSC. Suppose that x € E is any
contracting-similarity fixed point of E, then

_ HS (U
D (E,x) :sup{ “5|5) :U compact in R", xe U, UCE, |U| >0}. (2.5)

By using Theorem 2.1, we can easily deduce the following corollary. We omit its proof.

Corollary 2.1. Let E C R" be an self-similar s-set satisfying OSC. Suppose that x € E is any
contracting-similarity fixed point of E, then

Hs(ENU)

D& (E,x) >
C( ’x)— |u’s

(2.6)

for any subset U in R"” with xe U and |U| > 0.

Remark 2.1. If we take E=CxC and x=A = (0,1) in Corollary 2.1, then we see that
Corollary 2.1 is reduced to [13, Lemma 5.1].

Now we will use the main results to deduce the existence of the best shape for the
upper convex densities of the self-similar sets satisfying SSC at the contracting-similarity
fixed points.
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Lemma 2.1. Let E C R" be a self-similar s-set yielded by contracting similarities S1,--+,Sp,
satisfying SSC and x € E. Suppose that x is a contracting-similarity fixed point of E, then there
is a real number € with 0 <e < |E| such that

— Hs(U
D(E,x) :sup{ ’L(”S) :U compact in R", UCE, xe U, |U]| 28}. (2.7)

Proof. Since x € E is a contracting-similarity fixed point of E, by Definition 1.1, there are a
positive integer k and (71,---,i) € Jx such that

S

I

0---05; (x)=x. (2.8)
Set

szmin{dist(Sho---oS]-k(E),Sh O---OS]'k(E)) . (jlr"'/jk)/(llr"'/lk) E]k,

(jll"'/jk) #(lll'.'llk)}l (29a)

S
l:sup{H“;’lsl) :U compactin R", UCE, xe U, |U] 28}, (2.9b)
L:sup{ Iﬁb([g) :U compactin R", UCE, xe U, |U| >0}. (2.9¢)

By Theorem 2.2, it suffices to prove [ > L, since [ <L is obviously seen by (2.9b) and (2.9¢).
By the property of SSC of E, for any compact set V in R"” with V CE, if |V| >0, |V|<e and
xe€V,thenVCS;o0---05; (E). Set

p=max{t:V C(S;0---0S;)" (E)}.
It is easy to see that p>1. Thus, we get
VC (Si1 o- --OSZ‘k)p(E),

but the following
V C(Sj0---08;,)PTY(E)

does not hold. Now write g=(S; 0---0S;,)?, then we have

H (V) _(cc) P H(V) _H(g™\(V)
VE )™ VE g (V)P

(2.10)

where ci; is the contracting ratio of Si; (1<ij<m, j=1,2,---,k). Since x eg H(V)NSj 00
Si.(E), g (V) is compact in R", g7} (V) CE, and g~ ' (V) C S; 0---08S; (E) does not hold,
the inequality |¢ ! (V)| >¢ does hold and therefore it follows from (2.9b), (2.9¢c) and (2.10)
that [ > L, as required. O
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Lemma 2.2 (see [7]). Let {A,} be a sequence of nonempty compact subsets in R" and A C R".
Suppose that { A, } converges to A in Hausdorff metric. Then we have

(i) imy, 00 | Ay | = Al

(ii) if there is a compact subset F in R" such that A, CF for alln>1, then ACF.
(iii) limsup, . H*(An) <H’(A) if 0< H*(Ay) < oo0.

(iv) if x€ Ay, for all n>1, then x € A.

Now we begin to show the main result in this section.

Theorem 2.3. Let E C R" be a self-similar s-set satisfying SSC. Suppose that x is a contracting-
similarity fixed point of E. Then there is a compact set U, in R" with x € Uy, |Uy|>0and U, CE
such that

H*(Uy)
Ual®

D¢(E,x)= (2.11)

That is, there exists a best shape U for the upper convex density D (E, x).

Proof. By Lemma 2.1, there exist a real positive number € >0 and a sequence {U,} of
compact subsets in R" with x € U;, U; CE and |U;| >¢&>0 (Vi >1) such that

H*(U;)

AE —Dg(E,x) as i—co. (2.12)
1

Thus, there is a subsequence {U; } C {U;} such that {U;,} converges to a compact set
U, in R" in Hausdorff metric (see [11]). Without loss of generality, assume that {U;}
converges to the compact set U, in Hausdorff metric. Hence, by Lemma 2.2, we see
U,CE, |Uy| >e>0, xeU, and

limsup H®(U;) < H*(Uy).

1—00
So, by Corollary 2.1, we obtain the chain of inequalities

H?*(UxNE) _ H*(Uy) S limsup,_, . H*(U;) i H(U;)
| Uy * [Uxl = limje |Uif° jreo |uz‘j|S

D¢ (E,x)>

where {U; } is some subsequence of {U; }. This shows that H*(Uy)=|Ux/|* as required. [

By Theorem 2.3, we immediately obtain the following two corollaries, so we omit
their proofs.

Corollary 2.2. Let E C R" be a self-similar s-set satisfying SSC. Suppose that x is a

contracting-similarity fixed point x of E. Then D¢-(E,x)=1 if and only if there is a compact
subset U in R" with xe U, |U| >0 and U C E such that H*(U) =|U|*.
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Corollary 2.3. Let E C R" be a self-similar s-set satisfying SSC. Suppose that x is a
contracting-similarity fixed point x of E. Then D¢-(E,x) < 1if and only if H*(U) < |U|* for
each compact set U in R" with xe U, |U|>0and U CE.

Remark 2.2. Theorem 2.3 gives an answer to Problem 1.1, which was posed by Zhou and
Feng in 2004.

Remark 2.3. Corollary 2.2 and Corollary 2.3 generalize Theorem 4.1 and Corollary 4.2
in Xu [6], respectively. In addition, Corollary 2.3 shows that Conjecture 1.2, which was
posed by Xu and Zhou in 2005, is true in the case that E C R" is a self-similar s-set satis-
fying SSC.
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