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On Growth of Polynomials with Restricted Zeros
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Abstract. Let P(z) be a polynomial of degree n which does not vanish in |z| <k, k>1.
It is known that for each 0 <s<n and 1 <R <k,

(P80 () [ 0, ) () e

In this paper, we obtain certain extensions and refinements of this inequality by in-
volving binomial coefficients and some of the coefficients of the polynomial P(z).
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1 Introduction and statement of results

Let P, be the class of polynomials
n
P(z)=) a,z"
v=0

of degree 1, z being a complex variable and P(*)(z) be its s derivative. For P € P,, let
M(P,R)=max;_g|P(z)|. It is well known that

M(P',1)<nM(P,1), (1.1)
and

M(P,R)<R"M(P,1), R>1. (1.2)
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The inequality (1.1) is a famous result of S. Bernstein (for reference, see [9]) whereas the
inequality (1.2) is a simple consequence of Maximum Modulus Principle (see [8]). It was
shown by Ankeny and Rivlin [1] that if P € P, and P(z) #0 in |z| <1, then (1.2) can be
replaced by

R"+1

M(P,R) < ( )(P,1), R>1. (1.3)

Recently, Jain [5] obtained a generalization of (1.3) by considering polynomials with no
zeros in |z| <k, k>1 and simultaneously have taken into consideration the st" derivative
of the polynomial, (0 <s < n), instead of the polynomial itself. More precisely, he proved
the following result.

Theorem 1.1. If P€ P, and P(z) #0 in |z| <k, k>1, then for 0<s<n,

des)
dR()

(R™+k") } <$)nM(P,1) for R>k, (1.4)

1
() g) <t
M(PY,R) < -{

and

1 d®) R+kyn
(s) n TR
M(P®),R) < (Rs+ks) de(s) (1+x )}le] <1+k> M(P,1) for I<R<k.  (15)
Equality holds in (1.4) (with k=1 and s=0) for P(z) =z"+1 and equality holds in (1.5) (with
s=1) for P(z) = (z+k)".

In this paper, we obtain certain extensions and refinements of the inequality (1.5)
of the above theorem by involving binomial coefficients and some of the coefficients of
polynomial P(z). More precisely, we prove

Theorem 1.2. If P€ P, and P(z) #0 in |z| <k, k>0, then for 0<s<nand 0<r <R <k, we
have

R4 |2 s+l 4l
(s) < C(n's> a0 n
M(P ,R) _{C(n,S) (ks+1 _|_Rs+l) + Z_(S) (kHle—i—szs) } de(s) (1+x )}x:J
« e
X {exp <n/r t2+k2+20%2‘2—[1)‘tdt) }M(P,r). (1.6)

The result is best possible (with s =1) and equality in (1.6) holds for P(z) = (z+k)".

Remark 1.1. Since if P(z) #0 in |z| <k, k>0, then by Lemma 2.5 (stated in Section 2), we
have for 0<s<mn,

1

as
— =k <1 1.7
c(n,s)‘ao - (1.7)
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which can also be taken as equivalent to

c(ms)BH | &= kot L E ook .
or 0< . )
c(n,s) (K1 51) + [ %] (ks Hip 1) = 4k = (1.8)
Since R <k, if we take t=R in (1.8), we get
c(n,s)R+| % ks H1 1
) if’ < . (1.9)
C(l’l,S) (k5+1—|—R5+1)+ i (k5+1Rs+Rk2s) R +ks

Also

R 1| RAAK+ 28R\ R24+K24+2kR|y]\ 4
exp(n/2 2&%_1&):(2 24 22 m )—(Zk2 2kH>’
- A ) T\ el ) T e
where 7y =ka; /nap, has absolute value <1, according to inequality (2.4) of Lemma 2.5.

Now as
R*+k*+2kR| 7|

12 +k2+2kr|y|
is an increasing function of |y| in [0,1], hence
(R2+k2+2kR]fy] > 7 < <R+k> "
r2+k242kr|y| / — \r+k
Combining (1.9) and (1.10), the following result immediately follows from Theorem 1.2.

Corollary 1.1. If P€ P, and P(z) #0 in |z| <k, k>0, then for 0<s<n and 0<r<R<k, we
have

(1.10)

0= () [ 000 i) e

The result is best possible (with s =1) and equality in (1.11) holds for P(z) = (z+k)".
Remark 1.2. For r=1, Corollary 1.1 reduces to inequality (1.5).
Next we prove the following theorem which gives an improvement of Corollary 1.1

(for 1 <s<n), which in turn as a special case provides an improvement and extension of
the inequality (1.5). In fact, we prove

Theorem 1.3. If P€ P, and P(z) #0 in |z| <k, k>0, then for 1 <s <nand 0<r <R <k, we
have

c(1,8) R+ A%L_fs+1 (s)
T o), ]
c(n,s) (ks—i—l —|—R5+1) + % (ks+1Rs_|_Rk25) dx(s) x=1
apg|—m
R t—|—l |a1 ] k2
n lag|—m _
X{exp(n/r t2+k2+2nﬁ|ﬂ071mtdt>}(M(P'r) m), (1.12)

where m=min||_|P(z)|.
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The result is best possible (with s =1) and equality in (1.12) holds for P(z) = (z+k)".

Remark 1.3. Since P(z) #01in |z| <k, k>0, therefore, for every A with |A| <1, it follows by
Rouche’s theorem that the polynomial P(z) —Am, has no zeros in |z| <k, k>0 and hence
applying inequality (2.4) of Lemma 2.5 (stated in Section 2), we get

c(n,s)|ag—Am|> |ag|k°. (1.13)

If in (1.13), we choose the argument of A suitably and note |ag| >m, from Lemma 2.3, we
get

c(n,s)(|ag| —|A|m) > |ag|K°. (1.14)
If we let |[A| — 1 in (1.14), we get

1 |as|
c(n,s) |ag|—m

k<1,

which further implies by using the same arguments as in Remark 1.1, that

c(n, )R+ k! <t (1.15)
c(n,s) (kst1++Rs+1) +|a(‘>£|l—i‘m (ks+1Rs 4 RKk25) RS +ks’
and
R t+l Iall k2
exp (1 | Tl dt>§<R_+k)”_ (1.16)
P2 r+k

Now, using (1.15) and (1.16) in (1.12), the following improvement of Corollary 1.1 (for
1 <s < n) and hence of inequality (1.5) immediately follows from Theorem 1.3.

Corollary 1.2. If P€ P, and P(z) #0 in |z| <k, k>0, then for 1 <s<n and 0<r<R<k, we
have

w00 (e 0}, () ().

where m =min;|_¢|P(z)|.
The result is best possible (with s =1) and equality in (1.17) holds for P(z) = (z+k)".

Remark 1.4. The inequalities (1.11) and (1.17) were also recently proved by Mir (see [7]).
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2 Lemmas

For the proof of these theorems, we need the following lemmas.
The first lemma is due to Aziz and Rather [2].

Lemma 2.1. If P€ P, and P(z) #0 in |z| <k, k>1, then for 1 <s <n, we have

ks+l

(ks—H _|_k2s)

c(n,s)+|z

c(n,s) (k5T141) + |2

as
ap

M(P®),1) §n(n—1)--~(n—s+1){

where c(n,j) are the binomial coefficients defined by

. n! |
C(n,])zw, 0:1

From Lemma 2.1, we easily get

Lemma 2.2. If P€ P, and P(z) #0 in |z| <k, k>1, then for 0 <s <n, we have

ks+1 (s)

) c(n,s)+|g
M(PF1) < {c(n,s) (kH141) 4|2

as
aop

185

M), @)

(kst14k2s) } [{ ddx(s) (Hxn)}x:l]M(P,l). (2.2)

Lemma 2.3. If P€ P, and P(z) #0 in |z| <k, k>0, then |P(z)| >m for |z| <k, and in particular

lag| >m,
where m=min|,_|P(z)|.
The above lemma is due to Gardner, Govil and Musukula [4].
Lemma 2.4. If P€ P, and P(z) #0 in |z| <k, k>1, then for 1 <s<n we have
M(P¥),1)
c(n,s)+ as]_ps+1 46

lag| —m

S{c(n,s)(k5+1+1)+ lTilm(kS”Jrkzs) } de(s

[

) (1+x”)}x:1] (M(P,1)—m),

where m=min,, _|P(z)|.
The above lemma is due to Mir [7].
Lemma 2.5. If P€ P, and P(z) #0 in |z| <k, k>0, then for 0 <s <n, we have

1

as
c(n,s)

k°<1.

ao

(2.3)

(2.4)
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Proof. Since

n
z)=) a2z’ #0
v=0

in |z| <k, k>0. Let z1,2p,- -,z be the zeros of P(z), then |z,| >k; 1 <v<n, and we have

()%~ = Tz,
(—1)2a”—2 )=) n1z,-,

ay
(_1)n_SZ_S n n_s Zzlzz “Zn—ssttty
n
a
(—1)”a—0:w(n,n):zlzz-~-zn,
n

where w(n,s) is the sum of all possible products of z1,zp,--,z, taken s at a time. From

(2.5¢) and (2.5d), we get
5| _|8s||an| _ w(n, n—s)‘
agl la,!lag w(n,n)
:‘22122 Zp—s| 1
2122 2122+ Zg
1
<
<TGl 2 s

which completes the proof of Lemma 2.5.

Lemma 2.6. If

n
P(z)=ap+ Zavzv, 1<u<n,

v=p

is a polynomial of degree n having no zeros in |z| <k, k>0, then for 0 <r <R <k, we have

e
M(P,R) < / 0
( ) = {eXp (7’1 , o fHtl +ky+1+%|z_g ‘ (ky+lty _|_k2yt)

The above result is due to Jain [6].

Lemma 2.7. If

dt) }M(P,r).
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is a polynomial of degree n having no zeros in |z| <k, k>0, then for 0 <r <R <k, we have

t+ﬂ al -1

R
M(P.R) <{ ex / 1 Jag[—m dt) tM(D,r
(PR) { p( ke () >} e

tH _}_E‘ ‘“V|mky+lty—l

~[ew(n /" Tl
vl gpt1 g B |‘T;i|m(k;l+lt;l+k2yt

1 |ag

| dt> } . 1] m, (27

where m=min,,_|P(z)|.

The above lemma is due to Chanam and Dewan [3].

3 Proofs of theorems

Proof of Theorem 1.2. Since P(z) #0 in |z| <k, k>0, the polynomial P(Rz) has no zero in
|z| <k/R, k/R>1. Hence using Lemma 2.2, we have for 0<s<mn,

s(k s+1
RSM(P(S),R)<{ C( /S ) R ( )

T le(ns) (1 (§)) + ((%)S“H%)S)}

H dd;)) (1+x" )}le] M(P,R),

as

which gives

as

c(n,s)R+ | % |kt

M(P©),R) <{

c(n,s) (ks 14+ Re ) + | 25| (ks H1RS + Rk>) }

Hddj)) (1+" )}x:l:| M(P,R). 3.1)

Now, if 0 <r <R <k, then by Lemma 2.6, we obtain for y=1,

R b4 ] L[k
M(P,R) < {exp <n/r RV Wtdt) L M(P,1). (3.2)
Combining (3.1) and (3.2), we obtain

as

c(n,s)R+| & ket des)

s R e ey ) Lm0

e
x{exp(n/r t2—|—k2)i|—?i2‘”—1‘tdt) }M(P,r),
n \|ap

M(P¢),R) <{
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which proves Theorem 1.2. O

Proof of Theorem 1.3. Since P(z) has no zero in |z| <k, k>0, the polynomial P(Rz) has no
zero in |z| <k/R, k/R>1. Hence using Lemma 2.4, we have for 1 <s<n,

|ao|—m’

{c(n,s)(H(%)S“H R (%)”1+(§)25)}

|ao|—m’

RM(P®),R) <

c(n,s)+ | R5(§
(

X H%(Hx”)}x_l} (M(P,R)—m'), (3.3)

where m’:min|z|:% |P(Rz)|=min,|_¢|P(z)|=m. This gives

c(n,s)R+ as]_ps+1

lag| —m

{ c(n,s) (k5T14Rs+1) + ||”_>| (ks+1Rs+Rk%) }

ao]—m
y [{%mxn)}

M(P®,R) <

] (M(P,R)—m). (3.4)
x=1

The above inequality when combined with Lemma 2.7 (for p =1) gives inequality (1.12)
and this completes the proof of Theorem 1.3. O
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