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Abstract. We consider Hardy spaces with variable exponents defined by grand maxi-
mal function on the Heisenberg group. Then we introduce some equivalent character-
izations of variable Hardy spaces. By using atomic decomposition and molecular de-
composition we get the boundedness of singular integral operators on variable Hardy
spaces. We investigate the Littlewood-Paley characterization by virtue of the bound-
edness of singular integral operators.
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1 Introduction

Hardy spaces have a number of applications in harmonic analysis, as well as in control
theory and in scattering theory. The classical Hardy spaces H? can be characterized by
maximal functions, atomic decomposition, and Littlewood-Paley decomposition (see [8,
18,22,34,36,43], etc.). We can see from [5,13,14,24,31,33,39,54], etc., that there are many
further studies about different kinds of Hardy spaces.

Variable Hardy spaces have been well studied by [11,37,41,48,49,52,55,56], etc.. We
refer to [3,10,15-17,46,47,50, 51], etc., for some other kinds of variable function spaces
and their applications. We can see that increasing attention has been paid to the study of
function spaces with variable exponent in harmonic analysis.

The Heisenberg group, denoted by H", plays an important role in several branches of
mathematics, such as representation theory, partial differential equations, several com-
plex variables and number theory.

However, as far as we know there is no work investigating variable Hardy spaces on
the Heisenberg group. Inspired by the studies of Hardy spaces on some kinds of abstract
spaces e.g., [4,6,23,25,27,30,38,45], we turn to consider characterizing variable Hardy
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spaces on the Heisenberg group. This is based on [37] but since the Heisenberg group
possesses a special geometry structure, it is a kind of non-Abelian groups and the Fourier
transform on it is operator-valued, we need more complicated calculations to extend the
classical theories on it. Furthermore, because of the properties of the left invariant vector
fields on the Heisenberg group, we have to use sub-Laplace operator £ instead of the
classical Laplace operator A on R" and thus the heat kernel is quite different from the
one on the Euclidean spaces.

Firstly, we need to use the structure of dyadic cubes on the doubling metric space
given by Tuomas Hytonen and Anna Kairema (see [29]) to generalize some basic theory
about variable Lebesgue spaces introduced by David V. Cruz-Uribe and Alberto Fiorenza
(see [12]). Then we use a lot of analysis tools on stratified groups introduced by G. B.
Folland and E. M. Stein (see [19]) and some basic properties of Fourier transform on
the Heisenberg group (see the refrences [44] and [35]) to investigate the variable Hardy
spaces on it.

This paper is organized as follows. In Section 2, we recall some basic properties of the
Heisenberg group shown in [44] and [19] and then give the definition of variable Hardy
spaces and atoms on IH". In Section 3, we first introduce the log-Hélder continuity and
decay condition for the variable exponent p(-). Then under these conditons we prove the
equivalence of Hardy norms given by maximal functions, i.e.,

A gy ~ Mg £l o) ~ (1M fl ot

in Theorem 3.2. Then we characterize variable Hardy spaces by heat kernel in Theorem
3.3. In Section 4, we give the equivalent characterization of variable Hardy spaces by
atomic decomposition in Theorem 4.4 and Theorem 4.5 by virtue of the conclusions from
Section 3 and then we give the boundedness of singular integral operators in Theorem
4.7 and Theorem 4.9 as an application of atomic decomposition. Finally, in Section 5, by
the boundedness of singular integral operators we can give the Littlewood-Paley charac-
terization in Theorem 5.2.

2 Preliminary

In this section we first introduce some basic properties of the Heisenberg group (see [44]
and [19]) and then give the definition of variable Hardy spaces on the Heisenberg group.

We denote by " the Heisenberg group, which is a Lie group with the underlying
manifold R” xR” x R=C" x R. The multiplication is given by

1
(x,y,t)(u,0,8)= (x+u,y+v,t+s+§(u-y—x-v)>,

where u-y= 2;1:1 ujy;. H" is an unimodular group, whose Haar measure coincides with
the Lebesgue measure of R*"*1. Different from Euclidean spaces, the dilations on H" is
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defined by
5(x,y,t) = (6x,0y,6*t), 6>0,

and the homogeneous norm on the Heisenberg group is as follow:
1
=1y, )= (x> +y*)*+161)5,

which satisfies the trigonometric inequality |uv| < |u|+|v| and |t =|u|. Q=2n+2 s
the homogeneous dimension of H" and the ball B,(u) = {v € H": |u~'v| <r} has volume
CrQ. The distance of two sets A and B is defined by

dist(A,B) :xein£€B|x’1y].

Note that from this definition, the distance of two points x and y can be written as
dist(x,y) = |x~1y| and the distance of a point x and a set A can be written as

dist(x,A) = inf |x " 1y|.
ist(x,A) ylgAlx vl
Denote by X; the left invariant vector fields of H", where i=1,2,---,2n+1. By the formula

Xif(y) = 3 flye)| =0

t

(see [19, pp. 20]), we can calculate that

Jd 1 9 Jd 1 0 0 .
X]—a—x]—kiy]g, Xj+n_a_%_§xj§’ X2n+1—$, Where ]—1,2,"',7’1.

Let X =(X1,Xo, -+, X2n+1)- The Schwartz class 8 on H" is defined by
§= {(])6 C®(H"): (14 |x|)*| XP¢| < oo for all « c NU{0}, B (NU{0})>**1, xe]H”}.
Now we topologize §(H") by the semi-norms {pn } Nen Which is given by

pn(p)= Y. sup (L+[x])V|X"g(x)],

d(w)<NxEH
where N €INU{0} and d(«) stands for the homogeneous degree of «, i.e.,

2n
d(a)=Y aj+200,1. (2.1)
i=1

The Schrodinger representation 7t of H" is defined by

A (%9, 1) (&) =eMMFEH I (21 y) A0,
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where ¢ € L?2(R"). For f € L'(H"), the Fourier transform of f can be defined by

:/ f(x,y,t)ma(x,y,t) pdxdydt.
]I—ITI

Since the Schrodinger representations are irreducible unitary representations of H", we
can conclude that

[(mA(xy, ), ) <lell21l9l]2
it follows that

~

|(FM) e, pI<lloll2llll2llf1]1-

o~

Hence the Fourier transform f(A) is a bounded operator and Hj?(/\) lop < f1]1-
By Plancheral formula

I£13= )" [ IF)Islal"an,

where ||-||gs denotes the Hilbert-Schmidt norm of the operator, we can extend the defi-
nition of the Fourier transform to all f € L?(H"). For all Schwartz class functions on H",
there holds the inversion formula for the group Fourier transform:

flewz)=(2m) " [ (et FA)IAPA.

As usual, the convolution of measurable functions f and g on H" is defined by

frg(x)= | fW)gly " x)dy= /]H flayHg(y)dy.

Write
fi(x) =227 if(2x).

Then it is easy to calculate that Fourier transform satisfies

1) frg(A)=F(1ZN),
2) fi(A)=F(27%A).

The function p(-) : HH" — (0,00) is called the variable exponent. For a measurable subset
E CH", we write

p+(E)=sup p(x), p-(E)=inf p(x).
x€E x€E
We abbreviate p (H") and p_(H") to p+ and p_ respectively, and in this paper, if there
is no additional description, we always assume that

O0<p-<py<oco. (2.2)
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For a measurable function f, like [12,37], etc., we define

151, =ine{as0: [ (LI apcq),

The symbol A < B indicates the inequality A <CB for some constant C and A ~ B stand
for ASBSA.

Denote by 8'(IH") the dual space of §(HH"), as usual we call 8'(I") the space of tem-
pered distributions on H". Define

In=1peSH"):pn(p) <1}.
The Hardy-Littlewood maximal function is defined by

Mf(x):sup{%’/lgmdy:Bisabau, xeB)

and the centered maximal function is defined by
1
M = — du:r>0¢.
Cf(x) sup{]Br(x)] Br(x)|f’ per }

By [9, pp. 625] they are equivalent.
For ¢ € §(H"), define the maximal function with respect to ¢ by

M f(x) =sup|f*@;(x)].
jeZ

Like [37], we give the definition of variable Hardy spaces and variable atomic Hardy
spaces as follows.

Definition 2.1. Choose N to be a large integer. The grand maximal function is defined by

Mf(x)= sup |[fx[t"p(t")](x)],

t>0,pey

where f €8/ (H").
We call HPO)(H") ={f € 8'(H"): HJ\/[fHL,,M < oo} the variable Hardy spaces, which is
Hn

equipped with the norm HfHHfé(ﬁ) = HJ\/[fHL%(};).
Definition 2.2 ((p(+),q) — Atom). Suppose p(-):H" — (0,00), 0 < p_ <p; <ocoand g>1.

Fix an integer D> D,y =min{A € NU{0}: (2n+A+3)p_ >2n+2}. we call the function
aonH"a (p(-),q)—atom if there exists a ball B such that

(al) supp(a) CB,
B|7

(02) flal, < - —,
1= sl

(a3) / na(x)x”‘dszfor all as.t.d(a) <D.

Denote the set of all such pairs (a,B) by A(p(+),q).
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Definition 2.3. (A({k]-}]?’il,{Bj}]?’i ) and HPOA 1(H") ) Let p=min(p_,1). For nonnegative

atom
number sequences {kj}]?’il and ball sequences {B;} j}521, we define

p(x)

A({kj}f.ozlf{Bj};il)Einf{)\>0/ {i(AHJ;CC:HLp )H T a<1) @9

We write Hft(mz1 (H") to denote the set of all functions f € 8'(IH") which can be decom-
posed as

f:ik]a] in S/(]Hn), (2.4)
j=1

where {k; }°°1 is a sequence of nonnegative numbers, {(a;,B;) hige A(p(+),q) and
A({k; }]71,{3 }24) is finite. We define

where the infimum is taken over all admissible expressions as in (2.4).

3 Characterization by maximal functions and heat kernel

In this section, we give some basic properties of variable Lebesgue space and prove the
equivalence of variable Hardy spaces characterized by a series of maximal functions on
the Heisenberg group when the function ¢ in the definition of M, is a radial function,

ie., ¢(z1,t) =@(z2,t) as long as |z1| = |z2|.
Recall that for a measurable function f,

wasz{bo;/n('f< Ny <a).

If 0<:<p=min(p_,1), there holds the following properties:
1. (Positivity) 11,y =0, and [ ]| i) =0 f=0.

2. (Homogeneity) [lcf1ly =el- I, for ceC.

3. (The -triangle inequality) Hf+g”lL]’I’{(,) < HleL]’I’{(,;) + HngL%U

Since this is an analogue of the IR” case, we only note that the i-triangle inequality
follows from the following identity: For 0 < p_ <1, choosing ¢ such that 0 <:<p_, we
have

Pl JHE) N
47, =infq A >0: — dx<1l;= 3 3.1
IF1 inf{ (5) T axsaf=lfl (3.1)
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Like [37], throughout this paper, we suppose p(-) have the following conditions:

1 1
_ e 11 R . '
lp(x)—py)| S “Tog(x1y]) for [xy|< 5 (log—Holder continuity), (3.2a)
’p<x>_p(y)’§710g(el+]x]) for |y|>|x| (decay condition). (3.2b)

Note that pe = )}1_r>n p(x) exists in view of (3.2b). The assumptions py < co and (3.2) is
followed by
1
p()—PWIS———7
log(e+ ﬁ )
Observe that (3.2b) is equivalent to the following estimate:

1
— < -
’P(x) p°°|Nlog(e+|x|)

for all x,yeH". (3.3)

for all xeH", (3.4)

which is equivalent to [log[(e+|x|)P(*)=P=)]| <1, ie.,

(e-+ )P
(e+ )P

Now we show some conclusions from [19].

~1 forall xe H". (3.5)

Theorem 3.1 (Stratified Mean Value Theorem). Let G be a stratified group. Then there exist
C,b> 0 such that the following inequality holds for all f € C'(G) and all x,y € G,

[fay) = f()[<Cly]  sup  [Xjf(xz)].

|z[<bly], 1<j<v
We note that v=2n when G is the Heisenberg group.
Corollary 3.1 (see [19]). If f € CK*! then

|f (xy) = Pe(y)| < Cly [+ sup X' f(x2)],
|z|<bk+1|y], d(1)=k+1

where P, is the left Taylor polynomial of f at x of homogeneous degree k, b is as in
Theorem 3.1.

The following lemma is an analogue of [21, pp. 466].

Lemma 3.1. Suppose that a,b € H", M,N >0 and L is a nonnegative integer. ¢, and ¢, are two
functions on the Heisenberg group satisfying the following conditions:

u(2n+2)+puL
(1+2¢]x;, 'x| )M
ov(2n+2)

(1+2V|xv_1x])N'

X ()| S

for all o with d(a)=L,

HCIIIS
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and

/H”Xﬁgbv(x)dxzo for all Bwith d(B)<L-1,

where x,,x, € H" and d(-) is the homogeneous degree which we have introduced in (2.1).
Then for N > M+ L+2n+2 and v > p, we have

u(2n+2)—(v—p)L
(12 T )M

[ o

Proof. Denote the left Taylor polynomial of ¢, at x, of homogeneous degree L—1 by P.
By Corollary 3.1, we get

ul(x)— Sy uly)l-
| (x) —P(x)| < |x, x| sup X pu(y)|
iy bt ], d(1)=L

Then it is followed by

[ ou0u (x| < [ 1,6 =P ()14 (0)ld

</ |x1/—1x|L2;1(2n+2)+;1L. ov(2n+2) i
~ae (120 )M (1420 |x tx])N
The inequality
1 B 1 <2“(|xv_1xu|—|x;1y’)< 2H|x; Ly
T2ty 1420 | T 1420 x| T 1420 x|
<2P‘bL]x;1x] < 2'|x x|
1420 |y | Y 1420 x|
implies that
1 < 1+2Y|x, x|
120 y| 1420 Ty
which indicates that

dx.

o(2n+2)—(v—p)Lov(2n+2) / ovL |X|L

x)dy(x dx‘ <
[ o) ()dx| < A2 )M Juae (T3 2] N

Denote the surface area of the ball B,(0) = {x € H": |x| <r} by wil’ ;(r) and write wil’ |
short for wil’, | (1). Let us calculate wil',  (r):

2 s 2 .
n r 2n-1 2 2m-1  /T°SINX
wgﬂ(r):Z/O wZn,l-(r4—16t2) 1 dtzZ/O w2n,1-(r4coszx) 1 d( 1 )
1 2n+1 Ioowma
:§w2n,1-r cos 2 xdsinx,
0
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where w»,,_1 denotes the surface area of the unit ball on R?". Thus, we have w]fﬂl(r) ~
2n+1
r .

21/(21’1+2)/ ZVL"X’L dx—/ ’x’L dx_wIH” /oo rL 1’2n+1dx<00
we (14 2V [ )N-MT7 7 Jo (T4 [xN-M77 720 o ( - '

since N—M > L+2n+2.
Consequently, we have

on(2n+2)—(v—p)L
(1+2¢ |y Lx, )M

| ou@pu(x)dz] S
Thus, we complete the proof. O

Lemma 3.2 (Local Reproducing Formula). Choose a radial function ¢ocC°(H") with nonzero
integral, and let

P(x) = o) =2~ "o (3x).

Then for any given integer Ly >0 there exist 1po,ip € CX(H") so that [, x*p(x)dx =0 for all
multi-indices o with d(a) < Ly and

Y Wixgi=) @jxii =9,
=0 =0

where § is the dirac delta function.

Since this can be proven in a similar way to [40, Theorem 1.6] with a more compli-
cated calculation, we omit the details. We only note that by [35, Section 4], the Fourier
transform of a radial Schwartz function f on H" is diagonal on the Hermite basis for
L>(R"), which means that f+g=g*f whenever f and g are radial functions on H".

Lemma 3.3. For a function ¢ on H", we define its radial decreasing dominating function by

@ (x) = sup |o(y)|-

ly|= x|

If ®(x) € LY(H"), then there exists a constant C,, such that for Vf € LP (") and Vx € H" we
have

Slellzﬂ(f* ¢r) ()| < Cal|P[1 M (x),

where M is the Hardy-Littlewood maximal function.



J. X. Fang and J. M. Zhao / Anal. Theory Appl., 32 (2016), pp. 242-271 251

Proof. Write ®g(s) =P (|x|) =®(x), where (s=|x|). Then
Wi

oo
2n+1 2n+1 S\ 2n+1
Hq)Hl_/ w2n+1q)0( ) " ds—m/() CD()(;)S "ids
w2n+1 2 +1
72n+2 Z /2k ) s

ok 2(2n+2)k_2(2n+2)(k—1)
. § %() e

where wil" | has the same definition as in the proof of Lemma 3.1. It follows that

(Fs@) )= ¥ g [, v ie(L)ay
< 2 () [l

ok p(2n+2)k _ 5(2n+2)(k-1)
M) Y (2 nrayr SIehM).

r

Then by the inequality |(f*¢;)(x)| < (|f]*]@r]) (x) < (| f|*D;)(x), we get the desired con-
clusion. O

Given an integer L>>1 and a radial function ¢ € $(H") such that [i;, ¢(x)dx#0. We
e Fray(y)
*oily
(x)= (x)=supsu ; .
Mol () = Mot T =050 (e e

Lemma 3.4. If fe€8'(H"), 0<0 <1 and ¢ is a radial function in S(H") with nonzero integral,
then there exists Ly such that for all L> Ly, we have

My, f(x) SM[suplfril’] (x)} =M[(Mpf)*] (x)1.

keZ

Proof. Let L>>1. By local reproducing formula (Lemma 3.2), there exist ¢9,ip €S(H") such
that .
Pxtpo+ ) (@x—Pr—1)* P =0,
k=1
and
/ x*P(x)dx=0 for all & with d(a)<2n+3L+4.
H”

Then, by dilation, we have ¢;*ipo,+3 32,4 (¢x— @r—1) * P = 6. Combining this formula
with the triangle inequality, we get

(o)W _ [fgito o W)l 5 Lf# (92— Pr—1) ¥ $ix 9 (y) |
(T4 ty )= (A4 ty2)t (I+4/xty)t

(3.6)
k=j+1
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We estimate each term of the right hand side; when k> j+1, we have

|f# (k= @r—1) * Prx 9 (y)| </ L (k= @) )] [ @iz )1l -
Pl (L 4]x Ty, |
By applying Lemma 3.1, we have
(e gj (27 1) | < 2@ (L gz Ty )

Then it implies that

|f*(@r—@r—1) ¥ P+ ()|
(1+4j|x’1y|2)L

2228 DL o (o — pr_1) (2 )|dZ
~ S (1+4]!Z yl JE(1+47[x—1y[?)E
S/ 2223k DL i (o — gy 1)(Z)|dz

n (1+4]]x—1z]2)

o(2n+2)j-3(k—j)6L

M 1—9/ ‘ 0 ()10
(p,Lf(x) H (1_’_4]’3(,12’2)(% (’f*(Pk(Z)’ + |f*§0k 1(Z)| ) z
and by a similar discussion we have
|fx@jxpo*@;i(y)]
, < : (2)|%dz.
Ty SMuf W [ e
Now we substitute the above inequality into (3.6), we can deduce that

[f*9i(y)] O3k 2@n 2| gy (2)°
' < M* 10y —3(k ])GL/ K21 4
(alstypt ~ Mol f L A Tz

2(2n+2)j

which indicates that

202)1| fx gy (2)|°
2—3(k— ]GL/ k21”5
Mg f(x) SMy, f(x) ?gkf? v (1+4[x 1zt z

Hence we get

2n+2] 0
Sup22 3(k— ]9L/ : f*ok(2)] dz.

ez = 1447 |x—1z|2)0L

2(2n+
inating function of 1tself by Lemma 3.3 it follows that

22012)]| 4 o (2 ) 2(2n+2)j
/" (1447 |x—1z)2)0L —H 1+4]| 2) 9LH MI(f*r)?)(x)

Since the function defined on H" can be regarded as the radial decreasing dom-

= e | MU0 S MG 50
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Thus, we have M;’Lf(x)e§M[iu£(f*(pk)9](x). O
S

Now we turn to show the equivalence of Hardy norms given by different kinds of
maximal functions in the following theorem.

Theorem 3.2. For an radial function ¢ € S(H") with nonzero integral, we have
110~ 1M1 g ~ 1M f

for all f €8'(H"), where we choose N in the definition of M f and L in the definition of My, to be
large enough.
Proof. We know that M is a strong (p, p) operator when p>1. Since from (3.1) we have
.
A0 e = 1A o
Ly H

combining with Lemma 3.4, if the number 6 is chosen small enough we have

=

[451] y S [00P ] O]y = [ 02T

I

<[ ()

o0 = [ Mof ] -

L]Hn

By the definition of these maximal functions, we can conclude that Mf > M, f and M, f >
M, f. Hence, we have

HM;JI )™ HMqfoLg})S 1 g -

Then we only need to show that ||fHHp(4> < HM:;f
H"?

o Again, we apply Lemma 3.2.
]Hn

Choose 1,1 € S(H") to be as in the previous lemma and let T € S(HH") satisfy pn(7) <1.
Then

f*7= fr@jxto T+ Y. fr(@r—@r_1)x Pt forall jeZ.
k=j+1

When k> j, we have
Froespor SMF) [ sy | (1+4x Ty ) by
SMf() [ x| (44507 y )y

<P DMf() [ x| (144 ) .
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By applying Lemma 3.1, we have

2(2n+2)j—3(k—j)L
1 _|_2j ’y71x|)2n+3L+3

|1/Jk>kr]-(y_1x)|§ ( forall k>j+1,

and

1 2(2n+2)j
o *7i(y %) | S (1+2/[y—Tx[)2n+3L+3"

Since |y~ 1x|=|x"ly|, it follows that

|frr ()| S Y22 DML £(x) /}H (2 |x Ty )y S M £ (x).
k=j

Hence by the arbitrariness of T and j we obtain Mf < Mg f(x). O
From Theorem 3.2, we can easily conclude the following corollary.

Corollary 3.2. Suppose ¢ € S(H") is a radial function with nonzero integral. Write

M?f(x) ESI;I(;’)) s 2 k(s ‘

We define
171 = IMOF ]y, f €SB

Then |1~ 1] since Mo < MOF <F and £~ [ My ]y when N in the
definition of Mf is sufficiently large.

Now we turn to consider the characterization of variable Hardy spaces by heat kernel.
Write ¢;(x) =2(2+2)p(2/x) as before. The sub-Laplacian operator £ of H" is defined by
L= —2]221 X]-z, where X; denote the left invariant vector fields on the Heisenberg group
introduced in Section 2.

The heat kernel on H" is such a function that satisfies the heat equation:

oh® (x,y,t)
ds
KO (x,y,t) =0.

=—Lh*(x,y,t), s>0, (xyt)ecH",

Theorem 3.3. Suppose p(-) satisfies (2.2), (3.2) and (3.2b). Let f € 8'(H"). Then

sup e*SLf‘

~ AN -
s>0 H]II’ZI"

L)
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Proof. By [53, Theorem 3.2] or [42, pp. 399] we know that the heat kernel of IH" can be
written as

1 AL " [Allz]? :
S — _ — .
h(z,t) = (27t)(47r)”/]1<(sinh|)\]s) exp{ 1 coth|A|s—iA t}d)\, where s> 0.

Write h short for h'. From this expression of heat kernel, we can see that ° is a radial
function on H". By [19, Proposition 1.68(iv)] we know that /° is the dilation of 1, i.e.,

1 1
hs(.X) = Wh(;.X),
where s >0, and by [19, Proposition 1.74] we know that / is a Schwartz function. Now

the heat semigroup {¢~** }s~¢ for H" can be given by e~** f(x) =[f*h’](x). By Corollary
3.2, we have

sup e Sf[| ~fl] -
5>0 148 "
Hn

Thus, we complete the proof. O

4 Atomic decompositions and some applications

Before considering atomic decompositions, we need to give some further properties of
variable Lebesgue space on H".

Since the proofs of the following Holder inequality and its corollary are similar to the
corresponding ones on Euclidean spaces [12], we omit their proof.

Theorem 4.1 (Holder Inequality). Let p’(-) be the conjugate exponent of p(-), i.e., there holds

ﬁ%—ﬁ =1 forall xeH" and p(-), p'(-) > 1. Then for all fEL]’;I(,;) andgELp/('), we have

L Fdx S o ]y

Corollary 4.1. Suppose ﬁ = ﬁ—kﬁ, for all x € H", where p(-), q(-) and r(-) satisfy

p(-),q(-),7(-)>1. Then for all f € Lﬁl(,;) and g€ Lq(,;), there holds the following inequality
3 < A )
18l S ANt 811 e

Lemma 4.1. Assume that the function p(-) satisfying (2.2), (3.2) and (3.2b).
1. For all balls B= B,(z) € H" with |B| <1, we have

1 1 1
[BIF= B B ~ s | - 4.1)
2. For all balls B=B,(z) € H" with |B| >1, we have

1
HXBHLE:@{(JN’B’”"“ (4.2)
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Proof. Following [12, Lemma 3.24] with a more complicated calculation we know that
given any ball B and x € B,

|B|P(x)§’B’P+(B), |B|P—(B)§|B|P(x)_
If |B| <1, then the inverse inequalities hold, which means that
,B,p(X) ~ |B|p+(B) ~ |B|p7(B) ~ |B|P(Z)_

Then it follows that

o (x) p(x) )
/ ‘ dx:/|B| P<Z>dx~/|B|_1dx:1.
B \ |B|7 B B

Following from [12, Proposition 2.21], we have

o\
o (ng,) e

whenever f€LP) (H") and ||f|| ;#()>0. Then we obtain the equivalence relationship (4.1).
H"?

When |B| >1, by the dyadic cubes given by [29, Theorem 2.2], Vitali covering Lemma
and Zorn’s Lemma, we can easily get

1
HXBHL]%(};) ~ HXBHp(~),(3B]‘) ~ |B| 7=

for the case p(-):H" — (1,00) satisfying (3.4) with a similar discussion to [26, Theorem
2.4]. Then we can get the same conclusion by (3.1) for p(-) satisfying (2.2) and (3.4). O

By Definition 2.1, Corollary 4.1 and Lemma 4.1 we know that ||a|| 700 S1 whenever
H"

(a,B) € A(p(-),q). This conclusion can be extended as follows:

Proposition 4.1. If g >1 and p(-) is a function satisfying (2.2), (3.2) and (3.2b), then, for
all (a,B) € A(p(-),q), we have

<
H“HH%(};)NL

Proof. Suppose ¢ € §(H")\ {0} is a nonnegative radial function with the properties that
the value of ¢(x) only depends on |x| and ¢(x) < ¢(y) whenever |x| > |y| and supp ¢ C

B1(0). Write B= B,(z). Define another variable exponent () by

1 1 .
mza‘f‘m (XEIH )
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Then a direct deduction follows from [12, Proposition 2.3(5)] is that g(-) also satisfies (3.2)
and (3.2b).

By Lemma 3.3 we have Mya(x) < ||¢[/; Ma(x). Since M is a strong (p, p) operator
when p > 1, it follows that

H (Mya) Xy, (2) L) o S lallg HXBZr(Z) L)
]H” Hn
|B7’(Z) ﬁ (z) Lﬁ(.)
]HTI
el
By applying Lemma 4.1, we have
H (MQOQ)XBzr(Z) 720 5 1
]HV’

Now we show that || (Mya) xem sy, (z) |l p) S 1. Let x & By (2). Since supp(e;( - x™1)) C
"

B,-i(x), if supp(a)NB,-;(x) =, then |@;*a(x)|=0. If supp(a)NB,-;(x) # 2, then |z~ x| <
27/4rand r<27J. Let P(-) be the left Taylor polynomial of ¢;(x~! - ) at z of homogeneous
degree D, where D is picked in the same way as in Definition 2.2. Suppose y € B;(z), then

i (x~1y) = P(y)| S|z~ [P sup X i (x 27 )|
A(1)=D+1, |z 1u|<bP+1|z-1y|
<0j(2n+D+3) |z‘1y]93+1 ot

~ |Z—1x|2n+D+3

By applying conditions (42) and (a3) in Definition 2.2 as well as the Holder inequality,
we have

#D+1
|axg;(x |—‘/ (P] X y) (y)]dy‘émlla\h
D+1 #D+1 L1
WHXB ,||“Hq:|z_1x|w’3r(z)’ "H“Hq
y2n+D+3 -1
SWHM Moo
We write
2n+D+3 1
o=———>—.
2n+2 p-
Since
|2r|2n+2

MXB,,(z) (x) ~ McXB,,(2) (x)>

B g @)] i B @ W = (T e
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we obtain

1 1

—(2n+D+3 0
ro )(MXBZr(Z)(x>) ~ (lz x|+ 2r)2n D13 ~ [ 121+ DF3"

Hence we have

H 271 |—(2n+D+3)X]Hn\Bzr(Z)

L)
0
L)

S @23 | (Mo, )| (= MX,,(z)

9
_ ,—(2n+D+3)
op() — | XBy(z)
L%

— p—(2n+D+3) H

)

<p—(2n+D+3) ‘

‘XBzr(Z) Lil(ﬁ> .

Thus we can conclude that

-1
£p) XH"\B2y(2)
H

r2n+'D+3
1 . [preD3 HXBr(Z)

H (M) X1\ By, (2)

() ~
L];IJ{” L]F]){(n)

:1,2n+'D+3 <1.
LP() ~
Hn

XIH”\BZr(Z)

H |Zfl . ’7(2n+'D+3)

-1
el

Hence we get the desired conclusion. O

Theorem 4.2. Suppose that p(-) is a function on H" satisfying (3.2), (3.2b) and 1<p_ <p <co.
Then for every r, 1 <r < oo, and sequence of measurable functions { fi }-, we have

1

(f(Mka)r < (ivkv)r .
k=1 90 k=1 90

H" H"

Proof. Denote by A, the Muckenhoupt A, weights as in [29, pp. 19]. By [29, Proposition
7.13], for each pp >1 and for all w € Ay, the Hardy-Littlewood maximal function is a
bounded operator on weighted Lebesgue spaces on the Heisenberg group, i.e.,

/nMf(x)Pow(x)dx§/]an(x)lﬂow(x)dx‘

Then by virtue of the dyadic cubes given by [29, Theorem 2.2], combining the bound-
edness of Hardy-Littlewood maximal functions on LP(")(H") when p_ > 1 introduced
by [1, Theorem 1.7] with a similar discussion to [12, Corollary 5.34], we get the desired
conclusion. O
HP(')I’?

vom (H™). Now we turn to

We have defined in Definition 2.3 the function spaces
define the function spaces H? () (H").

atom,*
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Definition 4.1. ( atom*(]H”))Letp() —(0,00),0<p_<py<g<ocoand g>1. Then f€

§8'(H")isin H ft(o,)n . (H") if and only if there exist nonnegative number sequences {k; }

and {(a;,B;)}$ -1 CA(p(+),q) such that
p(x)

f= Zka] in §'(H") and that Z/ Hi dx < oo.
XB

L];;{n
Define
p(x)

A (R} B ) =inf{ A>0: Z/ AHXB dx<1y.  (43)

For sequences of nonnegative numbers {kj};ozl, measurable subsets {E]-};il and balls
{B]-}j:l, define

> [ kjxg(x)
j=1 )\HXB

n

A({kj}]f’ill{Ej}}il,{Bj};il) =inf )\>0:/

]H”
Remark 4.1. 1. It follows from the embedding ¢ — ¢! that

A*({kj}?;l’{Bj};‘;l)SA({kj};O:l'{Bj};il)- (4.5)
2. Let (a,B) € A(p(+),q). Then by (4.5), we have

g0 ey <0000y <1 (*.6)

3. Suppose f € L1(H") is supported on a ball B and satisfies

x*f(x)dx=0
[ ()
forall d(a) <D. Let
1
Fe flBlr
HquHXBHL]I;I(H)

Then by Definition 2.2 we have (f,B) € A(p(-),q) and hence it follows from (4.6) that

HXBHL]z;{g-)
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Before proving the equivalence of Hardy norms given by atomic decompositions, we
need to show the Calderén-Zygmund Decomposition on homogeneous group and some
related conclusions from [19]. Since H" is a kind of homogeneous group, we can use
these them directly.

Theorem 4.3 (Calderén-Zygmund Decomposition). Let G be a homogeneous group. Suppose
fe€8'(G) such that [{x:M(x)>ua}| <oo forall «>0. Set Q= {x:M(x)>wa}. Then f can be
decomposed as f =g+ ;b; with the following properties:

(1) Q=UZ1B;,

(2) The balls %B]- are disjoint,

(3) TszﬂQC =, but T3B]‘QQC 75 g,

(4) There exists L € N such that no point of Q) lies in more than L of the balls T, B;,

(5) [y bi(x)xPdx =0 for all B with d(B) <a,

(6) b; is supported in 2B;,

where Ty, T, T3, a and -y are constants from [19]. We call it Calderén-Zygmund decomposition
of f of degree a and height w associated to M f.

Lemma 4.2 (see [19]). Let b; be from the Calderén-Zygmund decomposition of f as in Theorem
4.3 and B;=T,B;. The constant a is from Theorem 4.3 and the constant N is given in the definition
of M. Then we have

Mb;(x) SMf(x) for x€B;

and

2n+2+b
Mbi(x)§a< li ) for x¢B,

|z x|

where b=min{b' € A\:b'>a} ifa<N and b=N if a>N (Note that A=IN if G is the Heisenberg
group and since the constants N and a can be chosen sufficiently large, we can choose b to be a
large integer).

Lemma 4.3 (see [19]). Suppose G is a homogeneous group and Y ;b; converges in 8'. Then for
all xe G,

' 2n+2-+b
Mg(x)@xz(#) +MF(X)xae (%),

-1
=\ |z x|+
where b is as in Lemma 4.2.

Lemma 4.4. Assume that g is given by Calderén-Zygmund decomposition of f as in Theorem
4.3. If feLF,1<p< oo, then we have ||g]| ., S«.

The proof is the same as [19, Theorem 3.20(ii)]. Thus we omit it.
Now we show the equivalence of atomic Hardy norms.

Theorem 4.4. If p(-) satisfies (2.2), (3.2) and (3.2b), then for all f € 8'(H"),

110 ~ U g~ U gy
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Proof. Since it is a direct deduction from Remark 4.1 that || f H (g 2 >If HO(@); We
show the other parts of this proof below.
Part 1. |l S 11 o oy

Since the proof of this inequality is like [37, pp. 3690], we omit it.

Part 2. Let us prove || f| oceo ) S Il -
atom Hn
Let fe HPU) (H")NLP++1(H"). For each j€Z, we write O;={x€H":Mf(x)>2/}. Then
it follows that 0; 1 CO;. Now we use the Calder6n-Zygmund Decomposition introduced
in Theorem 4.3 with a =2/ to decompose f as follow,

f:gj+b', b; —Zb]k, ]k— f P )Cj,k-

By Lemma 4.2 we have

1Mpbi| ) <

2n+2+b
. r]',k
+ 22]< 1 | X]Hn\gj,k

Ly Ly ||k & L)
) 2r£+3_42rb
j _ n
b (MXBf,k') 0
L];;{n
We can choose b=D. Then by Theorem 4.2 we have
) 2};-%—33—11 )
(MXEj,k> HZJXO]' 0 S HXOfo o
LP LP( ) H" H"
n e
Thus it follows that
1 =85l o = 1107l gy ~ 1M | iy 0 as joee.
Next, by Lemma 4.4 we have g; — 0 uniformly as j — —oo. Hence it follows that
f= 3 (gx1—g) in S'(H"). (4.8)

j=—eo

By [19, pp. 101-102] we have f =} chjx in 8'(H"), where each & is supported in T>B;x
and satisfies the estimate |/1j(x)| < C;2* for some universal constant C; and the moment
condition [5;,hj(x)xPdx for all d(B) < D. Set

h] k
ajk Ek— k]-,kECQZ HXTsz,k

)
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Then it follows that each a;4 is a (p(-),00)-atom and that f =) k;xa; in LP+H1(H") ~
HP+T1(H"). By Theorem 4.3(4) we get

px)
PY 2
k; L (x
A({Kix} o TaBje},,) =infd A>0: [ Sy Konre () dx<1
S )‘HXTzB;vk L0
\ H
o\ T
© ([ 2xo.(x)\"| ¢
~inf¢ A>0: : dx<1
n > - {j;oo < 1 ) } X=
Since the rest part of this proof is similar to [37, pp. 3692-3693], we omit it. O

Then the following theorem shows the atomic decomposition for A(p(+),q) (g>1).

Theorem 4.5. Under the assumptions that p(-) satisfies (3.2), (3.2b) and 0 < p_ <p; <g< o0
and q>>1 is large enough. Then for all f € 8'(H"),

171 g0 ~ A -

Since the proof of this theorem is an analogue of [37, pp. 3694] by using the dyadic
cubes on H" given by [29, Theorem 2.2], we omit it and we only note that the inequal-
ity (4.4) used in the discussion of [37, pp. 3694] has already been generalized to the H"
version in the proof of Proposition 4.1.

As an application of Theorem 4.4 and Theorem 4.5 we study the molecular decompo-
sition. Here we give the definition of molecules like in [37].

Definition 4.2 (Molecules). Let 0<p_ <p; <g<oco,g>1and D€ZN[D,.),c0) be fixed.
We call Mta (p(-),q)-molecule centered at a ball B=B,(z) if the following conditions hold.
1. On B, 9t satisfies

1
|B|?
m <.
19| o) < Txallpo

2. Outside B, 971 satisfies

-1 —4n—-2D-7
z x|>
- 7

1
1M (x)| < —— <1+’
HXBHLPU ¥

Hn

which is called the decay condition.
3. For all d(«) <D we have [, 9M(x)x*dx=0, which is called the moment condition.

By this definition (p(-),q)-atoms are (p(-),q)-molecules.
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Theorem 4.6. Under the assumptions that 0<p_ <p; <q<co,q>1, DEZN[D.),00), we
choose q > 1 to be large enough and p(-) satisfying (3.2) and (3.2b).

Let {B]-};il = {Br]. (z]-)}j:1 be a sequence of balls and, for each j € N, there is a (p(-),q)-

molecule N; centered at B;. If a sequence of positive numbers {kj};; satisfies

A({kf};il'{Bj}]il):L

which implies that

N2
© [ kixp.(x
/ ]71() dx <1.
Hﬂ .
j=1 HXB» _
] L]l;{(ﬂ)
Then we have
o0
‘Z;kamj <L

By using Theorem 3.1 and Corollary 3.1, we can prove the theorem in a similar way
to [37, Theorem 5.2] with a more complicated calculation. Thus we omit the proof.

We turn to consider the boundedness of a class of singular integral operators as an
application of molecular decomposition. Here and below we denote by b the constant
from Theorem 3.1.

Theorem 4.7. Let T:L*(H")— L?(H") be a singular integral operator with a kernel k:IH™\ {0} —
R possessing the following properties:
1.
Ap= sup |x 212 X Ok (x)] < o0
xeH"\{0},d(8)=m
for every m e INU{0}, where ¥ € (INU{0})?*+1.
2. If f is a L2(H")-function with compact support, we have

Tr()= [ flk(y)dy

fora.e. x¢supp(f).
Assume that p(-) satisfies (3.2), (3.2b) and 0 < p— < p <oo. The operator T can not only

be extended to a H' (H")— H"(H") bounded operator for all 0 < u < oo (see [19, Theorem 6.10]),
but also be extended to a HP")(H")— LPC) (H") bounded operator and the operator norm of T
depends only on b, ||T|| j2(gpn)_, 12(un) And a sequence of numbers Ay, Az,---, AN, where N is a
finite number depending only on p(-).

Since by using Corollary 3.1 this can be proven in a similar way to [37, Proposition
5.3] with a more complicated calculation, we omit the proof.
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Theorem 4.8. Suppose 0<p_<p,<q<ooand DE€ZU[D,,00). Assume that q>1is large
enough and p(-) satisfies (3.2) and (3.2b). Let k€ S(H") and write

An=  sup  |xP2XPk(x)|,  (meNU{0},9€ (NU{0})2" ).
xeH"\{0},d(8)=m

Suppose B is a ball and a € LY (") with the following properties:
1. supp a€B.
-1
2. H“HL@W < HXBHL];;{(I-“)'
3. For all multiindex « which satisfies d(a) <4n+2D+6, we have [y, x*a(x)dx=0.

If the singular integral operator T is induced by the kernel k and bounded on L?(H"), Then

there exists a constant C|, depending only on b, Tl L2y 12 (eany and a sequence of numbers
axk

Aq,Ay,--- AN, where N is a finite number depending only on p(-) such that T isa (p(-),q)-
molecule centered at B.

By using Corollary 3.1 we can prove this theorem in a similar way to [37, Proposition
5.4] with a more complicated calculation. Thus we omit the proof.

Theorem 4.9. Assume that p(-) satisfies (2.2), (3.2) and (3.2b). Let k € $(HH") and write

An=  sup  |x[P2XPk(x)|,  (meNU{0},9€ (NU{0})2" ).
xeH"\{0},d(8)=m

Define a convolution operator T by

Tf(x)=f*k(x),  (f€L*(H")).

The operator T which is bounded on L2(H") can be extended to a HP")(H")—HP()(H") bounded
operator and the norm of T depends only on b, || T | .2 (), 12(gn) and the numbers Ay, Az, -, AN
with N, a finite number, depending only on p(-).

Since we can prove this theorem in a similar way to [37, Proposition 5.5] with a more
complicated calculation, we omit the proof here.

5 Littlewood-Paley characterization

In this section, as in Theorem 3.3, we denote by £ the sub-Laplace operator. The gradient
operator on H" is given by
V= (X1/X2/' o /XZn)'

Let R be the set (0,00). Since by [7, pp. 76] or [2, pp. 975] the point 0 may be neglected in
the spectral resolution of £, we denote by ¢ the kernel function of ¢*(£) for each function
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¢* €8(R4), that is, j@()\) =p(A)f(A) = 4)*/(L\)f()\) As in [32, pp. 97] we can calculate
that

P(z,t) = (271) " 12/ ML 1<|A”Z’2>e L 5 (2k£m) ADIAMA,

where L] ~! are Laguerre polynomials. We see that ¢(z,t) depends only on |z| and t.
By [20, Proposition 6] we know that ¢ is a Schwartz function on H". Let ¢** (1) =
¢*(27%k)). Then by a coordinate transformation we can easily see that ¢ is the kernel
function of ¢**(L).

We introduce the (2(Z) valued function space HP() (H";(?(Z.)).

Definition 5.1 (H?()(H";¢(Z))). Let ¢* € (R ) be such that Xo1) <P < X(02) and ¥

be the kernel function of ¢*(£). We define H?)(H";/?(Z)) to be the function space
equipped with the following norm:

1

sup( i |f]->x<1pk]2>

j==co

OEneR(Z)

[Sham.

L)

Theorem 5.1. Suppose that p(-) satisfies (2.2), (3.2) and (3.2b). Let T = {Ty }xez be a collec-
tion of L>(H";¢?(Z)) — L?(H") bounded operators such that there exists a sequence of functions
{kij}ijez CS(H") possessing the following properties:

1. sup |xfrizem “{Xﬂki,j(x)}irjezHEZ(Z) < oo for every m € NU{0}, where ¢ € (NU
xeH",d(8)=m

{0})2n+1

2. If {f}2 o is a L*(H";0%(Z))-function with compact support, then we have

Ti[{fi} ]——oo (x)= i fixkij(x), i€Z for xeH".

j=—eo

3. ki =0if |i|+]]j| is large enough. Then we have

[R5~y T [

1 073

(.1)

]Hn gz (]Hn 32( ))

By re-examining some related assertions (see Theorems 4.5, 4.7 and 4.9) we can give
its proof. We, therefore, omit the details (see [37, Theorem 5.6] for the R” version).

Lemma 5.1. Suppose that Q € R, is a compact set, 9* € S(R.) and supp ¢* C Q. Let ¢ be the
kernel function of ¢*(£). Then for 0<r<oo and f € 8' (R, ) we have

Vixo(xz Xz ;
ap LU < sup LHUEL < (gl )
b VRN L SRS
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Proof. 1° Let the function * € §(R) satisfy ¥*(x) =1 whenever x € ). Then we have
¢* = ¢*-¢*, which indicates that ¢ = ¢*1. Hence it follows that

Xifxpe )l =| [ Feot Xty 2| 5| [ IFol ey x ) ay),

wherei=1,2,---,2n and A is chosen sufficiently large. We divide both sides of this modi-
fied estimate by 1+|z|™* and use the inequality

2n+42

1+ |xy| ™
Ww 1+y

(x,y,zeH").

Then it follows that

Vixp(x "z * 1 1 242,
sup L0 E < sup [ O 14110127y
zeH" |Z| zeHn/H" 14 |Xy’ !

where ¢ is chosen large enough. Hence by a coordinate transformation we have

|v xp(xz)| o |fxe(xz)|
f 2n+2 v s f 2n+2 ° (5'2)
zeIH” 1+|z|™" zeHn 1+ |z| 77

2° Suppose g(z) is a continuously differentiable function supported in the closed ball bB,
where b is the constant from Theorem 3.1 and B={x€H":|x| <1} denotes the closed unit
ball of H". By the stratified mean value theorem (Theorem 3.1), for z € B, we have

8(2)| Sminlg(w)|+ sup [vg(w')

w'EbB

1
< sup |Vg(w |+</ g(w wa) :
w'ebB

Replacing ¢(z) by ¢(6z) we have

1

_2n42 ’ r

(2150 sup [vg(a)|+0~ % ( [ lgtwld) ,  (zeom).
w' €6bB oB

3° Let g(z) = f*¢(xz) we have

[f*p(xz)| <6 sup |V x@(xzy')
ly'|<ob

- </ .If*qa(xzy)lrdy) B (5.3)
ly|<é

Let 0 <4 <1. Then the last integral from the right-hand side of the above inequality can
be estimated by

1

([, ol el (f sl ]
|u|<|z|+1

1
;
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ﬂ

We substitute this estimate into (5.3) and divide both sides by 1+ |z| 77 Takmg the supre-
mum with respect to z € H", we obtain

o] o gp (V0G| 5oy iy ().

1
n . i (5.4)
,zelHnl—F|z|2r+2 el 14|z
Substituting (5.4) in (5.2) and choosing ¢ sufficiently small, we obtain
x@(xz 1
up LU < (gl ()
ze]H” 14|z 77

Thus, we complete the proof. O

Now we consider the Littlewood-Paley characterization of variable Hardy spaces.

Theorem 5.2. Assume that ¢* € S(R.), suppe* C {x:§ <x<4} and Yol (A) >0 for
all A€ R. Let ¢ be the kernel function of ¢*(L). Then the following norm is equivalent to the

norm of HP®):
1
o0 2
(Z |f*§0j!2>
j=—00

" (A)
Ljezlo™ (V)2
and { be the kernel function of {*(£). Then we can easily see that {* € S(R+) and
Yl 0" ¢/ = xr,. Note that by the theorem given in [2, pp. 974], for each function
p* € 8(Ry), ¢* (L) extends to a bounded operator on LF(H"), 1 < p < co. If we define
T={T:}iez by Ti[{f;}}2 i ) = @* fo, then T satisfies the conditions 1 and 2 in Theorem 5.1.
Hence we have

, fes' (H). (5.5)
L)

Fles,

Proof. Let
¢(A)=

ISR I )

Fix NeN. If we choose k to be sufficiently large, by the definition of ¢* for all |i| <N we
have ¢** ¢ = ¢, which indicates that ¥ * ; = ¢;. Hence we have

S| [IET

HrO)(H2(Z))

Z |f*<01!2>

Ly
uniformly over N. Then we obtain
%
— |2
Il ,= ll (i_zm| froi ) E S0 gy S Ml
L)
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If we define T={T;};cz by

Ti{fi}7—l(x) =
By (5.1) we have
Y fexlk S
k=—o0 H]Ié(y‘[)

Y. fixlr,  if i=0,
k=—00

0, if i0.
Uiti=- °°‘ O(mm2(2)

If welet fj=f ¢, (j€2Z), then by [28, Lemma 3], we can see that

Il S| EF 5o

Since X (0,1) S¥* < X(0,2), we have

¢k*¢j{0

Setk—1<j<k+2, L>2%+242n+3and =

Froppel@)|S [ 1f29i() 2@ 2p(4 !

2k(2n+2)
< -
S o T

Hence by using Theorem 4.2, we have

Omme2(2))

(KEET 0

N

A

which implies the desired result.
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sup
keZ
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% p- Then by Lemma 5.1 we have
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