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Abstract. In the solution domain, the inhomogeneous part of Poisson equation is ap-
proximated with the 5-order polynomial using Galerkin method, and the particular
solution of the polynomial can be determined easily. Then, the solution of the Pois-
son equation is approximated by superposition of the particular solution and the T-
complete functions related to the Laplace equation. Unknown parameters are deter-
mined by Galerkin method, so that the approximate solution is to satisfy the boundary
conditions. Comparison with analogous results of others numerical method, the two
calculating examples of the paper indicate that the accuracy of the method is very high,
which also has a very fast convergence rate.
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1 Introduction

The Poisson equation has universal applicability, ranging from gravity, material physics
and engineering to biochemical studies [1-4]. The exact analytical solutions, although
useful in analyzing the phenomena under consideration, are almost impossible to achieve
once the field equations, the boundary conditions or the geometry of the boundary devi-
ate from being simple. Therefore, studying the numerical method is very meaningful.
The three main numerical techniques are the Finite Difference Method (FDM), the
Finite Element Method (FEM), and the Boundary Element Method (BEM). The Finite Dif-
ference Method, which has been extensively applied to problems of fluid dynamics as
well as stress analysis solves a problem as a pointwise approximation of its governing
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equations. However, the method is difficult to apply to problems involving irregular or
complex geometric, and the solving process is always too complicate. The Finite Element
Method can be easily applied for solving problems with complex geometries and has
been successfully used for solving problems in fluid mechanics, potential flow, rock and
solid mechanics and acoustics. However, since the method only provides an approxima-
tion to the solution, it is often necessary to use a large number of very small elements
to obtain accurate results. By employing a very fine mesh, the number of nodal points
and hence the size of the stiffness matrix, can increase rapidly, occupying a large amount
of the computer’s available storage space. The size of the global stiffness matrix, and
hence the problems associated with it, can be reduced by employing a Boundary Ele-
ment Method which reduces the dimensionality of the problem by one. Drawbacks of
this method arise from the non-uniqueness of locations of the chosen singularities. In the
numerical treatment, the method may be highly ill-conditioned.

Trefftz method is the boundary-type solution procedures using T-complete functions
satisfying the governing equation. It was firstly proposed by Trefftz in 1926 ([5]). When
applying the Trefftz method to the analysis of the boundary value problem of the Pois-
son equation, there is great difficulty due to the inhomogeneous term of the governing
equation. If the inhomogeneous term is simple function, e.g. the unknown function is
not included in it, the particular solution for the term can be derived easily and the T-
complete functions can be defined from the homogeneous and particular solutions of the
problem. If not so, e.g. the inhomogeneous term includes the unknown function, the par-
ticular solutions cannot be derived directly. In order to overcome this problem, this paper
employs the Galerkin analysis scheme for the analysis. First, an inhomogeneous term is
approximated by the polynomial function in the Cartesian-coordinates using Trefftz-type
weighted residual method to determine the particular solution related to the function.
Then, the solution of the Poisson equation is approximated by superposition of the par-
ticular solution and the T-complete functions related to the Laplace equation. Unknown
parameters are determined using Galerkin method by letting the residual to be zero so
that the approximate solution is to satisfy the boundary conditions. This formulization
is based on the so-called indirect method. Since, in this case, no discretization is needed
as well as the boundary integrals are regular, the algorithm is simple. Finally, the present
method is applied to two numerical examples in order to examine the numerical proper-
ties of the present method.

2 Theoretical foundations of the method

Considering a two-dimensional Poisson equation

u  d*u
2 = —_— —_—
Viu= ox2 + 2 b(x,y,u), (xy)eq,
u=i, (x,y) €Ty, (2.1)
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where ), I'; and I'; mean the object domain under consideration and the potential u and
the flux g specified boundaries, respectively. Besides, n and (-) denote the unit normal
vector on the boundary, respectively.

Trefftz method is formulated with the non-singular T-complete functions which are
determined so as to satisfy the governing equation. The functions related to the two-
dimensional Laplace equation in the bounded domain are given as follows

u'= {u}‘,...,uzy_l,uﬁw...}T ={1,...,7" cos(uB),r"sin(uh),...} T, (2.2)

where r and 6 denote the plane polar coordinates whose origin is taken arbitrarily. From
the definition of the T-complete functions, it can be found that rusin(x0) and rpcos(u6)
are the even function and uneven function about 0, respectively. If the object domain is
symmetrical about the origin, which will lead some boundary integrals constantly equal
to zero and the completeness of the T-complete functions will lose. Therefore, the origin
of coordinates should be put somewhere avoiding symmetry.

The potential u is approximated by superposition of finite number of T-complete
functions uj*, which are exact solutions of the homogeneous parts of the Poisson equation
and particular solutions of the inhomogeneous Poisson equations are added

uzﬁ:alu]‘—l-azu;-i—---+aNu}"\]+uT:aTu*+uT, (2.3)

where a i (j=1,---,N), ur denotes the unknown parameter and the particular solutions of
the inhomogeneous part, respectively. By differentiating Eq. (2.3) in the normal direction
on the boundary, we have the approximate expression of the flux

A

. ol N . . . ou .
qzq:%:alql+a2q2+~-~+aNqN+—T:aTq +=L 2.4)

on on

Since Egs. (2.3) and (2.4) do not satisfy the boundary conditions of Eq. (2.1), the residuals
yield

Rlzﬁ—ﬁ:aTu*+uT—ﬁ7é0, uely,
ou (2.5)
Rzzq\—q:aTq*—Fa—nT—q_#O, uels.

In this paper, the unknown parameter a is determined so that the residual Rjand R; are
minimized simultaneously by the Galerkin method.

3 In case of b(x,y,u)=f(x,y)

An inhomogeneous term f(x,y) is approximated with the 5-order polynomial of the cer-
tain coordinates (x,y)

f(xy)=c1+ox+esy+-+eaxy* +eny’ =c'r, 3.1)
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where c and r denote unknown parameter vector and the vector of all terms of the poly-
nomial, respectively

CT:{Clzczz“'/CZl}, (3'2)

T 2.3 .2 2.3 .4 .3 2.2
r ={Lxyx,xyy",x°,x°y,xy°,y°, x*, Xy, x°y7,

P,y 8, oy, BR  xy ) (3.3)
In the object domain, the approximation of the inhomogeneous term will yield residual
Ra=f(x,y)—c'r#£0, (x,y) €. (3.4)
Using Galerkin method, we have the weighted residual equation
/Q PRadO = /Q 7(f(x,y) —Tr)dQ=0, (3.5)
where 7 is weighted function and given as:
F=ri, i=1,2---21. (3.6)
Then, we have
Dc=g, (3.7)
where
dij= / rirdQ, =121,

(3.8)
gi= [ rf(xy)d0,  i=1.2L
QO

Solving (3.7), we have the unknown parameter vectorc, then Poisson’s equation can be

transformed into:
VZiu=cTr. (3.9)

Assuming that the particular solution of the inhomogeneous part r; is u!, from Eq. (2.2),
we have the approximate solution of this kind of Poisson equation
f=a"u*+cuf +coub +- +copub =aTu*+cTup, (3.10)
where
Vil =r;. (3.11)

Since r; is the term of the polynomials u! can be determined easily (Appendix 1).
Obviously, Eq. (3.10) do not satisfy the boundary conditions of Eq. (2.1), the residuals
yield

{Rlzﬁ— =aTu*+cTuP - £0, uely, (3.12)

/]
RQ:Q—q:aTq*—i-cT%P—q#O, uely.
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Using Galerkin method, we have the weighted residual equation

/ 9 R dI'y + / iiR,dT =0, (3.13)
I*18 I

where i is weighted function and given as:

i=uj, s=1---N. (3.14)
Then, we have
Ka—f, (3.15)
where
k= / a' widTy + / dl"z, =1, N,  (3.16)
uf ) _ pouP )
fi= / St (a—cTu dF1+/ I-TSo)dn, e NS (317)

Solving eqn (3.15) for the unknown parameter a and back-substituting the results into
eqn (2.2) yield the solution of Poisson equation.

4 Incaseof b(x,yu)=f(x,y)+g(x,y)u

In the same way, using Egs. (3.1)-(3.3) to approximate b(x,y,u), we have

b(xy,u)=f(xy)+g(xyu=c'r, (4.1)

f=aTu*+ur=aTu*+cTuP. 4.2)
In this case, the unknown parameter c is the function of the unknown potential u and
therefore, more equation is necessary for determining c.

In the object domain, the approximation of the inhomogeneous term will yield resid-
ual

Ra=b(x,y,u)—c"r=f(x,y)+g(x,y)(a"u* +cTuP) —cTr#£0, (x,y)€Q. (4.3

And in the boundary of the domain, the approximation of # and g will yield residual

{Rlzb:t 1:7 aTu*+cTuP -1 #0, uely, (4.4)
g—9=

q*-l—cTa“p —7+#0, uel,.
By taking 7 as the weight function of the residual Eq. (4.3), we have the weighted residual
equation

/QfRQdQ:/Qi’“(f(x,y)-I-g(x,y)(aTu*-l-cTup)—cTr)dQ:0. (4.5)
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By taking 4 and ii as the weight functions of the residuals R; and R;, respectively, we
have weighted residual equation

/ O p Ty + / iiR,dT’5 = 0. (4.6)
Iy on I

Combining Egs. (4.5) and (4.6) and rearranging it, we have

SN
= , 4.7
[ Cuc Dua a f, (4.7)
where the (21 X 21) matrix A, the (21 x N) matrix B,,, the (N x 21) matrix C,, the (N x
N) matrix D,,,, the (21 x 1) vector f, and the (21 x 1) vector f, are defined as:

0= [ rgley) (! —r)da, =121, (48)

bl-]-:/ rig(x,y)u;dQ, i=1,---,21;j=1,---N, (4.9)

cl]—/ o ”dr1+/ dl"z, i=1,--,N; j=1,--,21, (4.10)

1]_/ a. *dr1+/ dl"z, i=1,--,N; j=1,--- N, (4.11)

Fim— / rif (x,y)dQ, i=1,---21, 4.12)
au ,

fu]- on udl"ﬁ-/ ]qdl"z, j=1,---N. (4.13)

5 Numerical examples

51 Examplel

As a first example, we shall consider Poisson’s equation on the ellipse Q={x?/4+y><1},
b(x,y,u) = f(x,y) = —2 with the boundary conditions u|r =0. The exact solution of this
problem is given as

u”:—%(xz/él-l-yz—l).

This problem was chosen so we could compare our results with previously published
results in [6-8]. The numerical results are presented in Table 1 with N=10 and n =i —u®*|
is used as an error index which shows the computational accuracy of the proposed Trefftz
method in this paper. The convergence estimation is performed by
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Table 1: The numerical results of example 1.

where M, points are placed uniformly on the whole domain under consideration for
evaluating. For this analysis, we take M.=20. The convergence history of C, is shown in

Fig. 1.

The abscissa and the ordinate denote the number of Trefftz function and C,, respec-
tively. It shows that C,, converges very fast. The order of accuracy can reach 10712 when
just four Trefftz functions are taken. One notice that the convergence history of C, fluc-
tuate slightly when N become too big, that’s because the condition number of the matrix
k in Eq. (3.15) increases, which influence the accuracy of the solution, but the poor con-
dition doesn’t prevent the numerical results from converging towards the exact solution.
Besides, in practice, N always needn’t be a big value considering the fast convergence

property of Trefftz method in this kind of problem.

Fig. 1. Convergence property of C;,

x y Analytical MFS DRM H-b Trefftz i
solution | solution[5]| solution[6] solution[7]| solution

1.5 0.00 | 0.350 0.349 0.349 0.348 0.350 2.54e-014
1.2 0.35 | 0.414 0418 0418 0.419 0.414 2.64e-014
0.6 0.45 | 0.566 0.565 0.573 0.574 0.566 8.50e-014
0.0 045 | 0.638 0.637 0.646 0.646 0.638 2.99e-014
0.9 0.00 | 0.638 0.637 0.643 0.644 0.638 2.30e-014
0.3 0.00 | 0.782 0.781 0.789 0.790 0.782 3.11e-014
0.0 0.00 | 0.800 0.799 0.807 0.808 0.800 6.44e-015

1 M

Cy=— n—ub*
MC m=1
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g=0
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2 =—sn(xr/2)
Fig. 2. Numerical example 2 Fig. 3. The absolute error # in the whole domain

5.2 Example 2

In the second example, as shown Fig. 2, we consider the problem on domain Q={(x,y)|—
1<x<1,-1<y<1} and b(x,y,u)=f(x,y,u)=— %zu.The exact solution of this example is
u®* =sin(Zx)sin(Zy).

Fig. 3 shows the absolute error 7 in the whole domain in case of N=15. The conver-
gence history of C, is shown in Fig. 4 From the convergence history, it shows that the
order of accuracy can reach 10~4 when 11 Trefftz functions are taken, which is the same
as that in [9] using 84 points.

§=0xyii =sin(x7/2)§=0i=—sin(x7/2)O

6 Conclusion

We have shown how to extend the indirect Trefftz method to solve Poisson equation with-
out boundary or domain discretization. For overcoming the problem of inhomogeneous
term, this paper presented the combination method of the Trefftz method and the Gar-
lerkin analysis scheme. Two boundary value problems are considered as the numerical
examples. A comparison with other methods indicates the high accuracy of this method.
It’s also illustrated through the examples that the method converges towards the exact
solution.
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Fig. 4. Convergence property of C;

p

Appendix 1 Particular solution of Poisson equation ;

ui = (+y%) /4 Wy =(+ay?)/8; uh=(Py+y°)/8;
ul = (x*+ 2%y —y*/6)/14; ub = (Py+xy’)/12;

ul = (=x*/6+ %2 +y*) /14; ub = (x*+ 23y —xy*/2) /22;

up = (x*y+x*y° —y°/10)/18; ul = (—x°/10+x>y*+xy*) /18;
uby=(—x*y/ 2+ +°) /22; ul = (x®+xy? —x?y*+y°/15) /32;

ub, = (Xy+x>y° —3xy° /10) /26; uby=(—x°/15+x*2 +x%y* —y°/15) /24;
ul, = (=3x"y/10+x%y° +xy°) / 26; ube = (x®/15—x*y? + 22y +y°) /32;

ub = x(3x°+3x*y* —5x%y* +1°) /132; ul, = (35x%y+35x*y° —21x%y° +y7) /1260;
ule=(—x"/214+x°y* +x°y* —xy°/5) /32; uly = (—x%y/5+ x> +x%y° —y’ /21) /32;

”go = (x7 — 21x5y2 +35x3y4 +35xy6) /1260; ugl = y(x6 — 5x4y2 —|-3x2y4 —|-3y6) /132.
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