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1 Introduction

In [1], results on the existence and uniqueness are provided for doubly-weighted pseudo-

almost periodic solution for equations

u′(t)=A(t)u(t)+g(t,u(t)), t∈R, (1.1)

where A(t) for t∈R is a family of closed linear operators on D(A(t)) satisfying the well-

known Acquistapace-Terreni conditions, and g : R×X→X is doubly-weighted pseudo-

almost periodic in t∈R uniformly in the second variable.

The existence of weighted pseudo-almost periodic, weighted pseudo-almost auto-

morphic, and pseudo-almost periodic solutions to differential equations constitutes one
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of the most attractive topics in qualitative theory of differential equations due to pos-

sible applications. Some contributions on weighted pseudo-almost periodic functions,

their extensions, and their applications to differential equations have recently been made,

among them are for instance [2–17] and the references therein. However, the problem

which consists of the existence of doubly-weighted pseudo-almost periodic(mild) solu-

tions to evolution equations in the form (1.1) is quite new and untreated and thus consti-

tutes one of the main motivations of the theme. In the present work, we consider a more

general setting and use slightly different techniques to study the existence of doubly-

weighted pseudo-almost periodic solutions to the following classes of partial evolution

equations

d

dt

[
u(t)+ f (t,B(t)u(t))

]
=A(t)u(t)+g(t,C(t)u(t)), t∈R, (1.2)

where A(t) for t ∈ R is a family of closed linear operators on D(A(t)) satisfying the

well-known Acquistapace-Terreni conditions, B(t),C(t) (t ∈R) are families of (possibly

unbounded) linear operators, and f : R×X 7→ Xt
β, g : R×X 7→ X are doubly-weighted

(µ,ν)-pseudo almost periodic in t∈R uniformly in the second variable.

The paper is organized as follows: Section 2 is devoted to preliminary results related

to the existence of an evolution family, intermediate spaces, properties of weights, and

basic definitions and results on the concept of doubly-weighted pseudo-almost periodic

functions. In Section 3 we study the existence of a doubly-weighted mean for almost pe-

riodic functions. In Section 4 we prove the existence of doubly-weighted pseudo-almost

periodic solutions to (1.2). In Section 5, we give an application to illustrate our results.

2 Preliminaries

2.1 Evolution family and exponential dichotomy

In this section, we introduce the inter and extrapolation spaces for A(t). Consider a

family of closed linear operators A(t) for t∈R on X with domain D(A(t)) satisfying the

so-called Acquistapace-Terreni conditions:

H0: ∃ω∈R, θ∈ (π
2 ,π), K,L≥0 and µ,ν∈ (0,1] with µ+ν>1 such that

Σθ∪{0}⊂ρ
(

A(t)−ω
)
∋λ,

∥∥∥R(λ,A(t)−ω)
∥∥∥≤ K

1+|λ|
, (2.1)

∥∥∥
(

A(t)−ω
)

R
(

λ,A(t)−ω
)[

R
(

ω,A(t)
)
−R

(
ω,A(s)

)]∥∥∥≤ L
|t−s|µ

|λ|ν
, (2.2)

for t,s∈R, λ∈Σθ :={λ∈C\{0} : |arg λ|≤ θ}.

For a given family of linear operators A(t), the existence of an evolution family asso-

ciated with it is not always guaranteed. However, if A(t) satisfies Acquistapace-Terreni,
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then there exists a unique evolution family (see [18–20])

U={U(t,s) : t,s∈R such that t≥ s}

on X associated with A(t).

Definition 2.1. An evolution family (U(t,s))t≥s on a Banach space X is called hyperbolic (or

has exponential dichotomy) if there exist projections P(t),t∈R, uniformly bounded and strongly

continuous in t, and constant N>1, δ>0 such that

• (i) U(t,s)P(s)=P(t)U(t,s) for t≥ s and t,s∈R;

• (ii) the restriction UQ(t,s) : Q(s)X →Q(t)X of U(t,s) is invertible for t≥ s and t,s∈R

(and we set UQ(t,s)=U(s,t)−1);

• (iii)

‖U(t,s)P(s)‖≤Ne−δ(t−s) and ‖UQ(s,t)Q(t)‖≤Ne−δ(t−s), t≥ s, t,s∈R. (2.3)

Here and below we set Q := I−P.

Next, in the sequel we make extensive use of the real interpolation spaces of order

(α,∞) between X and D(A(t)), where α∈ (0,1). See [21–23] for proofs and further infor-

mation on theses interpolation spaces.

Let A be a sectorial operator on X and α∈ (0,1). The real interpolation space is

XA
α =

{
x∈X, ‖x‖A

α :=sup
r>0

‖rα(A−ω)R(r,A−ω)x‖<∞
}

.

It is straightforward that

XA
0 :=X, ‖x‖A

0 :=‖x‖, XA
1 :=D(A),

and ‖x‖A
1 :=‖(ω−A)x‖. Moreover, let X̂A :=D(A) of X. In particular, we will frequently

be using the following continuous embedding

D(A) →֒XA
β →֒D((ω−A)α) →֒XA

α →֒ X̂A ⊂X, (2.4)

for all 0<α<β<1, where the fractional powers are defined in the usual way. We also use

the following continuous embedding.

XA
β →֒D(A)

‖·‖A
α
, (2.5)

for 0<α<β<1.

Given the family of linear operators A(t) for t∈R, satisfying (H1), we set

Xt
α :=X

A(t)
α , X̂t := X̂A(t),
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for 0≤α≤1 and t∈R, with the corresponding norms.

Next, for t∈R, we set Xt
α :=X

A(t)
α and X̂t := X̂A(t). It holds that the evolution family

(U(t,s))t≥s generated by A(t) has an exponential dichotomy with constants N > 0, δ>

0, and dichotomy projections P(t), t ∈R. Moreover, 0∈ ρ(A(t)) for each t ∈R and the

following holds

sup
t,s∈R

‖A(s)A(t)‖B(Xα,X)< c0.

It holds that [23]

‖y‖t
α ≤ c(α)‖y‖1−α‖A(t)y‖α , y∈D(A(t)). (2.6)

We have the following fundamental estimates for the evolution family U(t,s).

Proposition 2.1 ([24]). For x∈X, 0≤α≤1 and t> s, the following hold.

(i) There is a constant c(α), such that

‖U(t,s)P(s)x‖t
α ≤ c(α)e−

δ
2 (t−s)(t−s)−α‖x‖. (2.7)

(ii) There is a constant m(α), such that

‖UQ(s,t)Q(t)x‖s
α ≤m(α)e−δ(t−s)‖x‖. (2.8)

Now, we recall the basic properties of weights. Let U be the collection of functions

(weights) ρ :R→ (0,∞), which are locally integrable over R such that ρ>0 almost every-

where. For µ∈U, T>0, and a∈R, we set

QT :=[−T,T], QT+a :=[−T+a,T+a],

µ(QT) :=
∫

QT

µ(x)dx.

We define the space of weights U∞ by

U∞ :=
{

µ∈U : inf
x∈R

µ(x)=µ0 >0 and lim
T→∞

µ(QT)=∞
}

and the set of weights UB by

UB :=
{

µ∈U∞ : sup
x∈R

µ(x)=µ1<∞
}

.

We also need the following set of weights, which makes the spaces of weighted pseudo-

almost periodic functions translation-invariant,

UInv
∞ :=

{
µ∈U∞ : lim

x→∞

µ(x+τ)

µ(x)
<∞ and lim

T→∞

µ(QT+τ)

µ(QT)
<∞ for all τ∈R

}
.
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Let Uc
∞ denote the collection of all continuous functions (weights) µ :R→(0,∞) such that

µ>0 almost everywhere. Define

Us
∞ :=

{
µ∈Uc

∞∩U∞ : lim
x→∞

µ(x+τ)

µ(x)
<∞ for all τ∈R

}
.

Definition 2.2. Let µ,ν∈U∞ . One says that µ is equivalent to ν and denote it µ≺ν, if
µ
ν ∈UB.

Let µ,ν,γ∈U∞. It is clear that µ≺µ (reflexivity); if µ≺ν, then ν≺µ (symmetry); and

if µ≺ ν and ν≺γ, then µ≺γ (transitivity). Therefore, ≺ is a binary equivalence relation

on U∞.

Proposition 2.2. Let µ,ν∈UInv
∞ . If µ≺ν, then σ=µ+ν∈UInv

∞ .

Proposition 2.3. Let µ,ν ∈ Us
∞. Then their product π = µν ∈ Us

∞. Moreover, if µ ≺ ν, then

σ :=µ+ν∈Us
∞.

The next theorem describes all the nonconstant polynomials belonging to the set of

weights U∞.

Theorem 2.1. ([25]) If µ∈U∞ is a nonconstant polynomial of degree N, then N is necessarily

even (N=2n′ for some nonnegative integer n′). More precisely, µ can be written in the form

µ(x)= a
n

∏
k=0

(
x2+akx+bk

)mk

where a> 0 is a constant, ak and bk are some real numbers satisfying a2
k−4bk < 0, and mk are

nonnegative integers for k=0,.. . ,n. Furthermore, the weight µ given above belongs to Us
∞.

Definition 2.3. A function f ∈C(R,X) is called (Bohr) almost periodic if for each ε> 0 there

exists l(ε)>0 such that every interval of length l(ε) contains a number τ with the property that

‖ f (t+τ)− f (t)‖< ε for each t∈R.

The collection of all almost periodic functions will be denoted AP(X).

Definition 2.4. A function F∈C(R×Y,X) is called (Bohr) almost periodic in t∈R uniformly

in y∈Y if for each ε>0 and any compact K⊂Y there exists l(ε) such that every interval of length

l(ε) contains a number τ with the property that

‖F(t+τ,y)−F(t,y)‖< ε for each t∈R, y∈K.

The collection of those functions is denoted by AP(Y,X).
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If µ,ν∈U∞, we then define

PAP0(X,µ,ν) :=

{
f ∈BC(R,X) : lim

T→∞

1

µ(QT)

∫

QT

‖ f (σ)‖ν(σ)dσ =0

}
.

Similarly, we define PAP0(Y,X,µ,ν) as the collection of jointly continuous functions F :

R×Y→X such that F(·,y) is bounded for each y∈Y and

lim
T→∞

1

µ(QT)

{∫

QT

‖F(s,y)‖ν(s)ds

}
=0

uniformly in y∈Y.

Definition 2.5. Let µ,ν∈U∞. A function f ∈C(R,X) is called doubly-weighted pseudo-almost

periodic if it can be expressed as f =g+φ, where g∈AP(X) and φ∈PAP0(X,µ,ν). The collection

of such functions will be denoted by PAP(X,µ,ν).

Definition 2.6. Let µ,ν∈U∞. A function F∈C(R×Y,X) is called doubly-weighted pseudo-

almost periodic if it can be expressed as F=G+Φ, where G∈AP(Y,X) and Φ∈PAP0(Y,X,µ,ν).
The collection of such functions will be denoted by PAP(Y,X,µ,ν).

3 Existence of a doubly-weighted mean for almost periodic

functions

Let µ,ν∈U∞. If f :R→X is a bounded continuous function, we define its doubly-weighted

mean, if the limit exists, by

M( f ,µ,ν) := lim
T→∞

1

µ(QT)

∫

QT

f (t)ν(t)dt.

It is well-known that if f ∈AP(X), then its mean defined by

M( f ) := lim
T→∞

1

2T

∫

QT

f (t)dt

exists [26]. Consequently, for every λ∈R, the following limit

a( f ,λ) := lim
T→∞

1

2T

∫

QT

f (t)e−iλtdt

exists and is called the Bohr transform of f .

It is also well-known that a( f ,λ) is nonzero at most at countably many points [26].

The set defined by

σb( f ) :=
{

λ∈R : a( f ,λ) 6=0
}
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is called the Bohr spectrum of f [27].

In [12], the original question which consists of the existence of a weighted mean for

almost periodic functions was raised. In particular, the authors have shown through an

example that there exist weights for which a weighted mean for almost periodic functions

did not exist. In this section we investigate the broader question, which consists of the

existence of a doubly-weighted mean for almost periodic functions. Namely, we give

some sufficient conditions, which guarantee the existence of a doubly-weighted mean

for almost periodic functions. Moreover, under those conditions, it will be shown that

the doubly-weighted mean and the classical (Bohr) mean are proportional. Further, it

will be shown that if the doubly-weighted Bohr spectrum of an almost periodic function

exists, then it is either empty or coincides with the Bohr spectrum of that function. In [1],

it is proved that for µ,ν∈U∞ and f :R→X an almost periodic function such that

lim
T→∞

ν(QT)

µ(QT)
= θµν, lim

T→∞

∣∣∣∣
1

µ(QT)

∫

QT

eiλtν(t)dt

∣∣∣∣=0, (3.1)

for all 0 6=λ∈σb( f ), the doubly-weighted mean of f ,

M( f ,µ,ν)= lim
T→∞

1

µ(QT)

∫

QT

f (t)ν(t)dt

exists. Furthermore, M( f ,µ,ν)= θµνM( f ).
Consider the set of weights U0

∞ defined by

U0
∞=

{
µ∈U∞ : Dτ := lim

|t|→∞

µ(Qt+τ)

µ(Qt)
<∞ for all τ∈R

}
.

Setting Cτ = lim|t|→∞
µ(Qt+τ)

µ(Qt)
, one can easily see that Cτ ≤Dτ <∞ for all τ∈R.

Definition 3.1. ([1]) Fix µ,ν ∈U∞ and suppose that limT→∞
ν(QT)
µ(QT)

= θµν. If f : R →X is an

almost periodic function such that (3.1) holds, we then define its doubly-weighted Bohr transform

as

âµν( f )(λ) := lim
T→∞

1

µ(QT)

∫

QT

f (t)e−iλtν(t)dt for all λ∈R.

Now since t→ gλ(t) := f (t)e−iλt ∈AP(X) it follows that

âµν( f )(λ)= θµνM( f (·)e−iλ·)= θµνa( f ,λ).

That is, under (3.1),

âµν( f )(λ) := lim
T→∞

1

µ(QT)

∫

QT

f (t)e−iλtν(t)dt

= θµν lim
T→∞

1

2T

∫

QT

f (t)e−iωtdt= θµνa( f ,λ), for all λ∈R.



18 R. Baazaoui / J. Partial Diff. Eq., 30 (2017), pp. 11-30

4 Main results

In this section, we fix the two weights µ,ν ∈ U∞ such that PAP(X,µ,ν) is translation-

invariant and that

inf
T>0

[ ν(QT)

µ(QT)

]
=δ0>0. (4.1)

Assume that R(ω,A(·))∈AP(B(X)) and that there there exists a function H:[0,∞) 7→[0,∞)
with H∈L1[0,∞) such that for every ε>0 there exists l(ε) such that every interval of length

l(ε) contains a τ with the property

‖A(t+τ)U(t+τ,s+τ)P(s+τ)−A(t)U(t,s)P(s)‖B(X,Xα)≤ εH(t−s)

for all t,s∈R with t> s.

Assume further that there exists 0≤α<β<1 such that

Xt
α=Xα, Xt

β=Xβ for all t∈R, with uniform equivalent norm,

where

XA
α =

{
x∈X, sup

r>0

‖rα(A−ω)R(r,A−ω)x‖<∞
}

,

XA
β =

{
x∈X, sup

r>0

‖rβ(A−ω)R(r,A−ω)x‖<∞
}

.

Furthermore, if 0≤α<β<1, then we let k=k(α,β), k1=k1(α), k2=k2(β) be the bounds of

the continous injections

Xβ →֒Xα, Xα →֒X, Xβ →֒X.

that is

‖u‖α ≤ k‖u‖β for each u∈Xβ, ‖u‖≤ k1‖u‖α for each u∈Xα,

and ‖u‖≤ k2‖u‖β for each u∈Xβ.

For µ, ν ∈UU∞ and 0<α<β<1 let f :R×X 7→Xβ be in PAP(X,Xβ,µ,ν) such that

‖ f (t,u)− f (t,v)‖β ≤K f‖u−v‖,

for all u,v∈X and t∈R. with K f >0.

To state our main result in this paper, we need the following extra-hypotheses

(H1) Let µ,ν∈UU∞. We suppose g:R×X 7→X belongs to PAP(X,X,µ,ν) and there exists

Kg>0 such that

‖g(t,u)−g(t,v)‖≤Kg‖u−v‖,

for all u,v∈X and t∈R.
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(H2) We suppose that the linear operators B(t),C(t) : Xα 7→X for all t∈R, are bounded

and set

̟ :=max

(
sup
t∈R

‖B(t)‖B(Xα ,X), sup
t∈R

‖C(t)‖B(Xα ,X)

)
.

Furthermore, t 7→B(t) and t 7→C(t) are almost periodic.

To study the existence and uniqueness of doubly-weighted pseudo-almost periodic solu-

tions to (1.1) we first recall the notion of mild solution.

Definition 4.1. A function u : R 7→Xα is said to be a mild solution to equation (1.2) provided

that the function τ 7→ A(τ)U(t,τ)P(τ) f (τ,B(τ)u(τ)) is integrable on (s,t),

τ 7→ A(τ)U(t,τ)Q(τ) f (τ,B(τ)u(τ))

is integrable on (t,s) and

u(t)=− f (t,B(t)u(t))+U(t,s)
(

u(s)+ f (s,B(s)u(s))
)

−
∫ t

s
A(τ)U(t,τ)P(τ) f (τ,B(τ)u(τ))dτ

+
∫ s

t
A(τ)UQ(t,τ)Q(τ) f (τ,B(τ)u(τ))dτ

+
∫ t

s
U(t,τ)P(τ)g(τ,C(τ)u(τ))dτ

−
∫ s

t
UQ(t,τ)Q(τ)g(τ,C(τ)u(τ))dτ, (4.2)

for t≥ s and for all t,s∈R.

In [28], it is shown under more hypotheses than (H1) and (H2) that a mild solution u

of (1.2) on R satisfies for all t∈R,

u(t)=− f (t,B(t)u(t))−
∫ t

−∞
A(s)U(t,s)P(s) f (s,B(s)u(s))ds

+
∫ ∞

t
A(s)UQ(t,s)Q(s) f (s,B(s)u(s))ds

+
∫ t

−∞
U(t,s)P(s)g(s,C(s)u(s))ds

−
∫ ∞

t
UQ(t,s)Q(s)g(s,C(s)u(s))ds.

Throughout the rest of the paper we denote by Γ1,Γ2,Γ3 and Γ4, the nonlinear integral

operators defined by

(Γ1u)(t) :=
∫ t

−∞
A(s)U(t,s)P(s) f (s,B(s)u(s))ds,
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(Γ2u)(t) :=
∫ ∞

t
A(s)UQ(t,s)Q(s) f (s,B(s)u(s))ds,

(Γ3u)(t) :=
∫ t

−∞
U(t,s)P(s)g(s,C(s)u(s))ds,

(Γ4u)(t) :=
∫ ∞

t
UQ(t,s)Q(s)g(s,C(s)u(s))ds.

We now state our main result in this paper.

Theorem 4.1. If assumptions (H1)-(H2) hold and κ<1 the equation (1.2) has a unique doubly-

weighted pseudo-almost periodic mild solution, where

κ=k1KG̟
[
δ−1m(α)+c(α)21−αδα−1Γ(1−α)

]

+k1KF̟
[
k+δ−1m(α,β)+41−αδα−1n(α,θ)Γ(1−α)

]
.

The proof of this results reposes on the following technique and preliminary lemmas.

Lemma 4.1. Under the hypotheses (H6) and (H7), the following assertion holds.

• if u∈ PAP(R,Xα,µ,ν), then C(.)u(.)∈ PAP(R,X,µ,ν).

Proof. Let u∈PAP(R,Xα,µ,ν). Then u=u1+u2 where u1∈AP(R,Xα), u2∈PAP0(R,Xα,µ,ν).
We have

C(t)u(t)=C(t)u1(t)+C(t)u2(t), for all t∈R.

Since u1 ∈ AP(R,Xα), for every ǫ> 0 there exists lǫ such that every interval of length lǫ

contains a τ such
∥∥∥u1(t+τ)−u1(t)

∥∥∥
α
<

ǫ(
supt∈R‖u1(t)‖α+̟

) , t∈R.

Similarly, since C(t)∈AP(B(Xα,X)), we have

∥∥∥C(t+τ)−C(t)
∥∥∥

B(Xα,X)
<

ǫ(
supt∈R‖u1(t)‖α+̟

) , t∈R.

Now

‖C(t+τ)u1(t+τ)−C(t)u1(t)‖

≤
∥∥∥
[
C(t+τ)−C(t)

]
u1(t+τ)

∥∥∥+
∥∥∥‖C(t)

[
u1(t+τ)−u1(t)

]∥∥∥

≤
∥∥∥C(t+τ)−C(t)

∥∥∥
B(Xα,X)

∥∥∥u1(t+τ)
∥∥∥

α
+̟

∥∥∥u1(t+τ)−u1(t)
∥∥∥

α
≤ǫ,

and hence t 7→C(t)u1(t) belongs to AP(R,X).
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To complete the proof, it suffices prove that t 7→C(t)u2(t) belongs to PAP0(R,X,µ,ν),
we have

1

µ(QT)

∫ r

−r

∥∥∥C(t)u2(t)
∥∥∥dν(t)≤

̟

µ(QT))

∫ T

−T
‖u2(t)‖αdν(t),

and hence

lim
r→∞

1

µ(QT)

∫ T

−T

∥∥∥C(t)u2(t)
∥∥∥dν(t)=0.

In [24], it is proved that for 0 ≤ θ < α < β < 1 with 2α > θ+1, then there exist two

constants m(α,β),n(α,θ)>0 such that

‖A(s)UQ(t,s)Q(s)x‖α ≤m(α,β)eδ(t−s)‖x‖β, for t≤ s, (4.3)

‖A(s)U(t,s)P(s)x‖α ≤n(α,θ)(t−s)−αe−
δ
4 (t−s)‖x‖β, for t> s. (4.4)

Lemma 4.2. Assume that (H2) hold, then the integral operators Γ1 and Γ2 defined above map

PAP(Xα,µ,ν) into itself.

Proof. Let u ∈ PAP(Xα,µ,ν). From Lemma 4.1 it follows that the function t 7→ B(t)u(t)
belongs to PAP(X,µ,ν). It follows that ψ(·) = f (·,Bu(·)) is in PAP(Xβ,µ,ν) whenever

u∈ PAP(Xα,µ,ν). In particular,

‖ψ‖∞,β =sup
t∈R

‖ f (t,Bu(t))‖β <∞.

Since ψ(·) = f (·,Bu(·)) is in PAP(Xβ,µ,ν) then ψ = φ1+φ2, where φ1 ∈ AP(R,Xβ) and

φ2∈PAP0(R,Xβ,µ,ν), that is, Γ1ψ=Ξ(φ1)+Ξ(φ2) where

Ξφ1(t) :=
∫ t

−∞
A(s)U(t,s)P(s)φ1(s)ds,

Ξφ2(t) :=
∫ t

−∞
A(s)U(t,s)P(s)φ2(s)ds.

Firstly, we show that Ξφ1∈BC(R,Xβ), using estimate (4.4), we obtain

‖Ξφ1(t)‖β≤
∫ t

−∞
‖A(s)U(t,s)P(s)φ1(s)‖ds

≤ n(α,θ)
∫ t

−∞
(t−s)−αe−

δ
4 (t−s)‖φ1‖βds

≤ n(α,θ)(
δ

4
)1−αΓ(1−α)‖φ1‖β.

Then Ξφ1∈BC(R,Xβ).



22 R. Baazaoui / J. Partial Diff. Eq., 30 (2017), pp. 11-30

Next, we prove that Ξ(φ1)∈ AP(R,Xα). Since φ1 ∈ AP(R,Xβ), then for every ǫ > 0

there exists l(ǫ)>0 such that every interval of length l(ǫ) contains a τ with the property

‖φ1(t+τ)−φ1(t)‖β <ǫν1 for each t∈R,

where ν1=
4α−1δ1−α

n(α,µ)Γ(1−α)
. Now, we have

Ξφ1(t+τ)−Ξφ1(t)=
∫ t+τ

−∞
A(s)U(t+τ,s)P(s)φ1(s)ds−

∫ t

−∞
A(s)U(t,s)P(s)φ1(s)ds

=
∫ t

−∞
A(s+τ)U(t+τ,s+τ)+P(s+τ)

(
φ1(s+τ)−φ1(s)

)
ds

+
∫ t

−∞

(
A(s+τ)U(t+τ,s+τ)P(s+τ)−A(s)U(t,s)P(s)

)
φ1(s)ds.

Using equation (4.4) it follows that

∥∥∥
∫ t

−∞
A(s+τ)U(t+τ,s+τ)P(s+τ)

(
φ1(s+τ)−φ1(s)

)
ds
∥∥∥

α
≤ǫ.

Similarly, using assumption (H2), it follows that

∥∥∥
∫ t

−∞

[
A(s+τ)U(t+τ,s+τ)P(s+τ)−A(s)U(t,s)P(s)

]
φ1(s)ds

∥∥∥
α
≤ǫ‖H‖L1‖φ1‖∞,

where ‖H‖L1 =
∫ ∞

0
H(s)ds<∞. Finally, we have

‖Ξ(φ1)(t+τ)−Ξ(φ1)(t)‖α ≤
(

1+‖H‖L1‖φ1‖∞

)
ǫ, for each t∈R,

and hence Ξ(φ1)∈AP(R,Xα).
Now, we show that Ξ(φ2)∈BC(R,Xβ). Using estimate (4.4) and adopt the technique

developed for the function Ξ(φ1).
To complete the proof, we will prove that Ξ(φ2)∈PAP0(R,Xβ,µ). So, let T>0. Again

from Eq. (4.4), we have

1

µ(QT)

∫ T

−T
‖(Ξφ2)(t)‖αdν(t)

≤
1

µ([QT)

∫ T

−T

∫ +∞

0
‖A(t−s)U(t,t−s)P(t−s)φ2(t−s)‖αdsdν(t)

≤
n(α,θ)

µ(QT)

∫ T

−T

∫ +∞

0
s−αe−

δ
4 s‖φ2(t−s)‖βdsdν(t)

≤n(α,θ)
∫ +∞

0
s−αe−

δ
4 s

(
1

µ(QT)

∫ T

−T
‖φ2(t−s)‖βdν(t)

)
ds.
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Now

lim
T→∞

1

µ(QT)

∫ T

−T
‖φ2(t−s)‖βdν(t)=0.

The function t 7→φ2(t−s)∈PAP0(R,Xβ,µ,ν) for every s∈R. To completes the proof, using

the Lebesgue’s dominated convergence theorem.

The proof for Γ2u(·) is similar to that of Γ1u(·) except that one makes use of equation

(4.3) instead of equation (4.4).

Lemma 4.3. If assumptions (H1)-(H2), hold, then the integral operators Γ3 and Γ4 defined above

map PAP(R,Xα,µ,ν) into itself.

Proof. Let u∈PAP(R,Xα,µ,ν). From Lemma 4.1 it follows that

C(·)u(·)∈PAP(R,X,µ,ν).

Setting h(t) = g(t,Cu(t)). It is straightforward that h ∈ PAP(R,X,µ,ν). So, write next

h =ψ1+ψ2, where ψ1 ∈ AP(R,X) and ψ2 ∈ PAP0(R,X,µ,ν), that is, Γ3h = Ξ(ψ1)+Ξ(ψ2)
where

Ξψ1(t) :=
∫ t

−∞
U(t,s)P(s)ψ1(s)ds,

Ξψ2(t) :=
∫ t

−∞
U(t,s)P(s)ψ2(s)ds.

Firstly, we show that Ξψ1∈BC(R,Xβ), using estimate (2.7), we obtain

‖Ξψ1(t)‖β ≤
∫ t

−∞
‖U(t,s)P(s)ψ1(s)‖ds

≤c(α)
∫ t

−∞
(t−s)−αe−

δ
2 (t−s)‖ψ1‖βds

≤c(α)(
δ

2
)1−αΓ(1−α)‖ψ1‖β.

Then Ξψ1∈BC(R,Xβ).
Next, we prove that Ξ(ψ1)∈ AP(R,Xα). Since ψ1 ∈ AP(R,Xβ), then for every ǫ > 0

there exists l(ǫ)>0 such that every interval of length l(ǫ) contains a τ with the property

‖ψ1(t+τ)−ψ1(t)‖β <ǫη, for each t∈R,

where η=
1

2αδ1−αc(α)Γ(1−α)
. Now

Ξψ1(t+τ)−Ξψ1(t)=
∫ t+τ

−∞
U(t+τ,s)P(s)ψ1(s)ds−

∫ t

−∞
U(t,s)P(s)ψ1(s)ds
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=
∫ t

−∞
U(t+τ,s+τ)P(s+τ)

(
ψ1(s+τ)−ψ1(s)

)
ds

+
∫ t

−∞

(
U(t+τ,s+τ)P(s+τ)−U(t,s)P(s)

)
ψ1(s)ds.

Using equation (2.7) it follows that

∥∥∥
∫ t

−∞
U(t+τ,s+τ)P(s+τ)

(
φ1(s+τ)−φ1(s)

)
ds
∥∥∥

α
≤

ǫ

2
.

Similarly, using assumption (H2). Let ǫ>0, from [36] we know that

r→Γ(t+r,s+r)∈AP(B(X)), for t,s∈R,

where we may take the same almost periods for t,s with ‖t−s‖≤h>0. Hence, there exists

l(ǫ)>0 such that every interval of length l(ǫ) contains a number τ>0 with the property

that, for t∈R, σ>0 :

‖U(t+τ,s+τ)P(s+τ)−U(t,s)P(s)‖≤
ǫ

2‖ψ1‖β
.

Therefore,

‖Ξ(ψ1)(t+τ)−Ξ(ψ1)(t)‖α ≤ǫ

for each t∈R, and hence Ξ(ψ1)∈AP(R,Xα).
Now, we show that Ξ(ψ2)∈BC(R,Xβ). Using estimate (2.8) and adopt the technique

developed for the function Ξ(ψ1).
Finally, to complete the proof, we will prove that Ξ(ψ2)∈ PAP0(R,Xβ,µ,ν). Now, let

T>0. Again from equation (2.8), we have

1

µ(QT)

∫ T

−T
‖(Ξψ2)(t)‖αdν(t)

≤
1

µ(QT)

∫ T

−T

∫ +∞

0
‖U(t,t−s)P(t−s)ψ2(t−s)‖αdsdν(t)

≤
c(α)

µ(QT)

∫ T

−T

∫ +∞

0
s−αe−

δ
2 s‖ψ2(t−s)‖βdsdν(t)

≤ c(α)
∫ +∞

0
s−αe−

δ
2 s

(
1

µ(QT)

∫ T

−T
‖ψ2(t−s)‖βdν(t)

)
ds.

Now

lim
T→∞

1

µ(QT)

∫ T

−T
‖ψ2(t−s)‖βdν(t)=0.

The function t 7→ψ2(t−s)∈PAP0(R,Xβ,µ,ν) for every s∈R. To completes the proof, using

the Lebesgue’s dominated convergence theorem.

The proof for Γ4u(·) is similar to that of Γ3u(·) except that one makes use of Eq. (2.7)

instead of Eq. (2.8).
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Proof of Theorem 4.1: Consider the nonlinear operator M defined on PAP(Xα,µ) by

Mu(t)=−F(t,B(t)u(t))−
∫ t

−∞
A(s)U(t,s)P(s)F(s,B(s)u(s))ds

+
∫ ∞

t
A(s)UQ(t,s)Q(s)F(s,B(s)u(s))ds+

∫ t

−∞
U(t,s)P(s)G(s,C(s)u(s))ds

−
∫ ∞

t
UQ(t,s)Q(s)G(s,C(s)u(s))ds,

for each t∈R. Next, in view of Lemma (4.2) and Lemma (4.3), it follows that M maps

PAP(R,Xα,µ) into itself. To complete the proof one has to show that M is a contraction

map on PAP(R,Xα,µ). Let u,v∈ PAP(R,Xα,µ). Firstly, we have

‖Γ1(v)(t)−Γ1(u)(t)‖α

≤ n(α,θ)
∫ t

−∞
(t−s)−αe−

δ
4 (t−s)‖F(s,B(s)v(s))−F(s,B(s)u(s))‖βds

≤ n(α,θ)KF̟

∫ t

−∞
(t−s)−αe−

δ
4 (t−s)‖v(s)−u(s)‖ds

≤ n(α,θ)KF̟

∫ t

−∞
k1(t−s)−αe−

δ
4 (t−s)‖v(s)−u(s)‖αds

≤ n(α,θ)KFk1̟‖v−u‖∞,α

∫ t

−∞
(t−s)−αe−

δ
4 (t−s)ds

= 41−α δα−1n(α,θ)Γ(1−α)KF̟k1‖v−u‖∞,α.

Next, we have

‖Γ2(v)(t)−Γ2(u)(t)‖α

≤ m(α,β)
∫ ∞

t
eδ(t−s)‖F(s,B(s)v(s))−F(s,B(s)u(s))‖βds

≤ m(α,β)KF

∫ +∞

t
eδ(t−s)‖B(s)v(s)−B(s)u(s)‖ds

≤ m(α,β)KF̟

∫ +∞

t
k1eδ(t−s)‖v(s)−u(s)‖αds

≤ m(α,β)KF̟k1‖v−u‖∞,α

∫ +∞

t
eδ(t−s)ds

= δ−1m(α,β)KF̟k1‖v−u‖∞,α.

Now, we have

‖Γ3(v)(t)−Γ3(u)(t)‖α

≤
∫ t

−∞
‖U(t,s)P(s)[G(s,C(s)v(s))−G(s,C(s)u(s))]‖αds
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≤ c(α)
∫ t

−∞
(t−s)−αe−

δ
2 (t−s)‖C(s)v(s)−C(s)u(s)‖ds

≤ ̟k1KGc(α)
∫ t

−∞
(t−s)−αe−

δ
2 (t−s)‖v(s)−u(s)‖αds

≤ KG̟k1c(α)21−α δα−1Γ(1−α)‖v−u‖∞,α.

Finally, we have

‖Γ4(v)(t)−Γ4(u)(t)‖α

≤ m(α)
∫ ∞

t
eδ(t−s)‖G(s,C(s)v(s))−G(s,C(s)u(s))‖ds

≤ m(α)KG

∫ ∞

t
eδ(t−s)‖C(s)v(s)−C(s)u(s)‖ds

≤ ̟k1m(α)KG

∫ ∞

t
eδ(t−s)‖v(s)−u(s)‖αds

≤ KGm(α)̟k1‖v−u‖∞,α

∫ +∞

t
eδ(t−s)ds

≤ KGδ−1̟k1m(α)‖v−u‖∞,α.

Combining previous approximations it follows that

‖Mv−Mu‖∞,α ≤κ‖v−u‖∞,α.

Then M is a contraction map on PAP(R,Xα,µ). Therefore, M has unique fixed point in

PAP(R,Xα,µ), that is, there exist unique u∈PAP(R,Xα,µ) such that Mu=u. Therefore,

Eq. (1.2) has unique doubly-weighted pseudo-almost periodic mild solution. �

5 Application

To illustrate the result in Theorem 4.1, we consider the following equation.

d

dt

[
v(t,·)+ f (t,k(t,x)∇v(t,·))

]

=
d2

dx2
v(t,·)+v(t,·)[sin(at)+sin(bt)−2]+g(t,k(t,x)∇v(t,·)), on R×[0,1], (5.1)

with boundary conditions

v(t,0)=v(t,1)=0, t∈R, (5.2)

where the coefficients a,b∈R with a
b /∈Q, f :R×X 7→Xβ, g:R×X 7→X and k1,k2:R×[0,1] 7→R

are continuous functions.
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In order to rewrite Eq. (5.1) in the abstract form equation (1.2). We choose the spaces

X = L2([0,1]), endowed with the norm ‖·‖2. We also consider the operator A : D(A)⊂
X−→X, given by

D(A)=H2(0,1)∩H1
0(0,1) and Au=u′′ for u∈D(A).

It is well known that A is the infinitesimal generator of an exponentially stable C0-semigro-

up
(
T(t)

)
t≥0

such that ‖T(t)‖≤ e−π2t for t≥0. Define next a set of linear operator A(t) as

follows:
{

D(A(t))=D(A)=H2([0,1])∩H1
0 ([0,1]),

A(t)v=(A+sin(at)+sin(bt)−2)v, v∈D(A).

Hence D(A(t))=D(A) and

‖A(t)−A(s)‖=
∥∥∥
(

sin(at)−sin(as)+sin(bt)−sin(bs)
)∥∥∥≤ (|a|+|b|)|t−s|,

for all s,t∈R, then the assumption (H0) is satisfied.

A(t) generate an evolution family U(t,s)t≥s such that

U(t,s)v=T(t−s)exp

(∫ t

s
(sin(aτ)+sin(bτ)−2)dτ

)
v.

Since ‖U(t,s)‖ ≤ e−π2(t−s) for t ≥ s and t,s ∈ R, it is easy to verify that A(t) satisfy the

assumption (H1) with M= 1, δ=π2. Next, since t 7→ sin(at)+sin(bt) is almost periodic,

then R(ω,A(·))∈ AP(R,L(X)) and the assumption (H2) is satisfied. Take 1
2 < α< 1 and

let β,µ such that 0 ≤ µ < α < β < 1 with 2α > µ+1. We introduce the linear operators

B(t),C(t) :Xα 7→X for all t∈R defined by

B(t)ϕ= k1(t,·)∇ϕ and C(t)ϕ= k2(t,·)∇ϕ for t∈R and ϕ∈Xα,

where Xα =
(

L2([0,1]),H2([0,1])∩H1
0 ([0,1])

)
α,∞

and k(t,·) : (0,1) 7→ R is continuous and

almost periodic in t∈R uniformly in x∈ [0,1]. Let F :R×X 7→Xβ be the mapping defined

by

F(t,ϕ)(x)= f (t,ϕ(x)), for x∈ [0,1]

and G :R×X 7→X defined by

G(t,ϕ)(x)= g(t,ϕ(x)), for x∈ [0,1].

Let y : R→Xα be the function defined by y(t)=v(t,·), for t∈R. Then the system (5.1)-(5.2)

takes the abstract form

d

dt

[
y(t)+F(t,B(t)y(t))

]
=A(t)y(t)+G(t,C(t)y(t)), t∈R. (5.3)
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Let

µ(t)=ν(t)=

{
et if t≤0,

1 if t>0.

If we assume that f and g are doubly-weighted (µ,ν)−pseudo almost periodic in t∈R

uniformly in u∈X and satisfying globally Lipschitz with respect to the second argument

in the following sense: there exists K f >0 and Kg>0 such that

∥∥∥ f (t,u)− f (t,v)
∥∥∥

β
≤K f

∥∥∥u−v
∥∥∥

L2([0,1])
, for all t∈R and u,v∈Xβ,

∥∥∥g(t,u)−g(t,v)
∥∥∥≤Kg

∥∥∥u−v
∥∥∥

L2([0,1])
, for all t∈R and u,v∈X.

Hence all assumption of Theorem (4.1) are satisfied and the equation (5.1) has a unique

doubly-weighted (µ,ν)-pseudo almost periodic solution.
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Vol. 16, Birkhäauser Verlag, Basel, 1995.
[24] Diagana T., Existence of weighted pseudo-almost periodic solutions to some classes of

nonautonomous partial evolution equations. Nonlinear Analysis, 74 (2011), 600-615.
[25] Diagana T., Doubly-weighted pseudo-almost periodic functions. African Diaspora Journal of

Mathematics, 12 (1) (2011), 113-120.
[26] Bohr H., Almost Periodic Functions, Chelsea Publishing Company, New York, 1947.
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