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Abstract. Let N>2, any=N w}\]/ _(11\]_1), where wy_1 denotes the area of the unit sphere

in RN. In this note, we prove that for any 0 <« <ay and any >0, the supremum
Nj

N N-2,j
B(oxlulN=T _ Rt
sup Sl/IRN|u| (e ) f lu|~ 1)dx

MEWI'N(]RN)rH"{le,N(]RN) j=0

can be attained by some function u € WN (RN ) with [|u]| wiN(rN)=1. Moreover, when
« >, the above supremum is infinity.
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1 Introduction and main results

Let N>2and ay =N w}\l/f(ll\lfl), where wy_1 is the area of the unit sphere in RY. For any

bounded domain Q C RV, we denote Wé’N (Q) the closure of C§°(Q2) under the norm

1/N
_ N
Huuwg,N(Q)_(/Q\w dx> |

The classical Trudinger-Moser inequality [1-5] says

sup / el gy < oo, (1.1)
0

1,N
llEWO (Q),HMHW&N(Q)Sl
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Define a function {:IN xR — R by
GINt)=e' =) == )
=0 j=N-

The inequality (1.1) was extended by Cao [6], Panda [7], do O [8], Adachi-Tanaka [9] to
the whole RN, namely

t
].

sup /RNg(N,zx\uy%)dKoo, VO<a<ay, (1.2)
<1

u€WLN(RN), [[uell 1,5 (i) <

1/N
llwnsiaey = ([ (Va4 lufyar)
RN

The critical case of (1.2), « =ay, was obtained by Ruf [10] and Li-Ruf [11]. Later, using
the Young inequality, Adimurthi-Yang [12] provided a very simple proof of the critical
Trudinger-Moser inequality in RY, as well as the singular Trudinger-Moser inequality.
One of conclusions in [12] is that the inequality

where

(N, afu|%7)
RN |x|/5

holds for any &« >0, 0< < N and any u € W'N(RN) (N >2).
It was proved by Ruf [10] and Ishiwata [13] that the supremum

dx < oo, (1.3)

au?

sup (e —1)dx,

2
MEWLZ(]RZ), HuHW]/z(]RZ)Sl R

can be attained when a* <« <47 for some constant &* > 0, and can not be attained when
0<a<1. Inthe case a =ay and N > 3, the existence of extremal functions for the supre-
mum in (1.2) was obtained by Li-Ruf [11]; while in the case 0 <a <ay, the existence result
was proved by Ishiwata [13].

From now on, we assume N > 2. In this note, we first prove a Trudinger-Moser type
inequality, namely

Theorem 1.1. (i) For any >0, any & >0 and any u € WYN (RN), there holds
/ | |BT (N, &|u #7)dix < co.
RN
(ii) For any B >0 and any 0 <« < ay, we have

sup /Nyu\ﬁgw,ayu\%)dx@o. (1.4)
<1/R

ueWUN(RN), [[ull 1,5 gy <

(iii) For any B> 0 and any « > wyy, the above supremum is infinity.
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Concerning the extremal function for (1.4), we have the following:

Theorem 1.2. For any >0 and any 0 <& <y, the supremum

sup [ lPEN ) dx

MEWl’N(RN), HuHW]/N(]RN)Sl

can be attained by some function u € WHN(RN) with [|ul| w1y gy =1.

Remark 1.1. In Theorems 1.1 and 1.2, if |u|? is replaced by a general term ¢(|u|f), where
¢:[0,00) —[0,00) is an increasing function satisfying

lim limsup _ 9

— < +oo,
0" 5400 C(N,asN-1)

then the same conclusion still holds.

Our proof of Theorems 1.1 and 1.2 is based on the Holder inequality, the Trudinger-
Moser inequality (1.2) and concentration-compactness analysis. Before ending the intro-
duction, we mention Carleson-Chang [14], Flucher [15], Lin [16], Li [17], Yang [18-20],
Lu-Yang [21], Wang-Ye [22] and Yang-Zhu [23, 24] for existence of extremal functions
for Trudinger-Moser inequalities on bounded Euclidean domain or compact Riemannian
surface.

The remaining part of this note is organized as follows: Section 2 gives some prelimi-
nary results, and we prove Theorem 1.1 in Section 3. Finally, Theorem 1.2 will be proved
in Section 4.

2 Preliminaries

In this section, we first introduce an elementary inequality due to Yang [25]. It would
bring a great convenience during our calculation. Namely,

Lemma 2.1. Let >0 and p > 1. Then for any integer N >2,

(C(N,1))" <G(N,pt).

We next recall several definitions on the Schwarz rearrangement [26]. Let () be a
bounded smooth domain in RN and u be a nonnegative function belonging to Wé’N (Q).
Br represents a ball of radius R centered at the origin. |Q)| is the volume of (). Define a
function u*: Bg — R satisfying:

(a) |Br|=[Q;
() {xeBr:u*(x)>t}|=[{xeQ:u(x)>t}| for t>0.
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Then u* is called the Schwarz rearrangement of u. u* is a decreasing radially symmetric
function. Suppose H:R — R is a continuous and increasing function. By the rearrange-
ment, one gets

/]BRH(“*(X))dXI/QH(u(x))dx, /IBR‘W*’NdXS/Q’V“’Ndx-

For the whole Euclidean space RN, the Schwarz rearrangement can be similarly de-
fined. For each t >0, let x{,~- be the characteristic function of the set {u>t}*=Bg,
where |Bgr|=|{u > t}|. Define the Schwarz rearrangement of u by

0 (@)= [ Ky

Thus u* is a decreasing radially symmetric function. In addition, u* satisfies

/RNH(u*(x))dx:/]RNH(u(x))dx, /]RN]Vu*|Ndx§/RN]Vu]Ndx.

Throughout this note, Br denotes a ball centered at the origin with radius R; while
B¢ denotes its complement. 0, (1) — 0 as n — co. We often denote various constants by
the same C. The reader can easily recognize it from the context. Moreover, we do not
distinguish sequence and subsequence during the analysis.

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. The proof of the first two parts of Theorem 1.1
is based on the Holder inequality, Lemma 2.1, the Sobolev embedding theorem, the
Trudinger-Moser inequality (1.2) and the inequality (1.3). The third part of Theorem 1.1
will be proved by a computation of the Moser function sequence.

Proof of Theorem 1.1 For any >0, any a >0 and any u € W'V (RYN), we have by the
Holder inequality and Lemma 2.1,

[ et ars ([ upax) ([ covalu?n)ax)”
< (/}RN]u|ﬁpdx>1/p(/H{Ng(N,tXP/M%)dx)l/p/
<c(/[. Né(N,ap’!uI%dx)W, (3.1)
for some constant C only dependingon N, B, p, where 1/p+1/p'=1and p>max{1,N/B}.

Notice that the integral on the left-hand side of (3.1) is the special case of (1.3), namely
B=0. Thus, the proof of (i) is complete.
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Assume 0<a <ay and u€ WVN(RN) with ||u [wivryy < 1. Choose g' > 1 sufficiently
close to 1 such that ag’ <ay. Again using the Holder inequality and Lemma 2.1, we obtain

1/q

/IRN‘Mfﬁg(N,zx\u]%)dx§</RN‘u’ﬁqu)l/q(/ﬂw (é(N,zx‘u’%))q/dx)
S(/IRN’”'ﬁqu)l/q(/RNZJ(N,ocq'!uI%)dx)l/q/, (3.2)

where 1/q+1/4' =1. The two integrals on the left-hand side of (3.2) are both bounded,
thanks to (1.2) and the Sobolev embedding theorem. Thus, the proof of (ii) is complete.
Finally, we prove for any a > ay;,

sup /N\ulﬁg(N,a]u\%)dx:oo. (3.3)

MEWLN(]RN), HMHWLN(]RN)Sl

Recall Moser’s function sequence,

. (logn)N-1D/N, x| <r/n,
mn(x,r):—l/N (logn)_l/Nlog(r/]x]), r/n<|x|<r,
“N-1 |, x| > .

By straightforward calculation, we have

1 1
N = — _— —
/IRN|an(x,r)| dx—wN_l/;ngr (logn)|x|Ndx 1, (3.4)
N (logn)N~!

Ngy— L N-1q._ (" Uogn) "
/|x|< [y (x,7)] dx—le/x< (logn) dx—(n> —=ou(1). (35

r r
n —n

Integration by parts, it follows that

/ |mn(x,r)]Ndx

I x<r

_ 1 "N-1 N

_logn/ﬁt (logt) d

:_%<£>N(logn)Nl+$/ytNl <log;)N_ldt
1

__(r N 1 N-1, 1 N—2, N-1 N-3
= <n {N(logn) -I-N(logn) tz (logn)

(N-1)(N-2)---3 1 (N=-D! [ y4 r
+o NN 2 logn}—i—@ NN 2 /;t <logg)dt

=0,(1). (3.6)
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Combining (3.5) and (3.6), we get

1 1 (log )™
/ |, (x,7)|Ndx = / (logn)N~tdx+—— / ————dx
RN WN-1 J]x[<t wN-1Jzr<|x|<r logn

—o0,(1). (3.7)

In view of (3.4) and (3.7), we obtain
||mn(x, r)HWm RN) / Imn|Ndx+/ |V, |Ndx=1+0,(1).

Considering 71, (x,7) = my (x,7) / || my (x,7)[|win ry), it follows that

/|mn|ﬁ§(Noc~N1)dx2/x|§yn~1n|ﬁ(wmn E ~N1]>

“7N=T) w _%rN(]ong)¥ﬁ
Z(W eo<1>+o((1ogn>N‘2>) (o, ()N

(logn) ~ P n
2 > (logn)'5'# 00, (n—0c0).
Thus (3.3) holds and therefore we complete the proof of the Theorem 1.1. O

4 Proof of Theorem 1.2

In this section, we will apply concentration-compactness analysis to obtain the existence
of extremal function for supremum in (1.4).

Proof of Theorem 1.2 For any u € WYN(IRN), we let u* be the Schwarz rearrangement
of |u|, then

/ |u*]Ndx:/ lu|Ndx, / |Vu*]Ndx§/ |Vu|Ndx,
RN RN RN RN

o Pe N afu ¥ )= [ JulPg (N afu] )y

RN RN

Therefore, without loss of generality, we can take a nonnegative decreasing symmetric
maximizing sequence {u,(x)}(n € N) for the supremum in (1.4). Thus, for such u, €
Wl’N(]RN) with Hun le,N(IRN) <1, there holds

_N
sup /I[{N]u\ﬁg (N,au™ )dx— lim N\un\ﬁg(N,aunN”)dx. (4.1)
<1

n—oo
ueWwl N(]RN) Hunl NE®RN)=
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Since ||y || w1y (rv) <1, there exists some function € WLN(IRN) such that u,, — weakly in
WLIN(IRVN) taking the subsequence if necessary. Clearly i is also nonnegative decreasing
symmetric. In order to verify Theorem 1.2, it is sufficient to show the following result:

lim [ |unlPT(Nau}T)dx /yu\ﬁa i )dx, 42)

n—oo JRN

Now we prove (4.2). Given any R >0, obviously we have
N N
[ (e lPEN @) = [P (N i)
L
= [, (o PEN ) PN 1)) dx
N N
[ (ualPE(N T )= PG (N i) dx
By
=:1+I1I. (4.3)

By the radial lemma [27], we get for any x € RN\ {0},

1

’Mn(X)’N S N1 HunHIL\IN(]RN) ‘X‘N'

Note that
”unHLN(]RN) < HunHWl,N(IRN) <1.

Then a straightforward calculation shows

L i L'
Jyuteai = (3 5 T
R j=N—
aJN 1 i ]( )%H‘% 1
j=N— 1]' WN-1 RN 1j+B—N
It follows that
N
p N-T)qy —
I%E)I;O;}gr;o |un| {(N,au, " )dx=0. (4.4)
With a similar consideration, we can easily get
. . ~1B L
I%grc}m}grc}o - [u|PC(N,ariN-1)dx=0. (4.5)
Combining (4.4) and (4.5), we obtain
lim lim I1=0. (4.6)

R—oon—oo
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Now we estimate I. To see this, We denote for all £ >0,

f(t) :tﬁg(N,oct%),
We obtain by using mean value theorem,
IS‘/}BROunIﬁg(N,ocuf) 7Pz (N, Nl))dx‘
S‘B/BRnﬁ_l@(N « Nl)|un_u’dx
"‘Tl/ua 7Bg (N, 1 )y ¥ |1y, — if] dx

= [ 0PN )y~ Tl dx
Bgr
ocN

=5 L TN~

Af 1PJ
+ / NPy, — 1| dx
::Il+12+13. (47)

Here 7 is nonnegative and lies between u,, and #. Choose p, >1 and p) > 1 respectively
such that ap, <apy and ap) < ay. By the Holder inequality and Lemma 2.1, we have

aN
N—-1 /B,
aN ~_1
+N—1 By

gocNN(/ u,&ﬁﬂi)p]dx)ﬂ </113 g(N,ocpzu,Q’%)dx>E </113 |un—ﬁ]7’3dx>73
R

+04NN(/IB ﬁ(ﬁﬂi)pﬁdx)”l/l (/]B @(N,ocp’zﬁ%)dx)”1é </113 |un—ﬁ]7’/3dx> s
R R

<C1H”n_”HLV3 (Bg) +C2H“n Ul

N1 HB Nt ~
L< Uy C(Nauy ") |uy —u|dx

LF’S (Bg)”

where 1/p1+1/p2+1/p3=1,1/p;+1/p5+1/p5=1. C; is a constant depending only on
N,R,«,B,p1,p2; while C; is a constant depending only on N,R,«a,8,p},p5. Letting n — oo
and next R — oo, then

lim lim I, =0. (4.8)

R—ocon—r00

Meanwhile, we have by the Holder inequality,

1/s 1/t
I3§C(/ (un+ﬁ)(N*”5)sdx) (/ !un—ﬂ\tdx> <Cllun—1ullL(s
]BR ]BR
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where 1/s+1/t=1 and C is a constant that depends only on N, R,«,8,s. Then we have
lim lim I3=0. 4.9)

R—ocon—rco
In order to estimate I;, we distinguish two cases as follows.
Case 1: B>1. If B>1. An obvious analog of (4.8) is
lim lim [; =0. (4.10)

R—oon—oo

Combining (4.7)-(4.10), we get
lim lim I= lim lim (1 4+ I+ 13)=0.

R—oon—r0o R—oon—oo

This together with (4.3) and (4.6) leads to

. Ny ~ N
lim o (|tn|PT(N ") = |i|PE(N,aiin=1))dx =0,
which is equivalent to (4.2).

Case 2: 0 < < 1. The difficulty in this case lies in the estimate of I; in (4.7). Since
—1< B—1<0, the integrability of uf~! is not clear. The Ho inequality can not be applied
directly. This motivates us to define the function by

o j '
g(t):tﬁflg(N,at%): Y a'_lt%]+'371/
j=N-1/°

for any > 0. One checks easily that g(t) is an increasing function. Moreover, for any
nonnegative function u € W'N(RN) with [u[ v gy) <1,

g(u):uN-i-ﬁ—l( i D‘._]u,\][\’](]—N-‘rl))
N !
_ S o) N
=ulN*P 1(X{u>1}+7({u<1})< Z TuN*l(] N+1)>
j=N-1/*
N+B_1 © ) N oy
<uN*th < ) ,—'uN1]>+ Y
j=N-1/* j=N-1J°
© 4
=uN TP (N aumT)+ Y 0,6—', (4.11)
j=N-1/°

where x{,~1) denotes the characteristic function of set {x €RN:u(x)>1}. Take p>1such
that ap <ay. In view of (4.11), we have by the Minkowski inequality and Lemma 2.1,

1/p N 1/p o
(/ g(u)de> g(/ u(Nﬂgl)Pg(N,ocpuﬁ)dx) + Z — “BRll/p.
IBR ]BR

j=N-1/
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Since (N+B—1)p>1, we conclude that the first term in the above inequality is finite by
virtue of the analysis of Case 1. Obviously, the second term is also bounded. Therefore
g(u) € LP(Bg) for some p > 1.

By calculation, one has

b=, n—ild n—illd
1 BRm{ungl}ﬁg(’mw uldx+ BRm{unM}ﬁg(iy)\u i|dx
_/13Rm{un<1} (8(un)+g(u))!un u|dx+ BRm{un>1}(g(un)+g(u))|un i1 dx
N
= 1) +g (i)l —tld N,y 1) +g (i) |y —il|dx.
<L GO eildxt [ (@) () Tl

Note that ¢(u) € LP(Bg) for some p > 1. The first term tends to 0 as n — co thanks to
the Ho6 inequalitythe Minkowski inequality and the Sobolev embedding theorem. Again
using these inequalities together with inequality (1.2) and Lemma 2.1, we conclude that
the second term tends to 0 as n — co. Therefore

lim lim [; =0.
R—ocon—rco

This together with (4.8) and (4.9) implies
lim lim I=0. (4.12)

R—oon—ro0
Hence, (4.2) follows from (4.3), (4.6) and (4.12) in this case.
Combining the above two cases, we conclude that (4.2) holds. It follows from (4.1)
and (4.2) that u attains the supremum in (1.4).
Finally, we prove ||if|y1ngy)=1. Suppose not. Clearly, i 0. Assume ||| yy1vgry) <1.
We set i1 =11/ |[ul||y1n(gn), then [|iI|| 1y (gy) =1. Moreover, we obtain

sup [ ulPEN )

UEWIN(RN), ], v ) <1
> [ JalPeNalal = dy> [ EPo(N i)y,
RN RN

which contradicts the fact that u attains the supremum in (1.4). Thus, [|u]|yingry) =1.
Therefore u is the desired extremal function. The proof of Theorem 1.2 is completely
finished. O
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