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Abstract. The following viscoelastic wave equation with a time-varying delay term in
internal feedback

t
|t | upr—Au —Autt—i-/o g(t—s)Au(s)ds+ pyue(x,t) + pous (x,t—t(t)) =0,

is considered in a bounded domain. Under appropriate conditions on 1, > and on
the kernel g, we establish the general decay result for the energy by suitable Lyapunov
functionals.
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1 Introduction

In this paper, we consider the initial boundary value problem for a nonlinear viscoelastic
equation with a linear damping and a time-varying delay term of the form:

t
]ut\puﬁ—Au—Auﬁ-i-/o (t—s)Au(s)ds+puiue(x,t)

+pouy(x,t—T(t)) =0, in Qx (0, c0), (1.1)
ur(x,t) = fo(x,t), xeQ), te[—71(0),0), (1.2)
u(x,0) =uo(x),us(x,0)=uq1(x), xeq), (1.3)
u(x,t)=0, x€0(),t>0, (1.4)
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where >0, QCRN (N >1) is a bounded domain with a smooth boundary 9Q). Moreover,
p1 and pip are real constants with p11 >0, T(t) >0 represents the time-varying delay, g is the
kernel of the memory term and the initial data (1,11, fo) are given functions belonging
to suitable spaces.

It is well known that delay effects, which arise in many practical problems, might
induce some instabilities, see [1—6]. Hence, questions related to the behavior of solutions
for the PDEs with time delay effects have become active area of research in recent years.
Many authors have focused on this problem and several results concerning existence,
decay and instability have been obtained, see [2—12] and reference therein. In this regard,
Datko et al. [4] showed that a small delay in a boundary control is a source of instability.
Nicaise et al. [7] studied a system of wave equation with a linear boundary damping
term with a delay as follows

up—AMu=0, in O x (0, o),

u(x,t)=0, x€Ty,t>0,

L (x,t) = prus(x,t) + pous(x,t— 1), in T % (0, o0), (1.5)
u(x,0)=uog(x),us(x,0) =uy(x), xe),

ur(x,t—7)=fo(x,t—1), xeQ, te(0,7).

where v is the unit outward normal to 9Q). Under the condition

wo <p, (1.6)

they established a stabilization result by applying inequalities obtained from Carleman
estimates for the wave equation by Lasiecka et al. [13] and by using compactness-uniqueness
arguments. Conversely, if (1.6) does not hold, they showed that there exists a sequence of
delays for which the corresponding solution of (1.5) is unstable. And, they also obtained
the same results if both the damping and the delay act in the domain.

The case of time-varying delay in the wave equation has been studied by Nicaise et al.
[10] in one space dimension, in which they obtained an exponential decay result subject
to the condition

po <V1—dys, (1.7)

where d is a constant such that
T'(t)<d<1, Vt>0. (1.8)

Later, under the condition |p2| < v/1—dpy in which the positivity of the coefficient y»
is not necessary, Nicaise et al. [11] extended this result to general space dimension. In
fact, they proved exponential stability of the solution for the wave equation with a time-
varying delay in the boundary condition in a bounded and smooth domain in RV. Re-
cently, inspired the works of Nicaise et al. [11] and M. Kirane et al. [5], Liu [14] considered
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the following problem

Ut —Au—l—/otg(t—s)Au(s)ds—l—ylut(x,t) +upu(x,t—7(t)) =0, (1.9)

in a bounded domain with the conditions (1.2)-(1.4). In that work, they established gen-
eral decay results of the energy via suitable Lyapunov functionals under the condition
2| < V1—dps.

In the absence of the delay term (i.e. #,=0) in (1.1), related problems have been exten-
sively studied and there are numerous results related to existence, asymptotic behavior
and blow-up of solutions. For example, Cavalcanti et al. [15] considered the following
problem:

t
|14 P 1agy — A — Ay —l—/ g(t—s)Au(s)ds—yAu; =0, (1.10)
0

with the same initial and boundary conditions (1.3)-(1.4), where a global existence result
for v>0 and an exponential decay result for y >0 were established under the assumptions
0<p< 3% if N>3orp>0if N=1,2and g(t) decays exponentially. Lately, these decay
results were extended by Messaoudi and Tatar [16] to a situation where a source term is
present. Recently, Messaoudi and Tatar [17] studied problem (1.10) for case of y =0, they
showed that the solution goes to zero with an exponential or polynomial rate under some
restrictions on the relaxation function. For other related works, we refer the readers to
[18 —23] and references therein.

Motivated by previous works, it is interesting to investigate whether there are similar
decay results as in [14] for problem (1.1)-(1.4), in which more general form than that
of problem (1.9) is considered. Our proof technique closely follows the arguments of
[14,23], with the modifications being needed for our problem. The content of this paper
is organized as follows. In Section 2, we provide assumptions that will be used later, state
and prove the existence result Theorem 2.3. In Section 3, we prove our stability result that
is given in Theorem 3.5. Finally, we give some examples to illustrate our result.

2 Preliminary results

In this section, we shall give some assumptions which will be used throughout this work.
We use the standard Lebesgue space L”(Q)) and Sobolev space H}(Q)) with their usual
products and norms.

Lemma 2.1 (Sobolev-Poincaré inequality). Let 2<p < 2%, the inequality
lell, <cs|[Vully,  for ueHy(Q),

holds with some positive constant cs.
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Assume that p satisfies

2
<

7 it N>3 or p>0 if N=1,2. (2.1)

Regarding the relaxation function g(t), we assume that it verifies:

(A1) ¢: R" — R* is abounded C! function satisfying
1— / s)ds=1>0, 2.2)

and there exists a positive nonincreasing function ¢ such that, for ¢t >0,

gi<-ehg) and [ a()ds—co, 2.3)

(A2) For the time-varying delay 7(t), we assume as in [24] that there exist positive con-
stants 1y and 7 such that
O<m<t(t)<m, t>0. (2.4)

Moreover, we assume that T € W2*[0,T], T >0 and
T'(t)<d<1, t>0, (2.5)

and that pq, yp satisfy
[pa| < V1-dps. (2.6)

In order to prove the existence of solutions of problem (1.1)-(1.4), we introduced the new
variable z as in [24],

z(x,%,t) =up(x,t—T(t)x), xeQ, ke (0,1),
which implies that
T(t)ze (x,5,t) + (1—2' (£)K) 2, (x,%,¢) =0, in Qx(0,1)x(0,00).
Therefore, problem (1.1)-(1.4) can be transformed as follows

;

]uf\puﬁ—Au—Autt+fotg(t—s)Au(s)ds-ﬁ-ylut(x,t)

+upz(x,1,t)=0, in Q% (0, o),
T(t)ze(x,%,8) + (1—2' (£)K) z¢ (x,%,8) =0, xeQ, ke (0,1), t>0,
z(x,0,t) =us(x,t), xeQ), t>0, (2.7)
2(x,,0) = folx,~T(0)x), xeq,
u(x, )—uo x),u(x,0) =uq(x), xeQ),
u(x,t)= x€0(),t>0,




26 S. T. Wu / ]. Partial Diff. Eq., 29 (2016), pp. 22-35

Now, we are ready to give the well-posedness of problem (1.1)-(1.4) which can be ob-
tained by the arguments of [5,23].

Theorem 2.2. Suppose that (2.1), and (A1)-(A2) hold. Assume further that ug,u; € H(% (Q) and
fo€L?(Qx(0,1)). Then there exists a unique solution (u,z) of (2.7) satisfying

1, ut€C<[O, T); Hg(Q)) and zeC ([0, T); L2(Qx(0,1))),

for T>0.

3 Asymptotic behavior

In this section, we shall investigate the asymptotic behavior of problem (1.1)-(1.4). Now,
inspired by [24], we define the energy function of problem (1.1)-(1.4) as

1 1 t 1
() =5l 3+5 (1- [ 90008 ) 19u) 1+ (o)1)
p+ 0
+—HVut(t)H§+§/t /eA(S_t)uf(x,s)dxds, (3.1)
2 2 Ji—r(t)JO
where
(5o9)(0)= [ 8(t-9) [ [6() (1) Pt
and ( is a positive constant such that
12| |12
2 ————(>0, ———=>0, 3.2
s e (3:2)
and .
2]
A<—]1 : 3.3
o[ 87— &)

Lemma 3.1. E(t) is a nonincreasing function on [0,T] and
1
E/(f)z—cll\utllz—cz/ up (x,t—(t ))dx+ (8'oVu)(t) =58 (1) [ Vu(t)2

/ / e M942 (x,5)dxds

t—T(t

1

<5(8'oVu)(t )—Eg(f)Hvu(f)Hzﬁof vi>0,

where
2| ¢

1-d
I Vizdil
2y/1—-d 2 2

>0 and ;= g(l—d)e_M1 -
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Proof. Differentiating (3.1) and using (1.1), integrating by parts over () and exploiting the
assumption (Al), (2.4)-(2.6) and (3.2)-(3.3), we obtain

E(r) < —crllul3—cx [ (o= t(0)dx+5(8 oVa)(6) ~ 5g() [ Vu()]3

0
t
_/\_é/ /e_)‘(t_s)uf(x,s)dxds
2 Ji—z(t)Ja

<3(8oVu) (28 [Vu(D3<0, V>0

N[ —

O

Remark 3.2. It follows from the definition of E(t) that the energy function is uniformly
bounded and decreasing in t, which implies that

| Vul3+Vue |3 <2E(£) <2E(0),  Vt>0. (3.4)

Now, we define
G(t)=ME(t)+ed(t)+¥(t), (3.5)

where M and ¢ are positive constants which will be specified later and
1
@t:—/upuudx+/Vut~Vutdx, 3.6
(£) p+10’t| t 0 ((£)-Vu(t) (3.6)

‘I’(t):/ﬂ(Aut—p%]ut’PuO /Otg(t—s)(u(t)—u(s))dsdx. (3.7)

The following lemma tells us that G(t) and E(t) are equivalent.

Lemma 3.3. Let u be a solution of problem (1.1)-(1.4), then there exist two positive constants 1
and B, such that
B1E(t) <G(t) <B2E(t), Vt>0,

for M sufficiently large.

Proof. Using Young’s inequality, Lemma 2.1 and (3.4), we have

1 1 2
m/ﬂ\”t’p”t”dx Sm””f”ﬁiz
o+2 2E(0)\ 2
+(p+23<p+1)( l( )> Il )
and
1 1
'/QVut(t)-Vu(t)dx SQHVwH%JrEHWHi. (3.9)
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Further, we observe from (3.7) that
/Vut/ s) (Vu(t)—Vu(s))dsdx
p+1/ ]ut\put/ —8) (u(t) —u(s))dsdx. (3.10)

By Young’s inequality, Holder’s inequality (2.2) and (3.4), we have

Vuto/otg(t—s) (Vu(t)—Vu(s))dsdx

1 1 t 2
giuvmy@ri Q(/O g(t—s)(Vu(t)—Vu(s))ds) dx
—1
IV B+ T (goVu) (), (3.11)

and

(H wlp o1 (/ (t)‘b‘(s))ds)"“dx)

+
1 pr2, (1— l)pHCgH/ p+2
02 <H tll +z+ 01 A g(t=s)[[Vu(t)=Vu(s)|[y “ds

p+1 p+2
T(” ¢l +2+( lp)+1 (4El(0)) (goVu)(t)). (3.12)

Combining (3.8)-(3.12) with (3.5) yields
|G(t)—ME(t)| =eP(t)+¥(t)
<cs |Jurllf 3 +cal| Vul3+cs | Vi |3+c6 (g0 V) (#)
<c7E(t),

14
o 1te . L2 2E(0)\2 | 1 _ e+l
where C3—p—+2,C4—€((p+2)(p+l) 7 +35 |, 65=57,

_ _\o+1 _pt+2 5

Thus, from the definition of E(t) by (3.1) and selecting M sufficiently large, there exist
two positive constants 1 and B, such that

BLE(H) < G(H) < 2E(8). -
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Theorem 3.4. Let ug,uy € H}(Q) be given. Suppose that (2.1), (A1)-(A2) and (3.2)-(3.3) hold.
Then for each to > 0 the solution energy of problem (1.1)-(1.4) satisfies

t
E(t) <Ke "ot 5y (3.13)
where o and K are some positive constants given in the proof.

Proof. In order to obtain the decay result of E(t), it is sufficient to prove that of G(t). To
this end, we need to estimate the derivative of G(t). It follows from (3.6) that

CI)’(t):—HVuH%-l—/QVu(t)-/Otg(t—s)Vu(s)dsdx—yl/Qut(x,t)u(t)dx
— iz [ et =(D)u(t >dx+p—uutup+z+uwr§. (3.14)

Using Holder’s inequality, Young’s inequality and (A1), we obtain, for # >0, 6; >0,

/Vu / (t—s)Vu(s)dsdx

2
< 3 1vul+ [ ([ 80-9u(s) - Tulo] +u(n))ds ) d
Y 1+1)(1-1)
< )0 ||w||§+%<gow><t>, (3.15)
2
'/Qut(x,t)u(t)dx g&lcfHVuH%—i—:?slHVutH%, (3.16)
and
‘/ (= (8)u(t)dx| <013 | Vul3+ 7 /ut —7(t))dx. (3.17)

Letting 7= 1_—1 in (3.15) and employing (3.16)-(3.17), we derive from (3.14) that

l —1 1
@ (0=~ (3 -0 Gn+la) ) IVulE+ 27 o 9) () o el

!uz!/ pacs 2
451 u?(x,t—(t))dx+ 10, +1 ) [[Vugl]3. (3.18)

Taking the derivative of ¥(#) in (3.7) and using Eq. (1.1), we get
:/QVu(t)-/Otg(t—s)(Vu(t)—Vu(s))dsdx
—/Q</0 g(t—s)Vu(s)ds (/0 g(t—s)(Vu(t)—Vu(s))ds> dx
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—|—y1/ﬂut(t)/0tg(t—s)(u(t)—u(s))dsdx

-I-yz/ﬂuf(x,t—r(t))/otg(t—s)(u(t)—u(s))dsdx

—/ Vi (t -/tg’ t—s)(Vu(t)—Vu(s))dsdx
P+1 ’“t’p”t/g (t—s)(u(t)—u(s))dsdx

t 1 t
([ s0a) waué—m (f sts)ets) a3 319)

In what follows we will estimate the right hand side of (3.19). Using Holder’s inequality,
Young's inequality and (2.2), for § >0, we have

/QVu(t)o/Otg(t—s)(Vu(t)—Vu(s))dsdx

1-1
Sé”VuH%—l—E(gOVu)(t). (3.20)

/Q (/Otg(f—S)Vu(S)ds> : (/Otg(t—s) (Vu(t) —Vu(s))ds> dx
<5/ (/ (t—s) !Vu()\ds> dx+45/ (/ (t— s)\Vu(t)—Vu(s)\dsydx

<26(1-1)*||Vul3+ <25+45) (1=1)(goVu)(t). (3.21)

and

Utilizing Young’s inequality, Lemma 2.1 and (A1), the third term, the fourth term and the
fifth term on the right hand side of (3.19) can be estimated as, for J, >0,

yl/ﬂut(t)/otg(t—s)(u(t)—u(s))dsdx

c2(1-1
< oVl 3+BEE= (gowu (1), 62

ptz/()ut(x,t—r(t))/otg(t—s)(u(t)—u(s))dsdx

_ 2
<lpalds | -0+ 2D (0w o), 6.23)

and

'/QVut(t)/otg'(t—s)(Vu(t)_vu(s))dsdx
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<52HVutH2+ </g (t—s)(Vu(t)— Vu(s))ds)zdx
< 6|V B ”(gow)o (3.24)

Exploiting Young's inequality, (2.1), Lemma 2.1, (2.3) and (3.4) to deal with the sixth term
p—l—l/ |u t|put/g (t—s) —u(s))dsdx

gp% <5z||ut|\zp+1 </g (t—s) u(s))ds)de>

1
<t (st~ S0 [ [ 69 Vutt) - Fu(s) st
52cs(p+1) ¢(0)c?
<20 EO)) Vi S (¢ oV (1) (5.25)

A substitution of (3.20)-(3.25) into (3.19) leads to
¥'(£) <des|| Vull3+co (g0 V) (£) —cr0 (8 0 Vur) (t)
t
+<c11—/0 g(s)ds> HVutH%-i—\yzléz/ﬂuf(x,t—r(t))dx

1 t
Tt (/0 8(s )dS) lue 573, (3.26)
where C8_1+2( _l)z’ C9:(25+%+%) (1_1) C10= 1275 ((P)+1)+ 4(5); and Cllz(Sz]/lng—F

S+ ‘55;5 A (2E(0))p . Additionally, since g is positive, continuous and g(0) >0, for any
to >0, we have

t t
/ g(s)dsz/ 0g(s)ds:go, YV t>ty. (3.27)
0 0
Hence, we conclude from (3.5), Lemma 3.1, (3.18), (3.26) and (3.27) that for any t > t; >0,
G'(t)=ME'(t)+ed'(t) +‘I”(t)

< (%—qo) (g'oVu) (t)— " ( (121 ) +C9> (goVu) (t)
(: <é—51c5?(y1+!yzl)> —m) 2k

- (go—e(qy +1) =en ) [Vl

—(CZM—%—’MW) /Quf(x,t—r(t))dx
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t
—%/ /e’/‘(f’s)u%(x,s)dxds.
2 Ji-r(t)Ja

At this point, we choose 6; such that

l
013 (p1+pa]) <

Z/
and select J to satisfy
s< L
~ 8cs
Then, let > be small so that
2(p+1)
= 2 S p)| <80
c11 =209 <‘u1Cs+1+ P+1 <2E(0)) > S5

After that, we choose ¢ so that

8o
: 4
£<min e , 80 ¢
15, +1

Finally, we pick M sufficiently large such that

8552]-1-}4252}

M >max {2C10,
(]

Consequently, there exist two positive constants A; and A, satisfying
G'(t) <—ME(t)+A2(g0Vu)(t), for all t>t. (3.28)
Multiplying (3.28) by ¢(t), we have
(G (1) < =ME(DE(H)+A28(H) (goVu) (£).

Then, employing the assumption g’ () <—¢(t)g(t) by (2.3) and using the fact that — (g’ o Vu) ()<
—2E'(t) by Lemma 3.1, we get

S(OG' (1) < =ME(HE(t) = A2 (8o Vu) ()
< —ME(HE(t) —2A2E'(1), for all t>t. (3.29)

Next, we define
F(t)=C(t)G(t)+2A2E(¢),
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which is equivalent to E(t) by Lemma 3.3. Then, using (3.29) and the assumption ¢’(¢) <0,
vVt >0 by (Al), we obtain

F'(1) <&'()G(t) —MmE(HE(t)
S=ME(HE(H) < —AsG(HE(t), Vit (3.30)

for some positive constant A3. An integration of (3.30) over (o, t) gives

F(t) <F(0)e " hafO% wi>

Therefore, the equivalent relation between F(t) and E(t) yields

E(t)<Ke “of®% sy (3.31)

where & and K are some positive constants. This completes the proof. O

Remark 3.5. We illustrate the energy decay rate given by Theorem 3.4 through the fol-
lowing examples which are introduced in [5,25].

(1) If g(t) = imes for a>0and v>1, then ¢(t) = 1 satisfies the condition (2.3). Thus
(3.31) gives the estimate

E(t) <K(1+t)™"
) If g(t)=ae ?(+1" fora,b>0and 0<v<1, then &(t)=bv(1+t)" ! satisfies the condition
(2.3). Thus (3.31) gives the estimate

E(t) < Kefa(1+t)

(3) If g(t) =ae ™ (141 for a,b>0 and v>1, then &(t) = %ﬁl“) satisfies the condition
(2.3). Thus (3.31) gives the estimate

E(t) < Keflen”(lth).

4) If g(t)= ATy for a>0and v>1, then ()= ( )V satisfies the condition

(I+H)I"(1+1)
(2.3). Thus (3.31) gives the estimate

E(t) <K((1+t)In"(1+¢)) "
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