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Abstract. In this paper, we have studied the separation for the biharmonic Laplace-
Beltrami differential operator

Au(x)=—AAu(x)+V(x)u(x),
for all x € R", in the Hilbert space H =L, (R",H;) with the operator potential V(x) €

C!(R",L(H;)), where L(H) is the space of all bounded linear operators on the Hilbert
space Hj, while AAu is the biharmonic differential operator and

é 1 0 1, \0u
Au i,jZ::1 detg o, [\/detgg (x) Bx]-]
is the Laplace-Beltrami differential operator in R". Here g(x) = (g;j(x)) is the Rieman-
nian matrix, while g ~!(x) is the inverse of the matrix g¢(x). Moreover, we have studied
the existence and uniqueness Theorem for the solution of the non-homogeneous bi-
harmonic Laplace-Beltrami differential equation Au=—AAu+V(x)u(x)=f(x) in the
Hilbert space H where f(x) € H as an application of the separation approach.
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1 Introduction

The concept of separation for differential operators was first introduced by Everitt and
Giertz [1,2]. They have obtained the separation results for the Sturm Liouville differential
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operator
Au(x)=—u"(x)+V(x)u(x), X€ER, (1.1)

in the space Ly(R). They have studied the following question: What are the condi-
tions on V(x) such that if u(x) € Ly(R) and Au(x) € Ly(R) imply that both of u”(x)
and V(x)u(x) € Lo(R)? More fundamental results of separation for differential operators
were obtained by Everitt and Giertz [3,4]. A number of results concerning the property
referred to the separation of differential operators was discussed by Biomatov [5], Otel-
baev [6], Zettle [7] and Mohamed et al. [8-13]. The separation for the differential opera-
tors with the matrix potential was first studied by Bergbaev [14]. Brown [15] has shown
that certain properties of positive solutions of disconjugate second order differential ex-
pressions imply the separation. Some separation criteria and inequalities associated with
linear second order differential operators have been studied by Brown et al. [16,17]. Mo-
hamed et al. [11] have studied the separation property of the Sturm Liouville differential
operator

Au(x)=—(u(x)u") +V(x)u(x), X€ER, (1.2)

in the Hilbert space H,(R) , (p=1,2), where V(x) € L(l,) is an operator potential which
is a bounded linear operator on I, and p(x) € C'(R) is a positive continuous function on
R.

Mohamed et al. [9] have studied the separation property for the linear differential
operator

Au(x)=(=1)"D*"u(x)+V(x)u(x), XER, (1.3)

in the Banach space L,(R)’ where V(x) is an I x| positive hermitian matrix and D*" =
d?™" /dx*" is the classical differentiation of order 2.
Mohamed et al. [12] have studied the separation of the Schrodinger operator

Au(x)=—Au(x)+V(x)u(x), xeR", (1.4)

with the operator potential V (x) € C}(R",L(H;)) in the Hilbert space Lo(R",H;) and A=
" 1(92/0x?)is the Laplace operator in R".
Mohamed et al. [13] have studied the separation for the general second order differ-
ential operator

Au(x)=— 2 wj(x)Dlu(x)+V(x)u(x),  xeR", (1.5)
ij=1

in the weighted Hilbert space L, x(R",H;) with a positive weight function k(x) and the
operator potential V(x) € C'(R",L(H;)) where a;j € C2(R") and Dl = 9%/ 0x;0x;.

Zayed et al. [18] have obtained recent results on the separation of linear and nonlinear
Schrodinger-type operators with the operator potentials in Banach spaces. Furthermore,
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Zayed et al. [19] have studied the separation of the elliptic differential operator
n
Au(x)=—Y_ [ Di(Pij(x) Dju(x)) —P;j(x) bi(x) bj(x) u(x)] +V(x)u(x), (1.6)

for all xeR", in the weighted Hilbert space L, x(R",H; ) with the operator potential V(x) e
C'(R",L(Hy)), where P;j(x) and b;(x) are real-valued continuous function, while D; =
d/0x;.

Zayed et al. [20] recently have studied the separation for the Laplace Beltrami differ-
ential operator

Au(x):—\/ﬁaixi [\/detg(x)g_l(x)g—;] +V(x)u(x) (1.7)
for all x€R", in the Hilbert space L,(R",H;) with the operator potential V (x)€C!(R",L(H;))
and g(x) = (gij(x)) is the Riemannian matrix, while g~!(x) is the inverse of the matrix
g<x%{‘ecently, Zayed [21] has studied the separation for the biharmonic differential opera-
o Au(x)=AAu+V (x)u(x), xeR", (1.8)

in the Hilbert space H = L,(R",H; ) with the operator potential V(x) € C'(R",L(H;)) and
AAu is the biharmonic differential operator, while Au=Y"}" ; (9?u(x)/0x?) is the Laplace
operator in R".

Further results for separation of differential operators can be found in [22-30].

The main objective of the present paper is to study the separation for the biharmonic
Laplace-Beltrami differential operator

Au(x)=—AMAu+V(x)u(x), x€R", (1.9)

in the Hilbert space L,(R",H;) with the operator potential V(x) € C}(R",L(H;)) where
AAu is the biharmonic differential operator and

- 1 o _ ou
Au=— 278—% \/detgg 1(x)8_xj , (1.10)

i,j:1 \/ detg

is the Laplace-Beltrami differential operator in R". We derive also the coercive estimate
for the operator (1.9). The existence and uniqueness Theorem for the solution of the non-
homogeneous biharmonic Laplace-Beltrami differential equation

Au(x)=—MAu(x)+V(x)u(x)=f(x), (1.11)

in the Hilbert space H=L,(R",H;) is also given, where f(x) € H.
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2 Some notations

In this section, we introduce the definitions that will be used in the subsequent section.
Let H; be a separable Hilbert space with the norm ||-||; and the scalar product (-,-);. We
introduce the Hilbert space H = L,(R",H;) of all vector functions u(x),x € R" equipped
with the norm

= [ ) et 21)

The symbol (1,v) where u,v € H denotes the scalar product in H which is defined by

(u,0) = / (u,0),dx. (2.2)

The space of all vector functions u(x),x€R", that have generalized derivatives D*u(x),
a <2 such that u(x) and D*u(x) belong to H is denoted by W2(R",H;). We say that
the function u(x) € WZZ, 1oc(R",Hy) if for all functions Q(x) € Ci°(R) the vector function

Q(x)u(x) € W3 (R", Hy).

3 Main results

Definition 3.1. The biharmonic Laplace-Beltrami differential operator
Au(x)=—=AMAu+V(x)u(x),

for all xeR" where Au is given by (10) is said to be separated in the Hilbert space H=L,(R",Hy)

if the following statement holds: If u(x) € HONW3, (R",Hy) and Au(x) € H imply both of AAu
and Vue H .

loc

The main results in this paper have been formulated as follows:

Theorem 3.1. If the following conditions are satisfied for all x € R" :

"vol/za[ 4, du noo .9 [1 . 0
=— |/ detgg 1—]— v, Y —[—g 1Vu—lndetg]
Z.’].211/detgax,‘ an =1 0 ax]' 2 ox;
<2011 || Vu||, (3.1)
d oV
~1/2 -1 <
e gy ||| <2ealva, 2
and
d ou
~1/2 -1 <
‘ Vi ax; [g Vaxi] H <203 ||Vu||, (3.3)




Inequalities and Separation for a Biharmonic Laplace-Beltrami Differential Operator 63

where Vo= ReV while 0; (i=1,2,3) are positive constants satisfying the inequality 0 <o < #,
and o =Y>_,0;. Then, the following coercive estimate is true:

n V1/2
IVal+ A+ AN | BT
1]21 V/detg 9x;
where
n2o\ ~1/2 2o\ 2
N:1+2(1——> + (1—n?0B) (1——> ,
p p
is a positive constant independent on u(x), while B is a positive constant satisfying the inequality
n’c < p < —3=. That is, the biharmonic Laplace-Beltrami differential operator Au(x) given by

(1.9) is sepamted in the Hilbert space H=L,(R",Hy).

Proof. From the definition of the scalar product in H and by integrating by parts, we

obtain
ou v 0/
<a—xi,v>——<u,a—xi> for all M,UECO (R )

(Au,Vu) = (—AMu+Vu,Vu) = (—AAu,Vu)y+(Vu,Vu).

From (1.9), we get

On setting Au=W(x), we have

Au,Vu) = (=AW, Vu)+(Vu,Vu)

:< ) L 9 [\/detggla—w] ,Vu>—|—<Vu,Vu>
I X ax]

u >+<Vu,Vu)

L/ W g [ adW oV
_21.;1 § aj’V”axi(lndetg)> .Zl<g ox;’ ax,>
= ij=
n
-) _18_W, ou +(Vu,Vu)
= ox;" dx;
ij=1 ]
¢ o [1 4 0 1, oV
__1-; <W,W [zg Vua— lndetg}> Z< [ axi]>
,j=1 ] ij=1 ]
! o [ _1,,0u
+l]21<w,a—x][g Ve }>+<Vu,Vu). (3.5)
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On substituting (1.10) into (3.5) and equating the real parts of both sides of the resultant
form, we obtain

Re(Au,Vu)
RN ] & —ou
_<i,jZ_:1\/det ox; [ 188 J l;lw/det axi[ detgg a_x]}
n V1/2 a r i au 1 n V1/2
<Z \/detgg PP Z:: [ }

1,j 1\/@83{‘1 il a_
nooyl/2 oy oul & , 9 ' 3
0o~ 9 1 0u EXE)
+R€<,‘JZ—:1\/thaxi _\/thg axj_,i/jZ_:IVo ox; Zg VMa (lndetg)]

! [ ou | [ oV
—Re V/detgg 1 —— Vo 1/2 g tu ]>
<i,jZ_:1 \/detg 9x; | 9x; | 1;1 9x; | 0x;
novi2oa qoul & 1 d [ g ou
—R€<’Z 3 -\/ detgg a—x]'_ ’ VO By _g Va—x1:|

+(Vu,Vu). (3.6)

Since for any complex number Z, we have
—|Z|<RezZ<|Z]|, (3.7)

then by using the Cauchy-Schwarz inequality, we get

=

e(Au, Vu) <|(Au,Vu)| <||[Au||||Vu]. (3.8)

Further, since for any >0 and y1,y» € R", then with reference to [18] we have

llyal <55 \y 2. (3.9)

Consequently, we deduce from (3.1)-(3.3) and (3.7)-(3.9) that

& 0 [1 d
—Re( Ki,Ki— Y vy 1/2— [—g_qu—(lndetg)}>
< ijgl 0 ax] 2 axi

2
n Vl/2 ou n (Tl
> Y V/detge !l — Vu 3.10
n (71,8 = —det ax,[ etgg ax]} | H ( )

n V1/2 \/_ n V—1/2 ) 71 oV
E \/detg Bx 88 8 ox; 8 ax

ij=1 1]1
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2
7’10’2

— [Ivul]?, (3.11)

n 1 ou
Z:: det axl|: det :|

and

UNNATS Tt a2 @ [ 0
Z:«/det ax[ tgs™ ox ] Yo ox; [g Va—x,]

i,j=1 i,j=1

2
) _10u
o [\/detgg a—x]]

n V1/2
Z 0
i,j:1 \/ detg

On substituting (3.10)-(3.12) into (3.6) we get the inequality

n2o:
> —n’o3 —=

HV I”, (3.12)

n V1/2
L g
= \/det

where ¢ =Y}, 0;. Choosing n%c < < n%—a, we deduce from (3.13) that

2
<[l Auf[[[Vul], (3.13)

(1—i> [Vu|*+ (1-n%0B)

— ou
_]_
:B ax,‘ I: detgg axJ

n2o\ "
|| Vu| < <1—?> || Aul|. (3.14)
novy 2 ou “1/2 n2o\ V2
det 1—] < (1—-n?Bo <1——> Aul|. 3.15
,]Zlﬁaxi [x/ 88 5y || S (1=h0) 5 lAull. (3.15)
Since Au=—AAu+Vu, then we get
AN
Jasul < laul+ [Vl <{ 1+ (1-57)  blaul. 616
From the inequalities (3.14)-(3.16) we arrive at the coercive estimate (3.4). Hence, the
proof of Theorem 3.1 is completed. O

Theorem 3.2. If the biharmonic Laplace-Beltrami differential operator Au(x) given by (1.9) is
separated in the Hilbert space H = Ly(R",H1) and if there are positive functions t(x),p(x) €
CY(R™) such that the following conditions are true:

tl/2¢l/2g—l/zaa_;:j SZ\/EHtl/Zl,Dl/ZV&/ZM (3.17)
g /2 81/1 1/2
P V <2,/p2, (3.18)
gl/ztla%tVol/z <25, (3.19)
j
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H;gUZV Uz;)dnddgw‘gzvﬁL (3.20)

and oW
1/2,,1/2 —1/2
(112112617

%@
t1/2 1/2 -1/2
axi ¢

5| (3.21)

where p; (i=1—4) are positive constants satisfying 0 <p < 2n2 and p=Y"*_, p; while Vo= ReV.
Then, the non-homogeneous biharmonic Laplace-Beltrami differential equation

Au=—ANu+V (x)u(x)=f(x), (3.22)
has a unique solution in the Hilbert space H, where f(x) € H.

Proof. First, we prove that the homogeneous biharmonic Laplace-Beltrami differential
equation
Au(x)=—AMAu(x)+V(x)u(x)=0, (3.23)

has only the zero solution u(x) =0 for all x € R". To this end, we assume that f(x) and
¥(x) € CY(R") are postive functions. Thus, on setting Au(x)=W(x), we have

(Vu,tpu) = (AAu, tpu) = (AW, tipu)

(& g [V 5w

B )

L w 1o
V/detgg™!
¥< €38 wH@&w% )>

0 1
t%@det e ()
i <3Z\Z] pl—— 8 > Z <8x1 1t‘l[)Lt—(lndetg)>

1
i,j=1 2
N

- (5
8 1 oW
+§:<8% Y t>__;:<a% ”ww—%mdﬂ@> (3.24)

ij=1
i,j=1 axj

—_

n

Equating the real parts of both sides of (3.24), we get

(Vou, tpu) = <tl/2lP1/2V01/2u,t1/2l/)1/zvo1/zu>
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! 1 ,0W 10U
:ZRe<t1/21/J1/2g 1/2a /2112172 >

ij=1 Xi ax]

+ ZRe<t1/2¢1/2 —1/25;‘2’ g2 |g1/2ymn 2 alPV 1/2} V2 >
i,j=1 i L

514% ot
Re{ 11/2y1/24-1/29W 172 12] ~1724-19% 12 172
'1‘1]21 €< PrUg . (s _8 o7 0 o U

— ZRe<t1/21/Jl/2 —1/2?2/ t/2yl/2 %g_l/zv 1/288 (lndetg)} Vol/zu>. (3.25)
ij=1 ! L

With the aid of (3.7)-(3.9) together with the inequalities (3.17)-(3.21), we deduce that (3.25)
takes the form

172 —1/20W

tl/zlp q 5 2+2n—2m“t1/2¢1/2V01/2uH2

2 n‘B n
§1/2 1/2V1/2uH <np
Jezpeveul <)

np 1/2 1/2 —1/2aW 2 2”292 172,172,172, |17

— t t \%
+2§ P oxi || T B Py

np 1/2 1/2 —1/2aW 2 2”293 1/2.,1/2:,1/2. |17

— t — ||t V
+ 2 ; IIJ axl + ’B IIJ o U

nB &l a2 124 _1720W > 2n2py 172,121,172, |17

— t — ||t V . (3.26
Tty rrol I PV P L (3.26)

Consequently, if we put po=Y"%_;p; , then (3.26) becomes in the form

(1——2n p)Ht”Z Y2y H <2n/32 H2y!/%g 120 (3.27)

ox;

By choosing ¢(x) =1 for all x € R", thenif 0<p < z_iz we see that (3.27) becomes in the
form

0<(1 21 p>Ht1/2V1/2 H <0. (3.28)

From (2.1) and (3.28) we obtain

0< <1—%>/

Now, the inequality (3.29) holds only for u(x) =0. This prove that u(x) =0 is the only
solution of the homogeneous biharmonic Laplace-Beltrami differential equation (3.23).
Furthermore, it is easy to check that the linear manifold

L={f: Au(x)=f(x), forall feCF(R")}

2
tl/ZV()l/Zqudxgo. (3.29)
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is dense in H. So, we can construct a sequence of vector functions {y,} € C5°(R") where
lly+|| # 0 for all r such that || Ay, — f|| — 0 as r — oo for all f € H. On using the coercive
estimate (3.4), we have

novi2o9

Z]le \/detg ox;

1V (yp=yr) |+ [[AA(yp—y:) ||+ %,

[@gla(yp_yr)} H

<N||A(yp—y:)|,

(3.30)

where y, —y,=u and p,r =1,2,... As p,r— oo we see from (3.30) that the sequences {Vy, },
{AAy,} and { =1 \/W Fr [\ /detgg !5 % r} } are Cauchy sequences in the Hilbert space

H and then they are convergent. Therefore, there exists real functions po(x), p1(x) and
p2(x) in H such that

IVyr=poll =0, [[AAY, =[] =0

and

n V1/2 .
0 T s 2 "”H 0.
J

z‘,jz_:l \/detg 9%;

Hence these sequences are bounded in H. This implies that as r — oo, we have
v, —V lug=y, AAy, — AAy,

and
‘,1/2

] £ ]

Hence for a given function f € H there exists y € H ﬁW% 1oc(R",H1) such that Ay = f.
Suppose that v is another solution of the non-homogeneous biharmonic Laplace-Beltrami
differential equation Ay= f, then we get A(y—y)=0. But Au=0 has only the zero solution
u=0. Then y =y and the uniqueness is proved. Hence, the proof of Theorem 3.2 is
completed. O

4 Conclusions

The biharmonic Laplace-Beltrami differential operator (1.9) has been investigated using
the separation method in the Hilbert space H with the norm (2.1) and the scalar product
(2.2). In this paper we have two interesting results. The first result is Theorem 3.1, which
proves that the operator (1.9) is separated in the Hilbert space H. The second result
is Theorem 3.2, which shows that the non-homogeneous biharmonic Laplace-Beltrami
differential equation (3.22) has a unique solution in the Hilbert space H.
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