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Abstract. The well-posedness of smooth solution to a 3-D simplified Energy-Transport
model is discussed in this paper. We prove the local existence, uniqueness, and asymp-
totic behavior of solution to the equations with hybrid cross-diffusion. The smooth
solution convergences to a stationary solution with an exponential rate as time tends
to infinity when the initial date is a small perturbation of the stationary solution.
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1 Introduction

Energy-Transport model was first proposed by Stratton [1] and latter derived from the
semiconductor Boltzmann equation by Ben Abdallah et al. [2]. The strong coupling and
temperature gradients make it difficult to analyze the energy-transport model. There-
fore, we consider in this paper a simplified energy-transport model which still includes
temperature gradients with weakly coupling of the energy equation.

The simplified Energy-Transport model, achieved by Jiingel et al. in [3], consists of a
drift-diffusion-type equation for the electron density #(x,t), a nonlinear heat equation for
the electron temperature 0(x,t), and the Poisson equation for the electric potential V (x,f):

on—div(V(nf)—nVV)=0, (1.1)
div(x(n)V8) = %(G—OL(x)), (1.2)
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AAV =n—C(x). (1.3)

Here, «(n) is the thermal conductivity, we suppose that x(n) =n, 01 (x) is the lattice tem-
perature, and C(x) is the doping profile characterizing the device under consideration.
The energy relaxation time 7 >0 and the Debye length A > 0 are scaled physical parame-
ters. Without lose of generality, we suppose that 7=60; (x)=A=1, and set E(x,t)=VV(x,t).
Then the model (1.1)-(1.3) can be changed into the following model for the electron den-
sity n(x,t), the electron temperature 6(x,t) and the electric field E(x,t):

on—divj=0, j=(V(nf)—nE), (1.4)
div(nV6)=n(6-1), (1.5)
divE=n—C(x). (1.6)

Egs. (1.4)-(1.6) hold in the bounded main (2 C R3, with the initial boundary condition

n(x,0)=no(x), (1.7)
jilan=0, VO-iilsn=0, E-filsan=0, (1.8)

where 7 denotes the exterior unit normal vector on d(), and the initial datum n¢(x) satis-
fies the following condition

/Qno(x)—C(x)dx:O. (1.9)

Before we exposit our results, we review the energy-transport model in the literature.
The common form for energy-transport model [4] is

atn— %le]n :0,

o:U(n,0)—div]y=—J,- VV+W(n,0),
A AV =n—C(x),

. Vn C]VV L12 3 \Y}
Jn=Ln (7 k50 ) + (k;T@ §L11> o

L (Yr AV, (L2 3, Ve
fﬂw—Lm( - v >+< L21>

with

where U(x,0) is the density of the internal energy, W(n,0) is the energy relaxation term
satisfying W (n,0) (6 —6r(x)) <0,

_ n(0—0.(x)) g
W(i’l,@)— 71_/5 , T'B_—\/gl—'(ﬁ—i-Z)So,
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where sj is a constant, ,;, J,, are the carrier flux density and energy flux density or heat
flux, L the diffusion matrices, g the elementary charge, kg the Boltzmann constant.

() — - 1 (2—p)kst
L—<Li]')—140r(2_,5)”k39 ﬁ((Z—‘B)kBQ (3_‘3)(2_‘5)]{%92)

where 19 comes from the electron elastic scattering rate and I' denotes the Gamma func-
tion with T'(3) =+/7 and T'(x+1) =T (x) for x>0.

When the energy band is parabolic, the relation U is given as U=3n6, which approxi-
mated by Boltzmann statistics. In general, we put f=1,0, and —1. B=1 is first employed
by Chen et al. in [5]. For the Chen model, Y. Li and L. Chen [6] have study the asymptotic
behavior of global smooth solution to the initial boundary problem in 1-D space. =0
used by Lyumkis et al. in [7], the Lyumkis model is a tIyplcal energy transport model in
application. In [8], the existence and uniqueness of (W, 0))2Xx Lg(0,7; W1 (Q))) solution
to Lyumkis model is discussed for N+2 <p<g<oco and 1<N<3. The global existence
and asymptotic behavior of smooth solutions to the initial-boundary value problem for
the 1-D Lyumkis energy transport model in semiconductor science was studied in [9].
Topical choice for B=—1 comes from the diffusion approximation of the hydrodynamic
semiconductor model. Y Li [10] studied the global existence and the large time behavior
of smooth solutions to the initial boundary value problem for a degenerate compressible
energy transport model. A simplified transient energy-transport system for semicon-
ductors subject to mixed Dirichlet-Neumann boundary conditions was analyzed in [3].
Under the assumption that the thermal conductivity «(n,0) =n, it proved the global-in-
time existence of bounded weak solutions. In [11], JW. Dong and Q.C. Ju proved the
existence and uniqueness of stationary solutions to the energy-transport model for semi-
conductor in one space dimension, where the thermal conductivity x(n,0) =n6. With the
rapid development of science and technology, more and more semiconductor devices of
nanoscale structure will come into use. K. Wang and S. Wang [12] studied the limit of
vanishing Debye length in a bipolar drift-diffusion model for semiconductors with phys-
ical contactinsulating boundary conditions in one-dimensional case. The existence of
global-in-time weak solution to a quantum energy-transport model for semiconductors
is proved in [13]. J.JW. Dong and S.H. Cheng [14, 15] have studied the classical solution
to stationary one dimensional quantum energy-transport model with the k(n,6) =n and
k(n,0) =n6 respectively.

The main purpose of this article is to study the local existence, uniqueness, and asymp-
totic behavior of the solution to the 3-D simplified energy-transport model (1.4)-(1.6)
when the initial data is around a stationary solution to the corresponding linear drift-
diffusion model.

We consider the smooth solution of (1.4)-(1.6) around a typical stationary solution
(N,1,€). The corresponding stationary problem is

AN —div(NE) =0, (1.10)
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div€ =N —C(x), (1.11)
with the boundary condition
[VN =NE]- 7 |pa=0, & 7 |sn=0. (1.12)

The isothermal stationary problem (1.10)-(1.12) was studied in [16] and it obtained
the following theorem.

Theorem 1.1. Assume that 0< C<C(x) <C and C(x) € L®(Q)), then the problem (1.10)-(1.12)
has a solution (N,E), for which the following estimates hold:

0<C<N(x)<C, xeQ), (1.13)
c<&(x)<c, xe(), (1.14)
1E(x)], [divE(x)], [VN (%), [AN (x)| <ag(C—-C), x€Q, (1.15)

where ag is a positive constant and ¢, € are constants.

Our main theorems on the local existence and exponential decay for the smooth solu-
tion of (1.4)-(1.9) are as follows.

Theorem 1.2. Assume that C(x) € L®(Q), no(x) € H*(Q)) and no(x) >2D, D is a positive
constant. Then there exists a T >0, such that the problem (1.4)-(1.9) has a unique smooth solution
(n(x,t),0(x,t),E(x,t)), satisfying

n(x,t) €L*([0,T),H*(Q)); (8(x,t),E(x,t))€L®([0,T),H3(Q)).

Theorem 1.3. Suppose 0 < C < C(x) <C, no(x) € H*(Q) and no(x) >2D, D is a positive
constant. There exists a positive & such that if ||ng(x) —N (x)|| g2 < do, then, the problem (1.4)-
(1.9) has a unique smooth solution (n(x,t),0(x,t),E(x,t)) € QAx[0,T), satisfying

HEC/8) =Elrs +lIm(8) =N ()2 + 10, £) = 1] 23 < Col[mo (x) || rzexp (—axt).
for some positive constants Cq and «.

The idea of proof is organized as follows. In Section 2 we focus on the local existence,
uniqueness of the smooth solution to the system (1.4)-(1.9). Section 3 is devoted to the
asymptotic behavior of the smooth solution to the system (1.4)-(1.9).

2 Local existence of the solution

In this section, we will prove the local existence of the solution with the help of Banach
Fixed Point Theorem and Gagliardo-Nirenberg inequalities.
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2.1 Linearize equation
First for any fixed n(x,t), we can obtain a unique E(x,t) by
divE=n—C(x), (2.1)
and we can obtain a unique 6(x,t) by
—div(nVe)=n(1-6), (2.3)
(VO-77)]a0 =0, (2.4)
then solve the following system for u

u;—div(0Vu)+u(1—60)+E-Vn+divEu=0. (2.5)

2.2 Existence of solution

In order to prove the local existence of the solution, we set the positive constant M =
10|, and define the space S.

Si={n(x)| sup (||n|}z)+nillf2) <M, M= Mo, n>D}, (26)
0<I<T
where D is a positive constant, and the metric |||n(x,t)||| defined by :

ln(x, )= Sup [l z+/ ][ dt. (2.7)

We define the map F:n €S —u by (2.1)-(2.5). Thus, we prove that there existsa T >0
such that 7 maps S into itself and F is contractive with metric (2.7).

Lemma 2.1. Assume that C(x) € L®(Q), no(x) € H*(Q) with no(x) >2D, then exists a T >0
such that F maps into itself.

Proof. In order to obtain our result, we only need to prove u € S, for any given n € S. By
Sobolev embedding theorem

sup |n|<M.
0<t<T

By (2.1), we have for all t € [0,T], E€ L*(0,T;H*(Q)) and divE; € L®(0,T;L2(Q)).
We prove the lemma in several steps.

Step 1: Estimate of 0. Eq. (2.3) can be rewritten as

div(nVe)=n(6—1). (2.8)
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Multiplying (2.8) by 6 and integrating it over (), noting the boundary conditions (1.8),

we have
/n\ve\zdx—l—/ n92dx:/n9dx.
0 0 0

With the help of Young inequality and n <n we have
2 ol » 1 2
g/ Vo) dx+—/9 dxg—/n dx. (2.9)

By the above estimate, we can draw the conclusion that 6,V0 € L®(0,T;L?(Q))).
Multiplying (2.8) by Af and integrating it over (2, we have

/ n(26)2dx = / noAfdx— / Vn-VOA8dx— / n6dx.
Q QO Q Q

With the help of Young inequality and n <n <7, we have
1 1
207 dx<3er [ (A0Pdx+— [ (n0)%dx+ o [ nidx
ﬂ/Q( Jdx<3e Q( ydx 4eq Q( ) 4e1 /o

1 2
+ [ (Vn- Vo) (2.10)

For ﬁ Jo(Vn-V0)2dx, we have the estimate by using the Young inequality and Gagliardo-
Nirenberg inequality as follows

1

2
461 / (Vin-V6)?dx

_46
<" [ (vn) i+ 2 [ (v0P)id

461

:@/ yvrzy5dx+4—2/ V6| ¥ dx

—anlejz </ ]Vn]zdx) (/Q(An)zdx> -I-ﬂ(/ ’VQ,de) /(Af))zdx

c(M)m(ez) | c(M)e; 2
R /Q (A6)%dx. (2.11)

/ (V|2 V6[2dx

where ¢(M) is a constant depending on M, m(e;) is a constant depending on €. We
c(Mep = 7. Therefore inequality (2.10) becomes

461

E

choose 31 =17,

3 3 M
/Q (£0)dx<> /Q (nf)dx -+ /Q ﬁmr%. 2.12)

&~ 1=
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Hence A9 € L™(0,T;L*(Q))).
Differentiating (2.8) with respect to x and multiplying it by VA, and integrating
over (), using the Young inequality and Gagliardo-Nirenberg inequality, we get

ﬂ/ (VAQ)zdxg&—:g/ (VAQ)deJri/ |9wyzdx+i/ 1nV6|?dx
O O 4e3 Jo 4e3 Jo
1 1 9
— [ |V(Vn-Vo)Pd [ 1vnPax)i( [ (anydx?
+ g LIV (n-90) P em(e)( [ [V ([ (2n)?dy
1 2
— [ |vn2d [ (207dx)} [ (vAs)dx. 213
i | [VnPdstees( [ (A0)a0)? [ (VAOPdr  @13)
Hence VAG € L®(0,T;L*(Q))).
Differentiating (2.8) with respect to t and multiplying it by 6;, and integrating over

(), using the Young inequality, Sobolev embedding theorem, and integration by parts
whenever necessary, we get

1 1 1
_ 2 B 29v <+ [ 2 _/ 2 _/ 2
(n 64)/0]V9t] dx+(n 264)/09tdx_4€4/0ntdx—|—4€4 Q(ntO) dx—|—4€4 Q\ntVGI dx
<M. (2.14)

Hence 6;,V6; € L*(0,T;L*(Q))).
Combined (2.9) with (2.11), (2.13), and (2.14), yields that 6 € L*(0,T;H3(Q)),0; €
L®(0,T;H' (Q)).

Step 2: Estimate of u.
Multiplying (2.5) by u and integrating it over (), using the Young inequality and inte-
gration by parts whenever necessary, we get

1d uzdx—i—/ 9[Vu]2dx—|—/ uzdxg/ Guzdx+€5/ u?dx
2dt Ja o) o) Q Q
—I—L/ (E-Vn)zdx—i—/ u?divEdx.
4es5 Jo 9]

Since 6 € L®(0,T;H3(Q)),E € L®(0,T; H3(Q))),

1d

- uzdx-l-/ 6|Vu|2dx+/ uzdngl/ uzdx—l-Kl/ |Vn|?dx.
2dt Ja 0 0 0 0

where M; depends on 6, divE and €5, K; depends on E and €5. By using Gronwall in-
equality and choosing T small enough, we have

/ u?dx <KyMTexp(M;T):=A; <M. (2.15)
QO

Hence u € L*(0,T;L*(Q)).
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Multiplying (2.5) by —Au and integrating it over (), using the Young inequality,
Sobolev embedding theorem, and integration by parts whenever necessary, similar to
the above, we get

1d

——/ ]Vu]zdx—i—/ ]Vu]zdx—i—/ O(Au)zdngz/ |Vu|*dx
2dtJa Q 0 o)

+K, (/ ]Vn]zdx-i-/ uzdx>,
0 0

where M, depends on 6,V and €5, K> depends on E,divE and €. From the Gronwall
inequality, by choosing T small enough, we obtain

/ Vuldx < Ko(M+ A1) Texp(MaT) := Ay < M. (2.16)
(@)

Hence Vu € L®(0,T;L2(Q))).

Differentiating (2.5) with respect to t and multiplying it by u;, and integrating over
(), using the Young inequality, Gagliardo-Nirenberg inequality, Sobolev embedding the-
orem, and integration by parts whenever necessary, we get

li/ ufdx-l—/ ufdx-l—/ 9]Vut|2dx§M3/ ufdx-l-/ (u?+|Vul*)dx
2dt Jo 0 o) Q Q

+Ka( [ (i + V),

where M3 depends on 6,divE and €7, K3 depends on E,E; and €;. By using Gronwall
inequality, by choosing T small enough, we have

/Q 12dx < (K3 T(M+As))exp(MsT) := A3 < M. 2.17)

Therefore u; € L (0,T;L2(Q))).
Multiplying (2.5) by Au and integrating it over (2, using the Young inequality, Sobolev
embedding theorem, and Gagliardo-Nirenberg inequality, we get

/O(Au)zdx§6eg/ (Au)zdx—l—L/ [u? +u?+1u?0*+ (E-Vn)?*+ (divEu)]dx
) 0 4eg Ja
+C(M)m(€9)+C(M)€9

468 468

/Q (Au)2dx. (2.18)

Hence Au e L*(0,T;L2(Q)).
Combining (2.15) with (2.16)- (2.18) yields that

sup (|[ul[Fe+[luell2) <Ks <M. -
0<t<T
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Lemma 2.2. Assume that C(x) € L®(Q), no(x) € H*(Q)) with no(x) >2D, then exists a T >0
such that the map F :S — S is a contraction mapping with metric (2.7).

Proof. For given ny(x,t) and ny(x,t), suppose (u1,01,E1) and (uz,65,E;) are the solutions
to the Egs. (2.19)-(2.21) respectively.

u;—div(V(u8)—uE) =0, (2.19)
—div(nVe)=n —9) (2.20)
divE=n—C(x). (2.21)

Let dn=n1—ny,0u=uy—uy,00 =601 —0,,0E=E1 —E,, we have

(ou)—div(V (u100+40uby) —u10E—SuE,) =0, (2.22)
—div(n1V(60)+0nVo,) =dn—n160 —nby, (2.23)
div(6E) =, (2.24)

with the initial boundary condition

ou(x,0)=0, 46(x,0)=0, (2.25)
V(6u)- 7 |sa=0, V(80)- 7 |so=0, 6E- T |30 =0. (2.26)

Since n,u € S, with the help of Sobolev embedding theorem, we obtain

sup (u,E,divE,0,Vo) < M.

0<t<T

We can use (2.24) and (0E)(0,f) =0 to get that
| 16EPdx, [ |divoEdx< [ (6n)dx.
0 0 0
Multiplying (2.23) by 60, integrating it over (), by the boundary condition we obtain
/ 11(66)2dx+ / 1|V (66)[2dx = / Sn60dx— / Sn6,08dx + / 51V (56)-Vrdx. (2.27)
0 0 0 0 0
Notice that 6 € L*(0,T; H3(Q))). By using Young inequality, we have

nl / (66)2dx + 11 / V(56)2dx <exo / (60)2dx+—— / (61)2dx+e0M / (660)2dx
—Ja —Ja Q deq Q

M
+—/ 5n)2dxte M/ Vo0 [2dx
Zen (6n)? 10 Q! |

M / (6n)2dx.

deqp
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Consequently, we obtain that

/ (60)2dx+ / IV (68) Pdx < / (6n)2dx. (2.28)
0 O Q
Multiplying (2.22) by éu, integrating it over (), by the boundary condition we obtain

1d (5u)2dx+/ ez\v(su\zdx:—/ u1V5u~V59dx—/ 50V 51 Vi dx
2dt Ja Q Q Q
- / SuN6u-Vydx -+ / 1 Vou-6Edx
Q Q
n / 56V 6u- Exdx.
(@)
By using Young inequality and Gagliardo-Nirenberg inequality, we have
i/ (5u)2dx+/ |V5u|2dx§K/ ]5u|2dx+611/ (I6EP+ V862 +(56)?)dx
dt Jao O Q O
<K / (61 2dx+3er; / |61 [2dx. (2.29)
@) (@)

By using Gronwall inequality, we obtain

T
/ (61)2dx <errexp(KT) / / |61[2dxd . (2.30)
0 0 Ja
Integrating (2.30) over [0,T], we obtain
||16u]|| <e11 (1+KTexpKT)|||énl]. (2.31)

Thus we are able to choose T and €17 suitable small, such that €37 (1+KTexpKT) < %
Consequently, the map F:S — S is contractive. O

Proof of Theorem 1.2. By Banach Fixed Point Theorem and with the help of Lemma 2.1
and Lemma 2.2, we can show that for a small T >0, there exists exactly one fixed point n
with n=F(n) in S, and the fixed point is the unique solution of (1.4)-(1.6).

3 Asymptotic behavior of smooth solution

In this section, we will study the asymptotic behavior of smooth solution by Gagliardo-
Nirenberg inequality. Let (1,6, E) be a solution to (1.4)-(1.6), and set p=n—N,8=0—0,,p=
E—&, where 6; =1.

Lemma 3.1. There exist positive constants 6 >0 and a >0 such that for any T >0, if

sup ([lo(xt)[|2) <96, 3.1)

0<t<T
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and
E_Qgél

then
loCx 1)1 < Cllp(0,t) [z exp(—at) (32)
forany t€[0,T].
Proof. Since p=n—N,8=0—-0;, p=E-E,
n=p+N,0=09+1, E=¢p+E.
Imbedding into (1.4)-(1.6), we have

pr—div(V[(p+N)(0+1)] = (o+N) (p+E)) =0, (33)
div[(p+N)- V8] = (p+N)9, (3.4)
divp=p, (3.5)

and the boundary condition
Vo7 lan =0, §- 7 [a0 =0, V-7 |50 =0. (3.6)
By using (3.1) and (3.5), combining Theorem 1.1, we obtain
24 /d' 2d</2c1. 3.7
[ 1P+ [ |divgPdx< [ pax 7)

Multiplying (3.4) by ¢ and integrating it over (), by the boundary condition and inte-
gration by parts whenever necessary, we get

/N|Vl9|2dx+/./\/l92dx:—/pﬁzdx—/p|Vl9|2dx.
0 Q 0 Q
Using Young inequality, Theorem 1.1 and (3.1), we have
/ N|V8Pdx+ / N62dx < O(6) / *dx. (3.8)
0 Q 0
Multiplying (3.4) by A9, integrating it over (), we get
/N!Aﬂ\zdx:/ NﬂAﬂder/ pﬂAﬂdx—/p]Alﬂzdx—/ ABVS-Vpdx
Q 0 O 0 0
- [ £0V6- VN dx
Q

For [NOA®dx, we have

=2
/NﬁAﬁdxge/ |M;2dx+i//\/2ﬁ2dxge/ |A19]2dx+c—/ 9dx.
Q o) 4e Jo Q 4e Ja
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Similar to [N 9Addx, we have

2
/pﬁAﬂdxge/ ]Aﬂ\zdx—l—é—/ #%dx.
Q Q 4e Jao
For [, AOV9-Vpdx,
/At?Vt?-Vpdxge/ yM|2dx+i/ IV9-Vp|2dx
Q Q 4e Jo
ge/ yM|2dx+i/ V8% |Vp|2dx
O de Jo
<e [ yM|2dx+i(/ Vo[ [Tpldx)!
o) 4eJa 9]
ge/ yM|2dx+i/ !Vt?!zdx/ IVp|?dx
Q 4e /o 9]
§€/ yM\deJri/ V9 [2dx.
O de Jo

Here we have used Young inequality, Holder inequality and LY — L7(p <q).
Similar to [, A9V ®-Vpdx, we have

/Mw-wvdxge/ yM\zderl/ ywyzdx/ VA [2dx
O Q de Jo O
§€/ ]Aﬂ\zderE/ IV|2dx,
O de Jo

here C depends on Q) and C. Therefore, we obtain

//\/’|A19]2dx§4e/ |A19]2dx+5/ |A19]2dx+c—/192dx+5—/ 9dx
Q Q o} 4e Jao 4e Jo
+i/ \Vﬂ\zdx+£/ IV8dx.
4e Jo 4e Jo
By using (3.8),
/ IA82dx < O(6) / o%dx. (3.9)
(@) @)

Differentiating (3.4) with respect to x and multiplying it by VA®, and integrating over
Q,

/Nvayzdxz—/Qp|VM|2dx—/QMV(p+N)-Vde
@)

_/QV<V<P+N)'Vl9)-VAﬂdx—i—/QV((p-H\[)ﬁ).VAﬂdx‘
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For [ A9V (p+N)-V Addx, using Young inequality and Holder inequality,

/waw\/)-vmclxge/ \VAﬂ\zdx+41—€/ |AS2|V (p-+N) Pdxc
Q Q QO

2 1
Se/ \VM\ZdHi(/ \A0]3dx)3(/ \V(p+/\f)\6dx>3
Q 4e Q QO

ge/ |VM|2dx+i/ ]Aﬁ|2dx/ IV (0+ ) |2dx
Q 4e Jo Q
§e/ \VAﬂ\zdx—i—E/ |A9[2dx.

Q 4e /o

Here C depends on Q), [VN| and 4.
For — [ V(V(p+N)-V¥8)-VAddx, we have

—/Qv<v<p+/\/)-v19)~vmdx
ge/ yvmyzdwl/ IV(V(p+N)-V9)|2dx
/]VAﬁyzdx—l- (/ IA(p+N)2 |Vl9|2dx+/ IV (0+N)? |A19]2dx>
/yvmyzdx+ (/ Ao+ dx/ |V19|2dx+/ v p+./\/)|2dx/ |A19]2dx>
<e/ [VABPdx+ </ ywyzdx+/ yM\de)
Here C depends on O, |[VN|, |AN| and é. Similar to [ A9V (p+N)-VAddx, we have
/QV((p-l-/\/')ﬂ)-VAﬁdxge/ |VM|2dx+i/ IV ((p+N)8) Pdx

<e/ N (/ 192dx+/ |Vl9|2dx>

Therefore, we obtain
/ N\VAﬂ\zde(fSeJr&)/ VARdx+ S (/ 192dx—|—/ ywyzder/ yM\zdx) .
o) 0 de \Ja o) 0
By using (3.8) and (3.9), we have
/ VA8 Pdx < O(6) / 2dx. (3.10)
9! 0
Together (3.10) with (3.8), (3.9), we observe that

/192+!V19]2+|A19]2+!VA19]2dx§(’)(5)/pzdx. (3.11)
QO Q



84 C.D.Liuy, Y. Liand S. Wang / J. Partial Diff. Eq., 29 (2016), pp. 71-88

So |||~ < &.

Multiplying (3.3) by p, integrating it over (), by the boundary condition and integra-
tion by parts whenever necessary, we get

2 2 2
2dt/p dx+/ Vol dx—l—/Np dx
:/ oVp- 1/J+5—V19)dx—/ 0yvpyzdx—/pw\/.zpdx—/pr-VNdx—/QNVdex.
@) (@) @)
For [,9|Vp|*dx,
9|Vp|2d <5/ Vo|2dx.
| eIvpidx<s [ [VpPdx
For [, Vp-VN¥dx, since |[VN|<ag(C—C) <aps,
/vp-wvadxge/ \vp\zdx+i/ IVA9[2dx
Q Q 4e Jo

2(F_ )2
ge/ |Vp|2dx+M/ #%dx.
Q 4e Q

For f QpV./\/' -ipdx, similar to above, we have
/pVN'-quxge/ pzdx—l—%/ VN y|*dx
0
2 _C
<e/pdx+7/1pdx
For [ N'Vp-Vddx, using Young inequality,
/NVp-Vﬁdxge/ |Vp|2dx+i/N2]V19]2dx
o) 0 de Jo
&
< 2dx+— 2dx.
_e/Q\Vp\ dxt 46/01%9; dx
Since supy;<r([lo(x,t)[|2) <9, using Young inequality and Theorem 1.1, we obtain
Zdt/pde/ yvpyzdx+//vp2dx<5e/ Vp[2dx+O( )/ IV p[2dx
= 2407+ |Vo|*dx.
4o [P ToPds
Here C depends on Q),|VN| and |€|. From (3.11) and (3.6), we obtain

d 2 2 2 / 2 2
V < . .
dt/gp dx-l—/Q! ol dx-l-/Qp dx<0O(9) P +|Vp|~dx (3.12)
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Multiplying (3.3) by —Ap, integrating it over (), by the boundary condition and integra-
tion by parts whenever necessary, we get

2dt/ ]Vp]zdx—l-/NWp\zdx—l-/ |Ap|*dx
:/QmAp|2dx—/vaN-Vpdx+/QAp 2V6-Vp+pAd+0AN +2VN -V
+NA8+pdivE +Vp-E+p*+Vp-p+1-VN)dx
For [,pVN -Vpdx, since [VN| <ao(C—C) <aoé,
/QpVN-Vpdxge/Q\Vp\zdx—i—%/p2]VN'\2dx
ge/Q|VP|2dx+ i /]Vﬁ]zdx
Similar to [,oVN-Vpdx, we have
/QApﬂA./\/'dxge/Q\Ap]de—l— 0 /ﬂzdx
/QApV&V./\/’dxge/Q\Aplzdx—l—o—/ |Vo|?dx;
/QApVﬁ-tpdxge/Q]Adex—l- 0 /|1/J!2dx
/QAppdiVdege/Q]Ap\zdx—l— 0 /pzdx
/QApr-dege/Q]Ap\zdx—i— 2 /]Vp[zdx
For [ ApVY-Vpdx, we have
/QApVﬁ-Vpdxge/Q|Ap]2dx+:—€/Q]Vl?]2|Vp|2dx,
§e/Q\Ap]2dx—|—%/Q]Vp]2dx.
Similar to [ ApV8-Vpdy,
52
/QAppAﬁdxge/Q]Ap|2dx+E/Q|Al9]2dx;

=2
/ApNAﬂdxge/ ]Ap\zdx—i—c—/ |A®|*dx.
Q Q de Jo
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For [, ApVp-1dx, using Young inequality and L2 L?, we have

1
AV~d</A2d —/v2 24
| 2ovp-pdr<e [ |apPdr+ [ [VoPlpPdx
1 2 1
<e [ 120124 —/V3d§/ 6dx)}
<e [ |2pPdx+ ([ [VpPdx)i( [ [ylodx)
1
<e [ 1204 —/Vzd/ 24
<e [ |npPdr+ [ [Volds [ pdx
52
< 2 —/ 2dx.
_e/Q]Ap| dx+4€ Q|1/J! dx
So we obtain that
d 2 2 2
dt/Q]Vp] dx—l—/Q\Vp\ dx—l—/Q]Ap\ dx
< 0(5)/0yAp\2+\Vp\2+p2+z92+\v19\2+\Aﬂyzﬂlpyzdx
< 0(6) / |Ap2+|Vp 2+ p2dx. (3.13)
(@)

Differentiating (3.4) with respect to t and multiplying it by ¢, and integrating over (3, by
the boundary condition and integration by parts whenever necessary, we get

/ N62dx+ / NV, Pdx=— / o®dx— / 0|V 9 2dx— / 0:V9-V8,dx— / 0:99,dx.
@) @) (@) @) @) (@)

Since ¢ <é and ‘VI9‘<(S,
/p C?g‘clg dx<€/‘019‘ dx—i——/‘p’ dx'
t t = t 1 t s

52
< 2dx+— / 2dx.
/prt‘h%dx < e/Qﬁt dx—|-4€ A lot|7dx
Therefore, we obtain that
/ dx+ / IV, 2dx < O(6) / o2dx. (3.14)
0 0 Q
We rewrite Eq. (3.3) in the following form,
pi—div(Vo+ VN +8Vp+IVN +oVI+NVI—pyp —pE ~Nyp—-NE)=0.  (3.15)
Differentiating (3.15) with respect to t and multiplying it by p;, and integrating over (,

/Q orondx— /Q 0:div(Vp+ VN 8V 0+ 8VN +0VE+NVI—op—pE
—Nyp—-NE)dx=0.



Asymptotic Behavior of the Solution to a 3-D Simplified Energy-Transport Model for Semiconductors ~ 87

Using the boundary condition and integration by parts whenever necessary, we get

1d 2 2 / 2
= + + d
t/ptdx / |V |“dx Np;dx

:/thth-(1/J+€)dx—/thVp-tptdx—/Qppfdx—/thV./\/'-glJtdx
—/019th~(Vp—i—VN')dx—/thth~V19dx—/0(p—|—N)th~V19tdx.
Using Young inequality and Theorem 1.1, we obtain
%/ﬂp%dx—l—/ﬂ\th]de—l—/ﬂp%dxﬁO(d)/ﬁp%—i—pz—l—]Vplzdx. (3.16)
Multiplying (3.15) by Ap, integrating it over (), we get
/0(19—1—1)\Aplzdx:/thApdx—i-/QpZApdx—i-/Qp(N—l—divé'—Aﬂ)Apdx
+/QApr-(1/J+5—2V19)dx+/QApV/\/'-1pdx
—i—/Q(S—ZVﬂ)-VNApdx—l—/QN(Aﬂ—i—divé’)Apdx
—/Q(l-l-ﬁ)A./\/'Apdx.
Using Young inequality and Theorem 1.1, we obtain
/Q|Ap]2dx§O(l)/()p%-l—pz-l-]Vp]de. (3.17)

Combining (3.12)-(3.16) with (3.17) together, and choosing 6 small enough, we obtain
the following estimate

d
E/Q(p%r \VP\2+p?)dx+Co/Q<pz+ Vol +pf)dx <0. (3.18)
Thus by Gronwall inequality, we get

lo(x, )32 < Colllp(x,0) 52 exp(—at). O

Remark 3.1. By the standard argument, Theorem 1.3 is proved with the help of Theorem
1.2 and Lemma 3.1.
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