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Abstract. We prove the existence of positive solutions for the system

—Apu=Aa(x)f(v)u ", xeQ),
—Agu=Ab(x)g(u)oF, xeQ),
u=v=0, x€d0),

where Arz =div(|Vz|72Vz), for r > 1 denotes the r-Laplacian operator and A is a
positive parameter, () is a bounded domain in IR”, n > 1 with sufficiently smooth
boundary and a,B € (0,1). Here a(x) and b(x) are C! sign-changing functions that
maybe negative near the boundary and f,g are C! nondecreasing functions, such that
£,8:[0,00) = [0,00); f(s) >0, g(s) >0 for s >0, lims_0g(s) =00 and

1
)
s—yoo  gh—l+a
We discuss the existence of positive weak solutions when f, g, a(x) and b(x) satisfy
certain additional conditions. We employ the method of sub-supersolution to obtain
our results.
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1 Introduction

In this paper, we consider the existence of positive weak solutions for the nonlinear sin-
gular system

—Apu:}\a(x)f(f), xeQ),

u
~Bp=2b(x)8%), xeq, (1.1)
u=0v=0, x€0Q),
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where A,z=div (|Vz|"~2Vz), for r>1 denotes the r-Laplacian operator and Q) is a bounded
domain in R", n >1 with smooth boundary, a,8 € (0,1). Here a(x) and b(x) are C! sing-
changing functions that maybe negative near the boundary and f,g are C! nondecreasing
functions such that f,g:[0,00) — [0,00); f(s) >0, g(s) >0 for s >0.

Systems of singular equations like (1.1) are the stationary counterpart of general evo-
lutionary problems of the form

ut:quu—l-Af(v), xeQ,

ulx
vt :(SAqU-I-A& xeQ,

b 7

u=0v=0, x€0Q),

where 17 and § are positive parameters. This system is motivated by an interesting ap-
plications in chemically reacting systems, where u represents the density of an activator
chemical substance and v is an inhibitor. The slow diffusion of u and the fast diffusion of
v is translated into the fact that 77 is small and ¢ is large ( see [1] ).

Recently, such problems have been studied in [2-4]. Also in [2], the authors have
studied the existence results for the system (1.1) in the case a=1, b=1. Here we focus on
further extending the study in [2] to the system (1.1). In fact, we study the existence of
positive solution to the system (1) with sign-changing weight functions a(x),b(x). Due to
these weight functions, the extensions are challenging and nontrivial. Our approach is
based on the method of sub-super solutions (see [5-7]).

To precisely state our existence result we consider the eigenvalue problem

{—qub:)qur—zq), x€Q, 12
$=0, x €.

Let ¢, be the eigenfunction corresponding to the first eigenvalue A1, of (1.2) such that
$1,(x)>01in Q, and ||$11|| =1 for r=p,q. Let m,0,6 > 0 be such that

U'SQDL;‘SL XEQ—Q_g, (13)
sr I
/\1’,‘4)71‘,},— <1— 1’—1+S> ’V(PL;/‘VS —m, x€Qy, (14)

for r=p,q, and s=a, B, where Qs5:={x € Q|d(x,0Q) <5} . (This is possible since | V¢; ,|" #0
on dQ) while ¢;, =0 on dQ) for r = p,q. We will also consider the unique solution ¢, €
W," (Q) of the boundary value problem

_Argyzl, XEQ,
gr:O, xeaﬂ,

to discuss our existence result, it is known that {, >0 in () and 9, /9n <0 on Q).
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Here we assume that the weight functions a(x) and b(x) take negative values in (s,
but require a(x) and b(x) be strictly positive in Q)—Q;. To be precise we assume that
there exist positive constants ag , a1 , by and by such that a(x) > —ag, b(x) > —by on Qs and
a(x)>ay, b(x) >by on Q—Q.

2 Existence result

In this section, we shall establish our existence result via the method of sub - supersolu-
tion. A pair of nonnegative functions (1,¢) € WP NC(Q) x WHNC(Q) and (z1,22) €
WLPNC(Q)x WHNC(Q) are called a subsolution and supersulution of (1.1) if they satisfy
(¢1,92)=(0,0) = (2z1,22) on 9Q2 and

/Q]V¢1]p_2V¢1-dengA)a(x)f—%z)wdx,
2y, 8(¥1)
/Q’Vllﬁzfq Vi, VZdeSA/Qb(x) lpg wdx,

/]Vzﬂp_ZVZwadxz/\/ a(x)f(—iz)wdx,
0 0 z{

/ ]sz\q’ZVzTdexz/\/ b(x)@wdx,
0 0 zg
forallwe W={we C5’(Q)|w>0,x € Q}. Then the following result holds:

Lemma 2.1. (See [5]) Suppose there exist sub and supersolutions (1,) and (z1,z2) respec-
tively of (1.1) such that (1,P2) < (z1,22). Then (1.1) has a solution (u,v) such that (u,v)
€ [(¥1,92),(21,22)]-

To state our results precisely we introduce the following hypotheses :
(H1) f,g:]0,00) — [0,00) are C! nondecreasing functions such that f(s), g(s) >0 for s >0,
and limg_,0g(s) =00 .

1

(H2) lim, o, L8600 0 for all M >0.

sp—1+a

(H3) Suppose that there exists € >0 such that:

eﬂ;ia A meip‘;ﬁl (p—l-&-a)a meiﬁ;j;l (q—l+ﬁ)5
P < min p 1 ’
) 1

alf(—qifﬁeq]j‘f"fq*ﬁ

_ +p-1 B+g-1
eqquﬁ/\l,q _ me 71 (== ;ﬂ)“ me 1 (T=+ Tﬁ)ﬁ
) <min = - .

—1 1 _r
blg(p—ﬁe p—1gp—1lta
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We are now ready to give our existence result .
Theorem 2.1. Assume that
(@ p>n or (b) p<nand a<Z,
(©g>n or (d) g<nand p<i.

Let (H1)-(H3) hold. Then there exists a positive solution of (1.1) for every A € [A.(€),A*(€)],
where

and

Remark 2.1. Note that (H3) implies A, <A*.
Example 2.1. Let f(s)=s*—1, g(s)=s—1and (p=9g=3,n<6,a=1/2, =1/2). Here

f(s), g(s) >0 for s>0, f, g are non-decreasing functions and

1
lim £ M8G)?)
500 s>

for all M >0, and lim;_,g(s) =o0o. We can choose € >0 so small that f,g satisfy (H3).
Proof of Theorem 2.1 We shall verify that

_1—1‘“ L fpa _1+ 1 7’7

is a sub-solution of (1.1). Let w € W. Then a calculation shows that

Vl/J1—€P 1V4>1p4>” ””‘,

and we have

1- =
S IVl Vode=e | 41,7 V91,12V, Vdx
1— 2 P
—e rV¢1,prP—2w1,p{V(¢1,x”“w) ~w¥(gy, 7

:e{/ [Alpq)p B —|Vrp|P V1,V (qblp”l“‘)]wdx}
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:e{/ [Alprp rin Wﬁblp’p(l—p 1+oc)¢1 - 1+“]wdx}

. Q
—<—:q>1 i {/Q[Al'quf'P_'vq)l"”'p(l_p—1p+a)]de}'

Similarly

/ V|72V, Vwdx=e¢, - Hﬁ{/Q[M,qfl’iq—\v¢1,q\q(1_q—ﬁqur/%)]wdx}'

First we consider the case when x € Q5. We have

o
Mpdy,— (1= p_lp_i_“)WCI’l,p’p <-m.

Since A <A* then
me P (L=t
A< P

T apf(er)

+a o _7&'7}7“
bl (Mgl = (1= —L Y[V 1) < —megy

p—1+«a
f(eﬁ)(p 1+1X) 4) P ’leﬂx f(q*1+ﬁ€ﬁ¢q:1]+ﬁ)(ﬂ*l‘FD&)_“cpi p—alerzx
<—Aqg = L < —Aqg 1 L i 4 Ly
o er-1 o epr-1
<Aa(x)f<l/iz)

__Pa_
_m€¢1, 7—1+p (Alqu)q _ (1_ q_‘81q+‘5) ’qul,q’q) S)\b( ) i;bl)
2

On the other hand, on Q—Q;, we have 1> ¢y, >0 for r=p,q . Also a(x) >ay, b(x) > b
and since A > A, we have

Tttty

Hence

_ap _ap

Ta P=7+a
epr, (Mmi’,p—(l—p_] VL) <errpgy,
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W (q—1+ﬁ Ll = 1+1x p—1l4ay—
§€A1,p¢l,;71+a S)\alf q )IX < p ) S)\ ( )f(l)DZ) .

er1 ¥1

A similar argument shows that

ey (gf],— (1= —PL ) [Vgy 1) <Ab(x) S,

g—1+p L - ¢2
Hence
/Q|V1,b1|”_2V1/J1-dexg)\/na(x)%l/?)wdx,
and
/ V|12V, - dex<)\/ 8() wdx.
le

’7
qb ?) is a positive subsolution of (1.1).
,Z

) (¥1,42). When

1
—1

_r
Thus, (y1,42) = (p e o5 14)” o 414 e
Now, we construct a suupersolutlon (z1

(@ p>n or (b) p<n and zx<%,
(©g>n or (d)g<nand p<i,

from [8], we know that are functions w; € Wg’p (Q)NC(Q) and wy € W&’q(ﬂ) NC(Q) such
that

—Apwi=gr,  X€Q,

w1 =0, x€0dQ),

and

—Agun=-5,  x€Q,
2
wy=0, x€9Q),

are satisfying wy > 6, and w, > 67, for some 6 > 0. Now, we will prove there exists ¢c>>1
such that

(21,22) = (cwo1, g (cl|w1 [|oo) TTw2),

is a supersolution of (1.1). A calculation shows that :

/ |vzl|p_2V21'Vde:Cp_l/ |Vw1’p_2le-dex:c”_l/ —dx,
o 0 ow§
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by (H2) we know that, for c>>1,

1 fllwale(glelon)le)) ™)

Alla(x)fleo — cp it

Hence

et W oo (Q(C]|W01 || 0o ﬁ
ST LIEC LR el
a(n Gl )T ) f ()

(cwq)™ zy

now from (H1), we know that g(s) — co as s —oo. Thus, for ¢>>1

Mb@le
‘B —_— 7
1

g(cllwleo)

and we have forc>1,

/ ‘VZZ‘q_szz‘dex:/ dex
Q O wh

SAL6(x) [|eo 8@ e [ b8 s,
_B_ B
[9) g @) zZ

i.e., (z1,z2) is a supersolution of (1.1). Furthermore, c can be chosen large enough so that
(z1,22) > (Y1,12), since g(s) — oo as s— co. Thus, there exist a positive solution (u,v) of (1)

such that (1,2) < (u,v) <(z1,z2). This completes the proof of Theorem 2.1.
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