JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS doi: 10.4208/jpde.v28.n1.6
J. Part. Diff. Eq., Vol. 28, No. 1, pp. 47-73 March 2015

Random Attractor for Stochastic Partly Dissipative
Systems on Unbounded Domains

WANG Zhi*, DU XianYun

College of Applied Mathematics, Chengdu university of information technology, Chengdu
610225, China.

Received 1 December 2014; Accepted 6 March 2015

Abstract. In this paper, we consider the long time behaviors for the partly dissipative
stochastic reaction diffusion equations. The existence of a bounded random absorbing
set is firstly discussed for the systems and then an estimate on the solution is derived
when the time is sufficiently large. Then, we establish the asymptotic compactness
of the solution operator by giving uniform a priori estimates on the tails of solutions
when time is large enough. In the last, we finish the proof of existence a pullback ran-
dom attractor in L?(R") x L?(R™). We also prove the upper semicontinuity of random
attractors when the intensity of noise approaches zero. The long time behaviors are
discussed to explain the corresponding physical phenomenon.
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1 Introduction

The aim of this work is to research the long time behavior of asymptotically compact ran-
dom dynamical systems, which can be generated by solutions of the following stochastic
partly dissipative reaction diffusion systems with additive white noise on unbounded
domains [1],

du+ (—pAu+Au+av)dt = (h(u) —I—f(x))dt—l—sihjdwj, (1.1)
j=1

*Corresponding author. Email addresses: wang111zhi@126.com (Z. Wang), du2011@foxmail.com (X. Y. Du)

http:/ /www.global-sci.org/jpde/ 47



48 Z.Wang and X. Y. Du / J. Partial Diff. Eq., 28 (2015), pp. 47-73

dv+- (60— pu)dt=g(x)dt+e) h;dw;, (1.2)
=1

where y, A, a, §, B are positive constants, f, g, h]- and h]* are given functions, h(u) is
a nonlinear function satisfying certain dissipative condition and {w]-};-”:l are indepen-
dent two-sided real-valued Wiener processes on a probability space which will be explain
later. The without additive white noise equations [2] is often used to describe the signal
transmission across axon and is a model of FitzHugh-Nagumo equation in neurobiology.
The FitzHugh-Nagumo equation is obtained by simplifying the four variables HudgKin-
Huxley equation. And the simplified H-H equation are very successful in many ways in
describing the behavior of nerve fiber. The mathematical model has become an important
branch of nonlinear science. These equations are known as an excitable system, we can
refer to the literature [3-5]. However,deterministic models often ignore many small per-
turbation, the stochastic model can more accurately describe the physical phenomenon.
In the past decades, consider the long time behavior of infinite dimensional dynamical
system was one of the most important work in mathematical physics [6-8]. One of the
important tasks of investigation of dissipative dynamical system is to find conditions for
the existence of an random dynamical system [9]. A RDS on the phase space is said to
be dissipative if and only if there exists a bounded random absorbing set [10-12]. The
long time behavior of solutions from problem (1.1)-(1.2) in a bounded domain has been
studied by several authors [1,13], but little is known for unbounded domains. Existence
of random attractor on unbounded domains for stochastic Benjamin-Bona-Mahony equa-
tion and Navier-Stokes equation have investigated distinguish in [14] and [15]. Here we
prove the existence of such a random attractor [16] for the partly dissipative stochastic
reaction diffusion systems (1.1)-(1.2). It is worth mentioning that many researcher are
interested in this research area. As everyone knows that the sobolev embedding are no
longer compact in the unboundedness of the domain, which form a major difficulty for
proving the existence of an attractor [17]. So the asymptotic compactness of solutions can-
not be acquired with the standard method. The energy equation approach is employed
by some authors in the deterministic case on unboundedness domain [18]. In this paper,
we provide uniform estimates on the far-field values of solutions, which can be used to
circumvent the difficulty caused by the unboundedness of the domain. Some authors
have used this method. The master devote in this essay is to develop the method of us-
ing tail estimates to the case of stochastic dissipative systems [9], and prove the existence
of a random attractor for the stochastic partly dissipative reaction diffusion systems in
L%(R") x L*(R™).

The paper is made as follows. In the Section 2, we recall some main definitions and
results concerning the existence of a random attractor for random dynamical systems. In
Section 3, we transform (1.1)-(1.2) into a deterministic systems with random parameter
and come into being a continuous random dynamical system. In Section 4, we devote
to obtaining uniform estimates of solutions when t — co. These estimates are necessary
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for proving the existence of bounded absorbing set and the asymptotic compactness of
the equation. In the last section, we first establish the asymptotic compactness of the
solution operator by giving uniform estimates on the tails of solutions, and then prove
the existence of a pullback random attractor.

In the paper, we set L2(R"), H}(R") and E=L2(R") x L2(R") with the following inner
products and norms, respectively

(u,v):/ wodx, ||ul|=(uu)},  Vuoel2(R").
Rn

1
((u,v)):/RnVqudx, HuHH]:«u,u))%:(/n<w)2dx>2, Vu,0€ HY (R").
(y1,y2)E = (u1,u2)+ (v1,02).

1
lyille = (i) i = (lul+oil®)?2,  Vyi=(u,0) T €E, i=1,2.

The letters ¢ and ¢;(i =1,2,---) are generic positive constants which may change their
values from line to line or even in the same line.

2 Preliminaries on random dynamical systems

In this section, we introduce some basic concepts related to random attractors for stochas-
tic dynamical systems [19]. To different concepts, We can consult these literature [20,21].
Let (X, ||-|/x) be a separate Hilbert space with Borel -algebra 5(X) and the three parts
(Q),F,P) is a probability space.

Definition 2.1. A quadruple (Q0,F,P,(60;)cr) is called a metric dynamical system if 0:R x Q—
Qis (B(R) x F,F) -measurable, 0 is the identity on Q3 , 0541 =0406, for all s,t €R and 6;P=P
forall teR.

Definition 2.2. A continuous random dynamical system over (Q0,F,P,(60;)icr) isa (B(RT) x
F xB(X),B(X))-measurable mapping. S: Rt xQx X — X, (t,w,x) — ¢(t,w,x) and satisfies
for P-a.e. we Q).

(1)S(0,w, ") is the identify on X;

(2)S(t+s,w, ) =S5(t,0sw,-)0S(s,w,-) forall s,t >0 and w € Q).

(3)S(t,w,+):x— x is continuous for all tER™T.

Definition 2.3. (1) Let X is a Banach space, A set-valued mapping w — H(w): Q — 2% is
said to be a random set if the mapping w — d(x,H(w)) is measurable for any x € X, If H(w)
is closed(compact) for each w € O, the mapping w — H(w) is called a random closed(compact)
set. A random set w — H(w) is said to be bounded if there exist xo € X and a random variable
R(w) >0 such that H(w) C{x€ X:||x—x0|| <R(w)} forall we Q.
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(2) A random set w— B(w) is called tempered if for P-a.e. w € Q). tlim e Ptd(B(6_;w)) =0
— 00
for all B> 0, where d(B(6—1w)) =sup,cp(p 0 ll*[x-
(3) Let D be a collection of random subsets of X and {K(w) }weq € D. Then {K(w)}weq is

called a random absorbing set for S in D if for every B€D and P-a.e. w €Y, there exists tg(w)>0
such that S(t,60_w,B(0_w)) CK(w) forall t > tp(w).

Definition 2.4. Let D be a collection of random subsets of X. A random set { A(w) }weq of X
is called a D-pullback attractor(D-random attractor) for S if the following conditions are satisfied
for P-a.e. we).

(i) {A(w) }wea is compact and w — d(x, A(w)) is measurable for x € X;

(ii) {A(w) }weaq is invariant, that is S(t,w, A(w)) = A(6iw) for all t>0;

(iii) {A(w)}weq attracts every set in D, that is, for every B={B(w)}wen €D,

tll_)l{lodH(S(t,g_tw,B<9_tW)),A((JJ)) :0,

where dy is the Hausdorff semi-distance given by d(Y,Z) =sup in£ ly—z||x for any Y C X and
yeY z€
ZCX.

The following existence result for a random attractor for a continuous RDS can be
found in [9,14-16,22]. First, recall that a collection D of random subsets is called inclu-
sion closed if whenever S(w)cq is an arbitrarily random set and T(w)ecq is in D with
S(w)CT(w) for all we ), then S(w)yen must belong to D.

Definition 2.5. A measurable RDS (¢,0) on a metric space X over MDS (6;)cr is said to be
asymptotically compact, if and only if for any sequence {t,:n € N},t, — oo and any bounded
sequence {x, € X:n € N}, the set {@(t,,0_t,w)x,:n € N} is relatively compact in X for each
w e

Proposition 2.1. Let D be an inclusion-closed collection of random subset of E = L?(R") x
L%(R") and ¢ is a continuous RDS on E over (Q,F,P,(0;)1cr). Suppose that {S(w)}weq is a
closed random absorbing set for ¢ in D and ¢ is D-pullback asymptotically compact in E, then ¢
has a unique D-random attractor { A(w) }weq which is definite by

{A(w)}= Ut 0-1w,S(0_sw)).

>0t>T

In this paper, we will take D as the collection of all tempered random subsets of E
and prove the stochastic reaction-diffusion equation in E has a D-random attractor.
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3 The partly dissipative systems on [?(R") x L?>(R") with
additive noise

Here we show that there is a continuous random dynamical system generated by the
stochastic partly dissipative systems defined on L?(R") x L?(R") with additive noise:

du+ (—pAu+Au+av)dt = (h(u) —I—f(x))dt—l—sihjdwj, (3.1)
j=1
dv+(50—,Bu)dt:g(x)dt—i-sf:h;‘dw]-, (3.2)
j=1

with the initial conditions
u(x,0)=uo(x), v(x,0)=0vp(x). (3.3)

Here u,A,,0,[ are positive constants, f, g,hj and h;‘ are given functions, h(u) is a nonlin-
ear function satisfying the following condition:

(Dt < —a|t)?,  |h(t)| <ot

<us. (34)

where a1,a; and a3 are positive constants.
In the sequel, we consider the probability space (3, F,P) where

O={w=(wy,wy, ), wy€C(R,R™): w(0)=0},

F is the Borel o-algebra induced by the compact-open topology of (), and P the corre-
sponding Wiener measure on ((2,F), then we will identify w with

W(t)=(w1(t),wa(t), - ,wm(t)) =w(t) forteR.

We definite the time shift by 6w () =w(-+t) —w(t), weQ,t€R. Then (O, F,P,(0})ser) is
a metric dynamical system. To this end, we need to convert the stochastic systems with a
random additive term into a deterministic systems with random parameter.

Given j=1,2,---,m, we consider the one-dimensional Ornstein-Uhlenbeck equation
[23],

dzj+Az;dt =dwj(t). (3.5)

The equation have a solution z;(t) =z;(6;w;) =—A fi)ooe“ (6:w;)(T)dT,t€R. Note that the
random variable |zj(w;)| is tempered and z;(6;w;) is P-a.e. continuous. So there exists a
tempered function r(w) >0 such that

NgE

(Izj(w)) P+ 1zj(w)) IP) <r(w), (3.6)

]

I
—_
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where r(w) satisfies, for P-a.e. w €(),
r(Gtw)gee‘”r(w), forteR, w>0. (3.7)
Then it get from(3.6)-(3.7) that, for P-a.e. w € (),

(|2j(Br0))[*+z; (Brw;) |P) <eltlr(w), teR. (3.8)

=

Il
—_

j

We can refer to literature [1] to acquaintance more.
Let z(6iw) =eX il hjzj(0rw;), 2 (Orw) =X h7zj(6rw;), by(3.5) we have

m m
dz—i—)\zdtzeZhjdwj, dz*—l—)\z*dtzeZh}"dwj. (3.9)
j=1 j=1

Lemma 3.1. Suppose hj,hj € H?>AW?1(D),j=1,2,---,m. For € >0, there is a constant ¢ >0
such that

12(8:w) |8+ [|z(Becw) |2+ [|2* (Brcw) >+ | Vz(Bpw) |* <l el (w), (3.10)
82(00) [+ 1A2(61) [+ 12" (Bio) |2 < e (@), @.11)
Vz(0rw)||2+ || Vz* (i) ||* < lge€|t‘r(w), (3.12)

forall t e R,w € Q), where

m q m
b=l )7 Yl 1P+ 1V 121 112),

i=1 j=1

- 7 1 - 2 2 < 2 2
b=}l )"+ Y (I[P + 117 1%),  and L=} (VA >+ VA [?).

i=1 j=1 j=1

m
Proof. Since z(6;w) = ¥ hjz;(6:wj), we get
j=1

q_ i 1
1z(6w) Hq<ZHh lq12j (Orew;)| < ZHh H 7 Z%\Z]@tw])!”’)"
j= j=

We have known that
[z(0rw)|| Ellh || )T Hellr(w),
similarly,

|z(6r0) || < Zl\hl\ Jelr(w), ¥ (Brw) | < Zl\h*l\ ) lr(w),
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and
IVz(6w)|* < E VR 2)er(@w).

Adding the above three inequalities implies (3.10) holds. Similar to the prove of (3.10),
we can prove the other two inequalities. O

The existence of a solution to the stochastic partly dissipative systems (3.1)-(3.2), with
initial condition (3.3) have proved. To show (3.1)-(3.2) generates a random dynamical
system, we let n(t) =u(t)—z(6;w), m(t) =v(t)—z*(6;w), where (u,v) is a solution of
problem (3.1)-(3.2), then n(t),m(t) satisfies

at —uAn+An+am=puAz(0rw)—az* (6iw)+h(u)+ f(x), (3.13)
a(.;f-l-ém pn=pPz(6;w)+(A—06)z" (0rw)+g(x), (3.14)

with the initial date (ng,mp) = (uo—z(w),v0—z*(w)) and homogeneous boundary condi-
tions. For each invariability w € (), (3.13)-(3.14) is a deterministic differential equations.
By a Galerkin method, one can show that if i satisfies (3.4), then (3.13)-(3.14) have a
unique solution (n,m) € C([0,00);L?x L?)L?((0,T); H' x L?) with (ng,mo) for every T >0,
Let o= (n9,mp) = (1o—z(w),v0—2z*(w)) and ¢(t,w,po) = (n(t,w,ng),m(t,w,mp)), then the
process ¢ = ¢+ (z(6;w),z*(6:w)) is the solution of problem (3.1)-(3.3). Therefore, ¢ is a
continuous random dynamical system associated with the stochastic partly dissipative
reaction-diffusion equations. In the next section, we establish uniform estimates for the
solutions of problem (3.1)-(3.3), and prove the existence of a random attractor for ¢.

4 Uniform estimates of solutions

Let ¢ = (n,m) be the solution of (3.13)-(3.14). For w € (), we need the priori estimates of
the solution ¢ = (1,m) in E=L%(R") x L?(R"). From now on, we always assume that D is
the collection of all tempered subset of E with respect to (Q, F, P, (6;):cr), the next lemma
will show that ¢ has a random absorbing set in D.

Lemma 4.1. Assume that f,g € L?>(R") and (3.4) hold, LetB = B(w) < € D which is the col-
lection of all tempered subsets of E, and ¢o(w) = (uo(w),vo(w)) € B(w), Then for P-a.e. w € (),
there exists Tg(w) >0, such that for all t > Tg(w).

¢(t,0-+(w)o(0-+w)) CK(w),

where c is a positive deterministic constant independent of Tg(w) and r(w) is tempered function.
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Proof. Taking the inner product of both sides of (3.13) with Bn, similarity, taking the inner
product of both sides of (3.14) with am, then we add the two equation together, we can
obtain

2 S (BlnIP +alm )+ B | Tl AB |+
=B(h(u)n)+pu(Dz(0rw),n) —ap(2" (01w),n) +ap(2(6;w),m)
+(A=0)(2"(6rw),m) +B(f,n) +a(g,m). (4.1)
Now, we start to estimate the above equation, firstly we magnify the equation’s terms
as follows

,B/ u)ndx= ,B/ u)udx— ,B/ z(6rw)d
— B /Rn ufidr—+B [ [l 2(60) dx < —5/3041HquJrCHZ@tW)HZ/ 12)
br(V2(60)m)] =By [ A2(0iw)ndx| < 3pulValP+pul V@) F @3)
—ap(z* @) m)|=laf | 2 (@pnds < 2L nlp+ g @) 2, @)
@B (2(0rw),m)| < §a5llmllz+gﬂcﬁ Iz(8:0) 12, (4.5)
!“(A—5)(Z*(9tW),m)|S%%5|\m|\2+%06(7\—5)2”2*(9@)Hzl (4.6)
BUmI=1p [ fudx| < ZpM I+ BI 7P, @)
a(gom)| = [ gmetx] < gadlml+ Zalg @8)

By(4.1)-(4.8), we obtain

d
3 (Bl +alfml[2)+ Bl Vr [+ A ]| + Sl m]|* + Bacy [l |3

<e(llz(Bw) I+ [12(Brew) [+ 1|2* (Brco) |+ 1| Vz(Brw) 1) +¢ < po (B1w) +, (4.9)

where po(6;w)=c(||z(6:w) ||§+|z(0:w) |2+ z* (Bew) ||+ Vz(Biw) ||?), we let v=min{5,A},
oc=min{a,B} and y=max{a,B}, and ||¢||% = ||m||>+ ||n||* then we find,

d
3 @llolE) +vellielE) <po(Biw)+e. (4.10)

Applying Gronwall’s lemma, we find that, for all t >0

1 t
ottt < 2 (1e lon(@li+ [ @ Iperorde+S ). @
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By replacing w by 6_;(w) in (4.11), and by Lemma 3.1 with e=v/2, we obtain, for all t>0,

I9(101w,90(6-1) I

1
<2 (76 ool @+ [ Opofocwydr+ )

1
<2 (7 lonlo ) B+ [ e potoo)dr L)
<2 (1 loole-@lreh [ el )

o 0 1%

1 2cl c

<2 (7 ol )+ () +5 ) 1)

Because {B(w)}weq € D is tempered and ||z(w)||?,||z*(w)]|? is also tempered, therefore,
then there exist Tg(w) >0, such that for all t > Tg(w),

ve " po(6-1w) |E <ve ™" ([luo(6-1cw) 1>+ | 2(0—1cw) > +[|wo (6—rw) |* + |2 (6-1c0) |1?)
<24 (4.13)
v v
It follows from (4.12) and (4.13) that, we have

(8,610,906 -10)) [} < = (2t ) (1+1(w)). (4.14)

Attention that ¢ = ¢+ (z(0;w),z* (6;w)), and in Lemma 3.1 ||z(w) >+ ||z* (w) |*> < L7 (w),
we have

2
[l +[loll* < = (2ch +h+¢) (147(w)).

Denote by K(w)={(1,v) € L2(R") x L>(R"):||u|*+|v||* < Z (2cly+11+¢) (14+7(w)) }, then
{K(w) }wen €D is a random bounded absorbing set. O

Lemma 4.2. Assume that f,g € L>(R") and (3.4) hold, Let B = B(w) ., € D which is the
collection of all tempered subsets of E, and ¢o(w) = (uo(w),vo(w)) € B(w). Then for P-a.e.
w € Q), there exists Tg(w) >0, such that the solution (u,v) of problem (3.1)-(3.3) and (n,m) of
(3.13)-(3.14) satisfy, for t > T,

t
[ el (s,0-10,90(8-10) [ds < (1 4r(w) + lpol@-reo)[Fe™)(E=T),  (@.15)

t
/T6”(57”(||Vn(5197thfpo(97tw))H2+Hu(sﬁfthqoo(@ftw))HZ)dS
<c(L+r(w)+lpo(6-rw)|lEe ™), (4.16)
t
/Tev(s_t)(||Vu(5197tw/fpo(97tw))H2d5§0(1+f(w)+||€00(97tw)|\%€_”), (4.17)

where go(w) =¢o(w) — (z(w),z*(w)), c is a positive constant and r(w) is a tempered function.
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Proof. First, replacing t by T and w by 6_;w in (4.11), we obtain

1/ _ T e c
(76 pu(@-ro) < 5 (ve Tlgu(6 )+ [ e Dpofoc)dr+ S ). @1s)
By ¢¥(T~*) to multiply the above inequality and by lemma 3.1 with e =v/2, we can get
T p(T,6-10,0(0-1)) I
1 —vt 2 =t VT C v(T-t)
< (7 po(0-w)E+ [ e po(brew)dr+e

1 —vt Tt vt c
< e o0t +o (b [ err@)r+

[

1 1/2
<_ —vt 2 - - e
<Loe !!¢o(9—tW)HE+U(Vllr(W)JrV)
gc(l—i—r(w)—i—]]qoo(O_tw)]]%e"’t). (4.19)

Integral above inequality from T to ¢, we can get the (4.15). By (4.9) and (4.10), we can
obtain that, forall t> T,

b [ e V(s gol) Pels iy [ e (s, 90(c)) s
<oe" T o(T,w, po(w HE—i—/ V(5= o (6 w)ds+c/ eV ds. (4.20)
T

Replacing w by 0_;w in above inequality, we get that, for all t > T,

b [0 (s,0 100, 0(68-100)) |-+ By [ e (5,8, (0 w)) gt
gaeV(T_t)qu(T,G_tw,goo(G_tw))H%—|—/Ttev(s_t)po(Os_tw)ds—I—c/TteV(s_t)ds
Saev(Tf)Hq)(T,G_tw,(po(G_tw))H%—i—/o_ evsp0<esw)ds+§
<0t T g(T,0- 10, qo(0- 1)) [3+ () + <. @21)

It follows from (4.19) and (4.21), we can obtain the (4.16). By the inequality (4.16), we can
obtain

t
/Te”“*”!rvn(s,e_tw,goo(e_tw))HstSc(1+r<w>+quow_tw)rr%e*”).

We know that Vu(s,0_;w,¢o(0_1w)) =Vn(s,0_tw,po(0-tw))+Vz(0s_w).
So || Vu(s,0_iw,po(0—1w)) |2 <2[|Vn(s,0_1w, po(0—w))||*+2[| Vz(0s—iw)||?. By the in-
equality (3.6) we know || Vz(6;w)||> < lze¢!!lr(w). From above, we can get (4.17). O
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Lemma 4.3. Assume that f,g € L>(R") and (3.4) hold, Let B = B(w) ., € D which is the
collection of all tempered subsets of E, and ¢o(w) = (uo(w),vo(w)) € B(w). Then for P-a.e.
w € Q), there exists Tg(w) >0, such that the solution (u,v) of problem (3.1)-(3.3) and (n,m) of
(3.13)-(3.14) satisfy, for t > Tg(w),

1
/f [ (s,0—t-100,90(0—-10)) | *ds < c(1+7(w)), (4.22)
t+1
/t+ (||Vn(516—t—lwl¢0(6—t—lw))||2+Hu(sle—t—lwlq)O(e—t—lw))Hg)ds
<c(1+r(w)), (4.23)

t4+1
/t+ Vu(s,0_ i 1w,90(0__1w))|>ds <c(1+r(w)), (4.24)

where ¢ is a positive deterministic constant independent of Tg(w) and r(w) is tempered function.

Proof. First replacing t by t41 and then replacing T by t in inequality (4.15), we obtain

t+1 1 5
[ e Y g(s,0-10,90(0-1-10)) s
<c(147(w)+ | po(0__1w)|[Ze ™ +D). (4.25)

We know that

19 (6—t-160) 2 = IIm0(6_1-10) |2+ [0 (6_110) |
< 21901160 |2+ 20|20 1) |2+2][ot0 (6—1-100) [2+2]}2" (6-1-160) |

And ||ug(0_sw)||%,||z(0—1w)]|?, ||vo(6—1w)||? and ||z* (6—;w)||? are tempered, there is T (w) >
0 such that for t > Tp(w)

lpo(6——1w) [Fe ™" <e(1+4r(w)).

Hence, from (4.25), we have, for all t > Tg(w)

t+1
| 9(s0-1-10,60(0-1-10)) |Pds < c(1+-r(w)).

By (4.16), we can also find that for all t > T (w), so the (4.23) is established.
By means of above, we know that

V1u(s,0_ 110, 90(0—-10))|[*

=||Vn(s,0-t-10w,90(0—-1w))+Vz(0s_t_1w) HZ
<2(||Vn(s,0_ 11w, 90 (0—1-1w)) [P+ [ V2(6s—t—10) ||?). (4.26)
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By Lemma 3.1, when e =v/2, we obtain
IV 2(0s— 1) [|? < se2 1 r(w) <Ler(w). (4.27)

From inequality (4.27) and integrate (4.26), we can have

t+1 )
[ IVu(s,0-10,00(0-1100)) s
t+1 ) t+1 )
<2 (/t |Vn(s,0_t—1w,¢0(0—i—1w))|| ds—l—/t IVz(0s—t—1w)|| ds)
<2c(14-r(w))+2le2 r(w) <c(14r(w)). (4.28)
The result (4.24) hold from (4.28). O

Lemma 4.4. Assume that f,g € L>(R") and (3.4) hold, let B = {B(w) }weq € D which is the
collection of all tempered subsets of E and ¢o(w)=(uo(w),vo(w)) € B(w), then for P-a.e. w€Q),
there exists Tg(w) >0 such that for t > Tp(w)

IV u(t,0-t(w),po(6-1w)) [ < c(1+7(w)).

Proof. Taking the inner product of (3.13) with —An in L?, we get that

%%||Vn|\2+ﬂ||An|\2+?\||VnH2+06(m,—An)
=(h(u),—An)+u(Az,—An)+(f,—An)—a(z*,—An). (4.29)
Note that

—/nh(u)Andx:—/nh(u)Audx—i— Rnh(u)Az(Gtw)dx
S/Rnh’(u)]VuIde-l-/Rn ]h(u)Az(f)tw)]dxgoc3|\Vu||2+oc2/Rn |71 |Az(60)|dx
<c([IVu ]+ [|ull§) +cl| Az(8:0) I3, (4.30)

and

|—a(m,—An)+u(Az,—An)+(f,—An) —a(z",—An)|

K 2 0 2 S TR 2
<5 l[an] +2?HmH +2u| Az (frw) | +2;HfH +2;HZ (Orw) " (4.31)
It follows from(4.29)-(4.31), we find that

d
31V <e(llml? + Va2 + [[ull) +p1 (Orc0), (4.32)
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where p; (6;w) is a tempered function, and p; (6;w) < cr(w)e™ 2" +¢, let Tg(w) is the pos-
itive constant in Lemma 4.1, take t > Tg(w) and s € (t,t+1), then integrate (4.32) over
(s,t+1) to get

IVn(t+1),w,¢0(w)||* = Vn(s,w,eo(w))|?
t+1 t+1
g/s pl(Qrw)dT-i-c/s 1m(, @, 90(w)) |2dT
t+1
+C/S (IVu(t,w,@o(w)) ||+ |u(t,w,o(w))|§)dT
t+1 t+1
<[ mwdree [ m(rw,eo(w))|Pde
t+1
+C/t (IVu(t,w,o(w)) >+ lu(t,w, po(w))||HdT. (4.33)

Now replacing w by 0_;_1w, and integrating the inequality with respect to s over (t,t+1),
we obtain that

t+1
HVn(t—l—l),f),t,lw,q)o(Q,f,lw)Hz—/t ||Vn(s,f),t,lw,q)o(f),t,lw))szs
t+1 t+1 2
< /t p1(0r_i100)dT+c /t 17(T, 0110, 9o (6_s10)) || 2d T

t+1
-I-C/t (HVu(r,f)_t_lw,q)o(f)_t_lw))H2+||u(r,6_t_1w,q)0(9_t_1w))HZ)dT. (4.34)

Since ||m(T,0_1_1w,90(0_;_10)) |2 <||@(T,0_t_1w,p0(0_t_1w))]||?, by Lemma 3.1, Lemma

4.2, and Lemma 4.3, and it follows from (4.34) that for all t > Tp(w),
|IVu(t+1,0_t_ 1w, 9o(0—t—1w)) 1> <c(1+r(w)).
So the result is accomplished. O

In the following, we prove v is precompact in L?>(R"), we decompose v = m +my+
z*(0rw),m;(i=1,2) solves respectively,

2 mom =0, (4.35)
m1,0(0) =mp=0vp—z"(w), (4.36)
and
0
gmz—l-émz:ﬁu-l—g(x)-I-(A—(S)z*(f)tw), (4.37)
m30 (O) =0. (438)

For my,m;, we have the following lemma.
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Lemma 4.5. Assume that f,g € L>(R") and (3.4) hold, let B = {B(w) }weq € D which is the
collection of all tempered subsets of E and ¢o(w)=(uo(w),vo(w)) € B(w), then for P-a.e. w€Q),
there exists Tg(w) >0 such that for t > Tg(w)

[Vo(t,0_iw,z*(0-1w))|]? <c(1+7(w)), (4.39)
where c is a positive deterministic constant independent of Tg(w) and r(w) is tempered function.

Proof. Taking the inner product of (4.35) with n; in L?, we obtain
d
gzl ll+-26]ma || =0. (4.40)
Applying Gronwall’s Lemma, we find that, for all t >0
1 (£, mo (@) | =2 mo (w) |- (4.41)
Replacing w by 0_;w, we have
[my (10— 1w, mp(0—40))||* =e 2| mo(0—s0) | (4.42)
Multiplying (4.37) by —Am; and integrating over (0,), we obtain
2 Sl P8 T
= Blu,—ABmz)+(8,—Amz) +(A=0)(z" <9tW)f—Amz)

—HszH2+ ﬁ V]| + —HVgH2 (7\ 8)?||z" (Brew) 2. (4.43)

Since v =min{é,u}, afterwards, by Gronwall’s inequality and replacing w by 6_;w, we
can obtain(refer to literature [1] to acquaintance more)

[ Vima(£,0-4w)|]* < é[320(1+r(w) + ||¢o(9—Tw) [Fe™)
(4.44)

2HV8H2 (7\ 8)*hr(w),

where we have used Lemma 3.1 and (4.17)with T =0, then there exists Tg(w) >0, such
that for t > Tp(w), we obtain

| Vma(t,0_1w)|]? <c(14r(w)). (4.45)
Vol = |V (m1+ma+2* (6,0)) || 2| Vi |2 42(|V (242" (610) ) || (4.46)

The result hold from (4.42), (4.45) and (4.46), we completed the proof. O
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Lemma 4.6. Assume that f,g € L>(R") and (3.4) hold, let B = {B(w) }weq € D which is the
collection of all tempered subsets of E and uy(w) € B(w). Then for every € >0 and P-a.e. w € (),
there exist T* = Tp+(w,€) >0 and R* = R*(w,€e) > 0 such that the solution ¢(t,w,vo(w)) of
(3.13)-(3.14) with ¢o(w) =Po(w) — (z(w),z*(w)) satisfies, for all t > T* =Ty (w,e€).

/|x|>R* | (t,0-10,0(6-1)) (x) fzdx <e.

Proof. Let p be a smooth function defined on R, such that 0<p(s) <1 for all se R*, and

0, for 0<s<1,
s)= - = 4.47
p(s) {1, for s>2. ( )

Then there exist a positive constant ¢ such that |p’(s)| <c for all s € R". Taking the inner
product of (3.13) with Bo(|x|?>/k?)n in L?>(R"), we get that

Ll(t,w):Rl(t,w), (448)

Ll(t,w)—%di/ ,Bp(|x|2)]n\2dx / yﬁp(| |2>Anndx+/ A,Bp(' il§ >]n\2dx
aﬁp(‘ ‘2>mndx.
Rl(t,w):/R yﬁp('if)nAz(@tw)dx /xcﬁp(’i—f) nz* (6w )dx

= [ o (55w + e

Equally important, we taking the inner product of (3.14) with ap(|x|?>/k?)m in L?(R"), we
get that

Lz(t,w):Rz(t,a)), (449)
where
_1d X2\ o XY 2 |x?
LZ(t’w)_EE/ ap (k—) |m| dx—l—/ 5ocp( 2 >]m\ dx—/lznoc/%p(?)mndx.
2
Ry ( = aﬁp(%) mz(0rw) dx—l-/ a(A—9) p(’k’ >mz*(6tw)dx
|x

+/0€p( ’2) 2(x)dx.

Summing up (4.48) and (4.49) two equation, we have U; (t,w)=Ux(t,w).

U _li 2 2 [x|? d A ﬁ d
1(t'w)_2dt Rn(ﬁn +am*)p T )dx- nyﬁ np| g | ndx
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+/ ABo (’ ’2> |nyzdx+/ Sap (‘;ﬁ—f) im2dx.
Us(tw) = [ pptz(oeo)o ( i kf) ndx [ apz @) (5 ) n
+ [ (hu ﬁp(’ ’Z)ndx+/ apz(010)p (’kz’z)mdx
+ Rna(A—a)z*(etw)p<’k2’2>mdx+/ ag(x (‘kf>mdx
Let o =min{«,B},y =max{a,B},v=min{s,A}, we can get that V;(t,w) < Va(t,w).
Vi (tw) :%%/na(mz—i-nz)p ( ’kz’z) dt [ (2 +m)ovp < |;|,2> dx.
() / 1B (‘ ‘2> ndx+/ (4BA2(0,0) —aB)z* (6iw)p ( ’;{‘f) ndx
+/ ﬁp<’ ’2>ndx+/1{nag(x)p<|kf>mdx
+ /R (@Pz(610) +a(A—8)z" (00))p ("Iz—f>mdx.

We now estimate the terms in V5 (t,w) as follows. First we have

/ Vﬁp(’ IZ)An ndx=— / ;blﬁAnp<‘kf)ndx:/Rn,u,BVn(p(‘i—f)n)hx
—/ up|vVn|*o (’ lz)dx—l-/ upnp’ (]x]2> sz ndx

2 2
_/ up|Vnl*p (’ il )dx—i-/kgxsfkyﬁ np (’ il >k2v ndx. (4.50)

Attention that the second term on the right-hand side of (4.50) is bounded by

|x|2>2x ' 2\@/ /(| |2>

Vndx vnld
/kslxlsfk pr p( K2 X kS|x|§ﬁkP‘ﬁ\”HP || Vn|dx
§62\fuﬁ

[ nlIValdx < 2l + [V nlR). @51)

By (4.50) and (4.51), we find that

~ fobo (BE)anmaxz [ uptvae(BE)ax—£opmp+iwnp). aso
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Now we estimate the second term in V;(t,w), by Cauchy-Schwarz inequality we can get
that

Az(0;w) —az™ (0w X ndx
o (n60) —az" 1 ()

_8/\[3/ (’ ’2) n|>dx+ ‘B/ (uAz(6;w) —az* (Brw)) p(bﬁ—f)dx

Sg/\ﬁ Rnp(’ ’2)\n]2dx—|— '3/ (Az(6rw)) —I—aZ(z*(Gtw))z]p(%) dx.  (4.53)

By(4.2) and (4.7) we can estimate the third terms in V,(t,w), and we can get that

L )+ £ ( B Yt
Rn(h(u)+f(x))/3p(%)udx—/lzn(h(u)-i-f(x))ﬁ(?(|kf> (6 welx

= [, tu—tz@wnpe (BF ) are [ [ sz (etwnﬁp(‘ M) aa

< [, (gpululrrclzoa)np (B )axs [ Gpa+ 1o (BE )ax s

By (4.5) and (4.6), (4.8) we can estimate the last terms in V,(t,w), and we can get that

/Rn(aﬁz(etw)+zx()\—5)z*(9tw))p<ka>mdx+/ xg(x <y;§_212) .

:An(aﬁz(etw)p<‘kl2>mdx+/ (A—0)z <9w)p<‘if)mdx
st (2 s

< [ (gusto+ Sap2 0)p (5 ) a
+ [ GolmP+ 2002 0w)p (B ) a
+f n(gaarm\2+ga<g<x>>2>p(i‘—lz) &

3 2 2 2
S/Rn(§a5]m|2+c(z(6tw))2+c(z*(wa))z)p (%) dx+ Rngzxgz(x)p (%) dx. (4.55)

Finally, from (4.52)-(4.55) we can get that

li o ’ ’2 dx+- m// |x|2
24t Jre 4’P q)P
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c 2
<E (P 1901 +e [ 27 @+ @)o () ax
v [ (182000) P+ 0w) P01+ 2 @o)Po (- Jax. @s6)
Attention that (4.56) implies that
d 2 Mz
a Rn(/)p( )dH V/ qvp(
<Z(InlP+V 2f2(x) +¢° ﬁ d
<z (InlP+1va[*)+c L2+ (x)p( T ) dx
2
+C/R (]Az(f)tw)|2+|z(6tw)|2+]z(9fw)]”’+|z*(9tw)|2)p(%)dx. (4.57)
By Lemmas 4.1 and 4.5, there is T; = T1(B,w) >0 such that for all t > Ty
I12(8,0,90(0)) s gy <1+ 7(c0)).

Now we integrate the (4.57) over (T,t), and we can get that for all t > T
[ ottaenro( ) ax
2
SEA(Tl—t)/ P(’ ’ )‘4) Tl;w 900< ))lzdx
k/ C=0(|[Vn(s,w,90(w)) [P +|n(s,w,p0(w))|*)ds
(s—t) 2 ‘ ‘2
we [0 [ o)+ (B )dras
t
+c/ e)‘(s_t)/ V3(t,w)dxds, (4.58)
T Rn

where V3(t,w) = (|Az(6sw)|*+|z(0sw) [*+|z* (Bsw)|* + |z(8sw) |7)p (|x|* /k?) . Replacing w
by 6_;w, we obtain from (4.58) that for all t > T7,

2
/ ‘q) (t,0_tw,o(0 tw))’2 <| d >dx
2
<00 [ (B ) loTis- (6Pt

C t
1 L AITn(50100,0(0-1) [P+ (50100, 0(0-10)) ) s

re[[ 200 [ r+g e () avas
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t
+c/ eA(S’t)/ Vi (t,w)dxds, (4.59)
T Rn

where Vy(t,w) = (|Az(0s—w) [*+|2(0s—1w) |* +|2* (05— tw) |? +|z(0s—1w) |T) o (|x|? / K?). Now
we estimate the terms in (4.59). First replacing t by T;, and then replacing w by 6_;w in
(4.13), we have the following bounds for the first term

200 [ o( B2 p(60-wigue-)) Pax
< M0 (e gy (6_10) |2+ /O e 5~ py (6,_1c0)ds+c)
< Mg (0 @) +e B0t [ py(0rw)de
< €M||€00(9tw)|\2+C€A(T1t)+/_7:tce%“r(w)dr
< e’)‘t||q)o(9,tw)Hz-l—ce)‘(Tl’t)+§cr(w)e%)‘m’”, (4.60)

then we have found that, given € >0, there is T»(B,w,€) > T; such that for all t > T,

2
e)‘(T]t)/Rnp<| : >’¢<t9 1w, @o(0_w))[*dx <e. (4.61)

By Lemma 4.2, there is T3 = T3(B,w) > T such that the term satisfies

c

k/ 50150160, @0 (6—1w)) | 2ds < = (1+7(w)).

»

Hence, there is R =R;(w,€) >0, such that for all > T3 and k>R,

c

X M0 Vn(s, 0w, 0(0_w))||*ds <e. (4.62)
T

Estimate the next term
¢ tA(s—t) 6 24
o [ n(s6-10,90(6-1)) s

<- / e M| @o(0_sw)]||>ds+ — / (s t/e/\(r s)po (60— tw)drds—l— A(S_t)ds
kJT, kJr

M =T)gu(O-@)P+ g [ [N (o ew)drds

%
c
%_ (t—T1)|lpo(6 tw)Hz—i— —|—k// e "po(6rw)dtds
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¢ c ¢
% M(t—=T1) | go(6 taJ)Hz—I-k—l—klr /1/_ e\ d1ds
c _ 2, c 4c
<-e _ - .
<CM (-T2 o O-1eo) [P+ &+ e (), (463

where [ >0, this implies that there exist Ty = Ty4(B,w,€) > T; and Ry = Ry(w,€) such that
forall t> T4 and k> R»

t
%/ 78 ||n(s,0_ 1w, 9o(0_w))||Pds <e. (4.64)
T

Attention that f(x),g(x) € L>(R"), therefore, there is R3 = R3(€) , such that for all k> R;,
/| 2P ) dx e
x| >k

Then for the fourth term on the equation’s the right-hand side of (4.59), we have found

2
C/T:EA(S_”/W(2f2<x)+g2<x))9(’k2’ >dxds<c/T(:te)‘§ |x|>k(2f2(x)—i—g2(x))dxd§
gc)\e/o e)‘Cdgge. (4.65)
Ti—t

Note that z(6iw) =Y hjzj(6rw;),z* (B:w) =111 1 27 (6rw;) and by, b €H?(R")NW>1(R"),
hence there is Ry = Ry4(w,€), such that for all k2 R4 and j=12,---,m,

A€ €
demir(w)’  2m?r(w)

/x>k(|h]-(x)|2+ [ (x) |7+ | A (x) [P+ [ 5 (x) yz)dxgmin{ } (4.66)

where r(w) is the tempered function and c is the positive constant. By above and (3.6),
(3.7), we have the following bounds for the last term on the right hand side of (4.59),

t
C/ M=t [ v,dxds
T] Rn®
0
scf |x|>k<’AZ<95°">’2+'Z(Gcw>12+!z*(egw>\2+\z<9gw>w>>dxdg
1
0
<ontt [ “E o (180510525 € P+ P2 Bcs) P+ 5 Pl (6 P
1—
+|hj!q|2j(9gwj)!q)dxd§
Ae [0 " .
< / eACZ(’AZ]'<9§w]') ’2—1_ ’Zj(géwj)‘z‘f‘ ‘Z]' <9§a)]') ’2—1- ’Zj(@ng)‘q)dg
2r(w) J1y—t =

Ae 0 Ae [0
< e < / AQ
<o )/T]te r(f;w)dl < ) Tlite r(0;w)dg
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A 0
_Zr(z;) /Tl_tef)‘cr(w)dgge. (4.67)

Let Ts = Ts(B,w,e) = max{Ty,T»,T3,T;} and Rs = Rs(w,e) = max{Ry,Ry,R3,Ry}, then it
follows from above all, we have

2
/Rnp<’ il )\q) (t,0_tw, @o(0_4w))[*dx < 5e,

which shows that for all t > T5, and k> Rs.

2
/x>ﬁk]q)(t,6tw,q)o(f)tw))lzdxg/np (%) | (t,0_10,po(0_sw)) [*dx < 5e.

We have completed the proof. O

5 The asymptotic compactness and existence of random attractor

In this section, we will prove the existence of a random attractor for the random dy-
namical system ¢ which is associated with stochastic partly dissipative reaction diffusion
systems (3.1)-(3.3) in L?(R") x L2(R"), It follows from Lemma 4.1 that ¢ has a closed ran-
dom absorbing set. The follow will be using the uniform estimate on the tails of solution
to get the D-pullback asymptotic compactness of ¢. Finally, we will get the existence of
the random attractor.

Lemma 5.1. Assume that f,g € L>(R") and (3.4) hold, let B={B(w)}wecq € D which is the
collection of all tempered subset of E, and ¢o(w) = (ug(w),vo(w)) € B(w), then for every € >0,
and P-a.e. w € Q), there exist T* =Tj(w,e) >0 and R* = R*(w,€e) >0 such that for all t > t*

/|x|>R* |p(t,0_tw,po(0—1w))(x) lzdx <e.

Proof. Let T* and R* be the constants in Lemma 4.6, By (3.6) and (4.66) we have for all
t>T* and |x| > R¥,

hizj(w;)Pdx < / h; 24
J g @) />RJZ lpPaxsn? [Vl ) P

|2R"

(.1)

I\)IP—‘

Then we can also obtain that,

/ |2 (w) Pdx < £ (5.2)
|x|>R* 2
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By (5.1)-(5.2) and Lemma 4.6, we get that, for all t >t*, and |x| > R*,

[ (06 1w,90(0-10)) () Petx
|x|>R

= lp(t,0—1w,po(0_1w)) + (z(w),z* (w))|*dx

x| >R*

<2 @(t,0_1w,@o(0_sw))>dx+2 [(z(w),z" (w))[*dx

|x[>R* |x[>R*

=2 @(t,0_1w,90(0_sw))>dx+2 z(w)?dx+2 z*(w)?dx

2| >R* FEL x| >R*

§2€+2§+2§ —4e. (5.3)

The proof is completed. O

Lemma 5.2. Assume that f,g € L*(R") and (3.4) hold, then the random dynamical system ¢
is D-pullback asymptotically compact in E = L?(R") x L2(R"); that is for P-a.e. w € Q), the se-
quence {¢(ty,0—t,w,pon(0—t,w)) }or_, has a convergent subsequence in E, provided t, — oo, B=
{B(w)}wea €D and ¢on(0—t,w)= (110, (0—t,w),v0n(0—t,w)) € B(O_tw).

Proof. Lett,—00,B={B(w)}wen€D and ¢p,,(0_t,w) € B(6_;w). Then by Lemma 4.1 for

P-a.e. we ), we have known that the sequence {¢(t,,0_+,w, o, (0—t,w)) }o; is bounded

in E=L?(R") x L2(R"), hence, there is ¢ € L>(R") x L?(R"), such that, up to a subsequence
¢ (tn,0_1,w,P0,,(0_1,w)) — ¢ weakly in L>(R") x L*(R™). (5.4)

Next, we prove the weak convergence of (5.4) is actually strong convergence, given
€ >0, by Lemma(5.1), there is T; = T1(B,w,€) and R; =R;(w,€) such that for all > Tj,

/x>R p(t,0_1w,¢0(0_sw))|*dx <e. (5.5)

Since t, — oo, there is Ny = Nj(B,w,€) such that t, > T; for every n > Nj, hence, it
follows from (5.5) that for all n > Nj,

/x>R [ (tn, 01,0, 0,0 (01, ) [*dx <e. (5.6)

On the other hand, by Lemmas 4.1 and 4.5, there is T, = T>(B,w), such that for all
t Z TZ/

90,0160, 0 (0-10)) Pyt oyt ey < (14 7(c0)): 57)

Let N, = N>(B,w) be large enough such that t, > T, for n > N, then by (5.7) we find
that, for all n> N>,

19t 0-1,0,00, (01,0 P oy oy < (17 (c0))- 58)
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Denote by Qg, the set {x€ R":|x|<R;}. By the compactness of embedding H* (Qg, ) x
H'(Qg,) = L*(Qg,) x L?(Qg,), it follows from (5.8) that, up to a subsequence,

¢ (tn,0—1,0,P0,1(6—1,)) — & strongly in L*(Qr,) x L*(Q, ),
which shows that for the given € >0, there exists N3 = N3(B,w,€) such that for all n> Nj,
1 (tn,0—t,w,Pon(0-1,0)) _CH%Z(QRl)xLZ(QRl) <e. (5.9)

Attention that & € L2(R") x L2(R"), there for there exists Ry = R, (€) such that,
/ &(x)Pdx <e. (5.10)
[x[>Ry

Let R3=max{Ry,Rz} and Ny=max{Nj,N3}, by (5.6), (5.9) and (5.10), we find that for
all n> Ny,

1t 0,0, 00 (6—1,0)) =& | T2 (o) 12
S/ |¢(tn197tnwr¢0,n(97tnw))—szdx'i‘/ [ (t,0—1,0,P0,(0—1,0)) =G |*dx < 2¢,
|x|<Rs |x|>Rs

which show that
¢ (tn,0_1,w,¢0,,(0_1,w)) — & strongly in L?(R") x L*(R"),
which is desiring. O

We are now in a position to present our main result: the existence of a D-random
attractor for ¢ in L?(R") x L2(R").

Theorem 5.1. Assume that f,g € L?(R") and (3.4) hold, then the random dynamical system ¢
has a unique D-random attractor in L?>(R") x L*>(R").

Proof. Attention that ¢ has a bounded random absorbing set {K(w) }wen € D by Lemma
4.1, and ¢ is D-pullback asymptotically compact in L?(R") x L?(R") by Lemmas 5.1 and
5.2, hence the existence of a unique D-random attractor for ¢ allows from Proposition 2.1
immediately. O

6 Upper semicontinuity of attractors

In this section, we consider the upper semicontinuity of attractors of system (3.1)-(3.3)
when ¢ — 0. To show the dependence of solution on &, we will write the solution of
system (3.1)-(3.2) as (ug,ve), and we define the corresponding random dynamical system
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as ¢.. When e =0, the stochastic system (3.1)-(3.2) transform the following deterministic
autonomous one:

%—;mu—l-)\u-l-rxv:h(u)-i-f(x), (6.1)
dov
a—l—év—ﬁu:g(x). (6.2)

By ahead Theorem we know that given e€ [0,1], ¢, has a D-pullback attractor A, € D. Let
¢o be the dynamical system associated with system (6.1)-(6.2) in L2(R") x L?(R") over R.
Denote by Dy the collection of families D={D(7) CL*(R") x L?(R"):T € R} satisfying the
condition: there exists 6y =7y(D) € (0,9) such that,

lim e® || D(T+t)||>=0.
t—o0

Let Ap be the Dy-global attractor of ¢p. Given 0<e<1, for w € (), let K, be the D-pullback
absorbing set of ¢, and we let Kj is a Dy-bounded absorbing set of ¢9 when e =0.
Given w € (), denote by

B(w)={(1e,ve) € L*(R") x LA(R") [[ue |+ [[oe]|* < R(w) }-

So we know that K, (w) CB(w) for all e€(0,1], and w (), this implies that for every we (),

U Ae(w)C |J Ke(w)CR(w). (6.3)
0<e<1 0<e<1
From ahead lemma we can find for all e€ (0,1] and we ), ||it]|3,, (Rn)—l—HﬁH%{] (Rn)gR(w),for

all (i1,0) € A¢(w), and we can also know that the set Jy..<1.A¢(w) of pullback attractors
is precompact in L?(R") x L2(R"), we can refer literature [24] to know more.

Lemma 6.1. Suppose ahead information is hold, let (ue,ve) and (i1,0) be the solutions of (1.1)-
(1.2) and (6.1)-(6.2), respectively. Then for every t € R, w € (), we can obtain that,

e (t,0, (ue)o) —ii(t, i) ||+ [[ve (£, (ve )o) —2(t,50) ||

1 _ o, 1 _, [t
<37e (I (ue)o—tio—2(w)|[*+ | (ve )o—To— 2 (aJ)HZ)Jrge ”/0 e’ p1(Osw)ds.  (6.4)

Proof. Letn—u=n,m—v=m,and we let (3.13)-(3.14) and (6.1)-(6.2) subtract, we can obtain
that,

%—yAﬁ+Aﬁ—|—ocn~1:yAz(9tw)—zxz*(Gtw), (6.5)
dm
d—T—I—ém—/Bn:,Bz(etw)—i—(}\—é)z*(etw). (6.6)
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Taking the inner product of both sides of (6.5) with B, similarity, taking the inner product
of both sides of (6.6) with ani, then we add the two equation together, we can obtain that,

1d, .- _ _ ~ _
5 37 BN +all]|?) +ppl V7|2 + AB[7 ][> + bt ]|

=Bu(Az(0iw),n) —af(z* (61w),n) +ap(z(0rw),m) +a(A—08)(z* (Orw),m). (6.7)
Now, we start to estimate the above equation,
- _ 1 - 1
B(82(010),7)| =B [ D2(00)icx] < 5BV >+ pu V202 ©8)
—a(z" 00 )| = op [ 2 @uwyid| < 52 il o @) B (69)
_ 1 o aB? 2
|p(z(8rcw), )| < Zad || "+ == |[z(6:w) ||~ (6.10)
_ 1 _ 1 .
la(A—=0)(z* (Brw),m) | < Zoc5||m||2+goc()\—5)2||z (8:w)]|?. (6.11)
By (6.7)-(6.11), we can get that,
d _ - ~ ~ -
E(ﬁHnHZJraHmHZ)+VﬁHVnHZ+7\ﬁHnHZ+MHmH2
o, 20 p? 20(A—0)?
<BulVz(0rw) [+ B 2 @) |2+ 22 2y 24 22 A 00

We let v=min{J,A}, c =min{a,f} and y=max{a,B}, so we can from (6.12) get that,

|z*(Br0) |2 (6.12)

d ~ _ ~ _
3 U+ l17]2) +ve (1] +[17]]) < p1 (Bre0), (6.13)
where
a? 2032 20(A—08)2
P (610) = Bl V2(0:0) P+ B 1 (00) |+ 22 i) 2+ 2200 2 )
Applying Gronwall’s lemma on (6.13), we can find that,
~ _ ~ ~ 1t
||”H2+||m||2S’Y€7Vt(||7’lo||2+|\m0|\2)+;/0 e py (Bsw)ds. (6.14)

From (6.14), we can also get that,
- ~ _ ~ ~ 1 [t e
| — ]2 + [ m —]|* < ye ”(HVlo—uonJr!!mo—vo\\2)+;/o ' py(bsw)ds.  (6.15)

Because n(t,w,ng) =ue(t,w,ng—z(w)) —z(0rw), m(t,w,my) =ve(t,w,my—z*(w)) —z* (Orw),
so we can get that,

e (t,00, (11e)o) — (1, o) —2(B0) ||*+ [ve (.0, (ve)o) = B(t,0) — 2" (Byew) ||
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<o (| o —to—2(@) P+ (00— =2 (@) )+ [ D (@w)ds.  (616)
From above, we can also obtain that,
e (t,c, (tte)o) =i (¢, 50 || + | ve (.0, (ve)o) = D(t, o) ||
<37 (I (wedo—Tio—2(w) P+ (00)o =02 @) [P)+ 5e ™ [ e*pr(ow)ds. (617)
U

We are finally in a position to present the upper semicontinuity of pullback attractors.

Theorem 6.1. Suppose ahead information is hold, A.(w) be the pullback attractor of ¢ and Ay
be the global attractor of ¢o. Foe all w € Q), then we have

limdist(A(w),Ag) =0.

e—0

Proof. We know that K. and Kj be the families of subset of L?(R") x L?(R"), then K is the
De-pullback absorbing set of ¢, and Ky is the Dy-bounded absorbing set of ¢y, we can
obtain that, for every w (),

limsup || K¢ (w) || = || Ko |- (6.18)
e—0

If &, — 0 and (ug,1,00,) — (#0,0,) in L2(R") x L?(R"), then we find taht, for every t € R"
and weq),

e, (£,00, (140,1,00,1)) — Po(t, (i0,0,))- (6.19)
Based on (6.18), (6.19), and the set Jy.<1Ae(w) of pullback random attractors is precom-
pact in L>(R") x L%(R"), so the theorem is proved. O
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