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Abstract. For N >3 and non-negative real numbers a;; and b;; (i,j=1,---,m), the semi-
linear elliptic system

m g .

Aui+[Tu;"=0, inRY,
j=1

au,«

m p..
v =¢ 1 uj’], on alRf,
YN j=1

i=1,--,m,

is considered, where RY is the upper half of N-dimensional Euclidean space. Under
suitable assumptions on the exponents a;; and bj;, a classification theorem for the pos-

itive C2(RY)NC? (@)—solutions of this system is proven.
AMS Subject Classifications: 35]57, 35J66, 35K57
Chinese Library Classifications: O175.25
Key Words: Nonlinear elliptic systems.

1 Introduction

Let N >3 be a positive integer and let RY = {(y1,---,yn) € RN:yy >0} denote the upper
half of N-dimensional Euclidean space. Fix a positive integer m and set J={1,---,m}. Let
A=|a;;] be an m x m matrix with nonnegative entries. We are concerned with the classical
solutions of the semi-linear elliptic system

m
Aui‘i‘H”;ij:Or in QcRN for allie]. (1.1)
i=1
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This system and its variants have been studied extensively in numerous contexts. For
example, (1.1) arises as the system of equations for a steady-state solution to the corre-
sponding parabolic reaction-diffusion system. In particular, when m =2 the system

0

%:Aul—Fu‘ll“ugu, foryeQ,t>0, 12)
§ :
% =Aup+uPus?, foryeQ,t>0,

has received much attention. For example, when a11 =a2, =0, (1.2) gives a simple model
for heat propagation in a two-component combustible mixture [1]. Variants of (1.2) have
also been used to model the diffusing densities of two biological species when each specie
finds its subsidence from the activity of the other specie [2]. It is well-known that a
thorough understanding of (1.1) is highly beneficial to obtaining an understanding of
(1.2). For example, under appropriate assumptions on .4, in [3] and [4] Mitidieri proved
nonexistence results for (1.1) when Q = RN and m =2. These results were refined by
Zheng in [5] and then used to derive blow-up (in time) estimates for solutions of (1.2)
that satisfy suitable initial and boundary conditions. For more results concerning these
parabolic systems and their variants the reader is referred to [6,7] and the references
therein.
An interesting case of (1.1) arises when A satisfies

a;j >0, forall (i,j) €] <],

A is irreducible , (1.3)
gazjz%, forallie].

=1

Recall that an m x m-matrix A is called irreducible if there is no partition | = I[;U, such
that a;;=0foralli€ I}, and j € I,. When m=1 equations (1.1) reduce to

Au+KuN+2)/(N=2) —q (1.4)

with K=1. Eq. (1.4) has been studied extensively as it arises in relation to the famous
Yamabe problem. The Yamabe problem asks whether it is always possible to confor-
mally deform the metric g of a given smooth compact Riemannian manifold to a metric
§=u*/(N-2)¢ whose scalar curvature is constant. Through the works of Trudinger [8],
Aubin [9] and Schoen [10], the Yamabe problem was proven affirmative. See [11] and the
references therein for results regarding the Yamabe problem. For A satisfying (1.3) and
QO =TRY, the classical solutions of (1.1) were classified by Chipot, Shafrir and Wolansky
in [12] (see also [13]). Their result is the following.

Theorem 1.1 (Chipot, Shafrir and Wolansky [12]). Suppose A satisfies (1.3). If u1,---,u,, are
positive C2(RN)-solutions of (1.1) with Q=RN then

ui(y) = /31'2 g forallie], (1.5)
(o2 +ly—v°F)
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for some y° € RN and some positive constants o> and By, ,Bm satisfying

m
logBi=Y ajjlogB;—log(c*N(N—2)),  foralli€]. (1.6)
This theorem is the systehzllgeneralization of the classification of entire solutions to (1.4)
given in [14].
Many interesting questions involving variants of (1.4) have been considered. For ex-
ample, for real numbers K and c the equations

Au+KuN+2/(N=2) =0, in RY,
{ ou L N/(N-2) on IRV (17)
ayN ! +

arise in relation to the boundary-Yamabe problem which seeks to determine whether the
metric ¢ of smooth compact Riemannian manifold M with boundary can be conformally
deformed into a metric ¢ such that both the scalar curvature and the boundary mean
curvature of ¢ are constant. The boundary-Yamabe problem is still open. For a detailed
discussion on the boundary-Yamabe problem, the reader is referred to Escobar [15, 16],
Han-Li [17,18], Marques [19] and the references therein. The solutions of equations (1.7)
were classified separately by Li and Zhu in [20] and Chipot, Shafrir and Fila in [21]. Later
in [22], the solutions of (1.7) with more general nonlinearities were classified. The result
is as follows

Theorem 1.2 (Li-Zhu [20], Chipot-Shafrir-Fila [21] and Li-Zhang [22]). If u is a non-negative

CH(RE)NC! (R—i’)—solutian of (1.7) with K= N(N—2), then either u=0 or there exists o >0
and (y3,-+-,y%_,) €ORY such that

(N-2)/2

o

u(y)= <7> ,  forallyeRY,
2ty -y’

where Y0 = (4}, {1y and y} =oc/(N=2).
In this paper, an analogue of Theorem 1.2 is proven for the generalization of (1.7) to a

system of equations. To generalize the boundary nonlinearity in (1.7) let ¢4, --,c;, be real
numbers and let B= [b;;] be an m x m matrix satisfying

bi; >0, forall (i,j) €] <],

m

Zb =55, foralli€], (1.8)
]:

bijj=xr>50;, foralli€ ] such thatc;>0,

and consider the system
moog.
Au;+T1 u].” =0, in lRﬂ\r’,
j=1
ou; mop. :
ay“}; —¢; 1:[ u]?u’ on aRY, forallie]. (1.9)

u; >0, onRRY,
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Our main theorem is as follows.

Theorem 1.3. Suppose A satisfies (1.3) and B satisfies (1.8). If (u1,+,upy) is a C2(RY)N
CY(RY)-solution of (1.9) then there exist positive constants o,B1,-,Bm satisfying (1.6) and
(19, y% ;) €ORY such that u; is given by (1.5) with y° = (y3,---,y%_1,y%), where

m
W=Ne[[p" ", forallic]. (1.10)
j=1

bij—
]
Remark 1.1. The third item of (1.8) says that if i € | is an index for which ¢; > 0, then the
boundary equation for u; is

In particular, > Ne;TTiL, B “I'is independent of i.

ou; :ciulN/(N_z), on alRﬁ.
ayN

This assumption is made for convenience as it makes some of the proofs simpler. See, for
example the proof of Claim 3.2.

The proof of Theorem 1.3 is via the method of moving spheres and is inspired by
the proofs of Theorems 1.2 and 1.1 given in [22] and [12] respectively. The organization
of this paper is as follows. In Section 2 we show that the moving sphere process can
start. In Section 3 we obtain a symmetry relation between u; and its “critical” Kelvin
transformations. In Section 4 we first use a calculus lemma to deduce the form of the
restriction of u; to IRY. Next we transform the problem defined on R¥ to a new problem
defined on a ball. After determining that the solutions of the transformed problem must
be radial, a system of ODE is obtained and the solution to this system is determined. The
conclusion of Theorem 1.3 will follow after returning to the original problem.

Throughout, C will be used to denote a positive constant depending only on N. The
value of C may change from line to line. The Euclidean ball of radius r and center x will
be denoted B,(x). When x =0 the notation B, will be used.

2 The moving sphere process can start

Let uy,---,u,, be as in the hypotheses of Theorem 1.3. As the proof of Theorem 1.3 is via
the method of moving spheres, we wish to consider the following 9RY x (0,00)-indexed
family of Kelvin inversions of ;. For x €9RY and A >0 let

Zx,A ZIR{\&-[\BA(X)

and define

ui’x’A(y):(W—x]) uj <x+w(37x;)>, forye RY\{x} andi€].
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By using (1.3), (1.8) and (1.9) and computing directly, one may verify that uq A, -+, Uy x 2
satisfy

m
Qi .
Aui X, )L—I_ 1_[ M]':}](,A :0/ m RI_?_[’
=

ou; A ]
a];xN 1]1—[ “]xA' on a]Rﬂ\{x}, forallie]. (2.1)
Ui 2 >0, in RN\ {x},

Since we want to compare u; to u; , ,, we define the differences

Wi () =ui(y)—tixa(y),  foryeRY\{x} andi€].

Using (1.9) and (2.1) one can verify that w; , ) satisfies

m
—Awj )= Hlu] l_[ u] .Y inX,,,
17 .

dw; ) _ n b/ m forallie]. (2.2)

i ' ) oRY

W ]];[1u] ]]_[1u]x)L on X, y NIRRT,

Moreover,

w;x2=0, ondX, xNaB,(x), forallie]. (2.3)

As the proofs of many of the propositions given will be similar for x =0 and for general
x €9RY, when considering x =0 we will use the following simplified notation

Yor=Xn,  Mipga=uip  and  Wipr=wWjn. (2.4)
Proposition 2.1. For each x €9RY, there exists Ag(x) >0 such that for all A € (0,A9(x)),
wixr >0, Zyforallie].
According to Proposition 2.1, for x € 9RY, we may define
A(x) =sup{A>0:w;,, >0 in Xy, forall p€(0,A) and all i J}.
For convenience, the proof of Proposition 2.1 will only be given for x=0 and the notation

in (2.4) will be used. The proof for general x € 9RY is similar to the proof for x=0. We
begin by establishing three lemmas.

Lemma 2.1. There exists ro >0 such that for all i € [ and all A € (0,7),

wiA(y)>0,  forallyeB; \B,.
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Proof. For (r,0) € [0,00) xS¥ ™! and i € | set gi(r,0) = rN=2/2y;(r,0), where SY ! is the
closed, (N —1)-dimensional upper half sphere. Set

-1
ro =min 1,E minminu; maxHDu-H — .
4 e g /) \je 1 ICED

Forall 0<r<ryand for all i € |, we have

ogi (N-4y2( N=2 . o
5(7’,6)21’ THBI—}rnul_rHDuZHCO(BT) >0.

1

In particular, if 0 <A <7y then with 6=y/ |y|,

2 —_—
wia(y)=y|* N (gi(lyl,e)—gi <‘);—’9>> >0,  forallye B, \B, andall i€].
]

Lemma 2.2. Ifi is an index for which ¢; <0, then liminf,| ,, ly|N 2 u;(y) >0.

Proof. 1f ¢; >0 for all i € ], there is nothing to prove. Otherwise, fix R >0 and fix i € | for
which ¢; <0. By (2.1) the hypotheses of Lemma 5.1 are satisfied by u; g. Therefore, for

each ze B}, \ {0}
R\"? [R?
<—> Uu; —i :ui,R(Z)Z min_uz-,R: min_ui.
|z] |z| IBRNRY IBRNRY

Now, if y € RN\ Bg, set z=R2y/|y[*>. Then z € B;\{0}, y = R?z/|z|*, and the above
inequalities give
ui(y) > | min_u; | RN 72|y,
aBRﬂ]Rﬁ

Lemma 2.2 follows immediately. O

Lemma 2.3. Ifi is an index for which ¢; >0, then liminf,| ly|N 2 u;(y) >0.

Proof. 1f ¢; <0 for all i € | there is nothing to prove. Otherwise, fix an index i for which
¢;>0and let
2-N
Oi={yeRY ui(y) <y "}
Clearly, to prove Lemma 2.3 it suffices to show liminf . & | y[N"%u;(y)>0. For ye O;

we have u;(y)N/(N=2) <|y|"2u;(y), so u; satisfies

—Aui>0, ln Oi/

s B _
i —Cily| %u; <0, on dRYNO;,

ayN
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for some constant C; =C; (man \c]' |) > 0. For A>1 fixed and to be determined, define
SW)=ly—Aen Ny, for [y|>24. (2.5)

By direct computation, one may verify that ¢ satisfies

AZ>0, in RY\ By,
‘yafzg(y)SC‘y]N, in Rﬁ\BZA/ (2.6)
So-() = AN=2)ly—Aex| ™, on9RY\Bas

where C depends only on N. Therefore, we may choose A = A(N,max; |c]- |) sufficiently
large so that

0 _
(a——clly! 2>C(y)>0/ on dRY\ Baa.
YN

Fixing such an A and choosing € > 0 small enough to achieve u;(y) > e¢(y) on (dByaN
RY)U(00;NRY), we obtain

—A(u;j—eg) >0, in O;\Ba4,

(5= —Cilyl ) (<€) <0, on (BRYND)\Bas, @7
N N

(ui—eg)(y)zo, on (aBzAﬂlRIX)U[(a(’)iﬁlRf)\BZA].

Moreover, liminf, Leo(Ui—€C) >0, so if u;—eg is negative at some point of O;\ B4, then
u;—e¢ must achieve a negative minimum at some point i € O;\By4. By the maximum
principle, we may assume § €9(O;\ By4). The third item of (2.7) imposes 7 € (dRY NO;)\
By 4. On the other hand, (#;—e¢)(7) <0 and ayiN (ui—eg)(7) >0, so the second item of (2.7)
is violated. We conclude that u; —e¢ >0 in O;\ Bp4. Consequently,

liminf_ [y|N"%u;(y) > elir?inf\y\N‘ZC(y) >0.

ly|—o0;y€0; |y|—>o0
Lemma 2.3 is established. O

Proof of Proposition 2.1. Let rg be as in Lemma 2.1. By Lemmas 2.2 and 2.3 we may first
choose ¢ € (0,1] such that

wi(y)>coly*™N,  forallyeRN\B,, andallic],

and then choose A € (0,79) such that

)\é\]_z maxmaxu; | <co.
B}
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For such Ay, if 0< A <A then

uip(y) <AY 2 <m]axn%xuj> PN <coly* N <ui(y), for all yE]R—I}r[\BrO and allie].

B;p

Combining this with Lemma 2.1 establishes Proposition 2.1. O

3 A symmetry relation for uy,---,uy,

In this section we prove the following proposition.

Proposition 3.1. For each x €9RY, A(x) < oo and
w; v (V) =0, for all yEIR—’;’\{x}and allie].

For convenience Proposition 3.1 will be proven for x =0 only. Proposition 3.1 will be
established with the aid of some lemmas.

Lemma 3.1. Let A be a matrix satisfying (1.3) and let xo € 9RY. For A € (0,A(xo)], if there
exists ig € | for which w;, x, A =0in Xy, », then

Wi =0,  inRY\{x}forallie]. (3.1)

Proof. Clearly, it suffices to show that the equality in (3.1) holds for all y€ X, . The proof
is given for xo=0 only. The proof for general x € 9RY is similar. Fix 0< A <A. According
to (2.2), the interior equation for w; , may be written

m
—Aw; )= Zgbij(ujff —u;?jg), inx, forallie], (3.2)
j=1

where

j—1 m
a; ajy
Pij = <H”k,]3> < I ”/) >0.
k=1 (=j+1

Here the notational conventions [T}_, u,‘i”;L =1and [jL,, 11, =1 are used. Let i be as in
the hypotheses of the lemma and consider fixed but arbitrary jy € J. By irreducibility of A
and non negativity of the entries of .4, there exists k <m—1 and a sequence ig,i1,---,ix=jo
of distinct elements of | such that

Aiyiy 1 >0, foralla€{0,1,--- ,k—1}.

Since w;, , =0 and by Eq. (3.2) with i =iy we have

m
_ {4, %0 Figj .
0=Y iy (u]- —uj’A), inX,.
j=1
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By positivity of ¢;; and since a4;;, > 0 this equation ensures that w;, , =0 in . Similarly,
using a;,;, >0 and Eq. (3.2) with i =i; we deduce that w;, ) =0 in X,. Repeating this
argument a total of k times shows that w; »=0in X, forall w € {1,2,---,k}. In particular,
ZU]'O’/\EOiI’I ZA. ]

Lemma 3.2. If xg € 9RY with A(xq) < oo, then W, o K (x) =0 11 RN\ {xo} forallie].

Proof. For simplicity, we assume xo=0. By Lemma 3.1, it suffices to show that there exists

i€ ] such that w,7=01n RN\ {0}. In fact, we only need to show this equality holds in T
for some i € J. For the sake of obtaining a contradiction, suppose that for all i € |, there is
some point of ¥; at which w; y is positive. By the maximum principle we have

w,;x(y) >0, forallyeXy andallie]. (3.3)
Moreover,
w,;x(y) >0, forall y€0Xy\oBy and allie]. (3.4)

Indeed, if  €9%5\ 0By and io € ] are such that with w; 5(7) =0, then apply Hopf’s Lemma
to w, 5 on any ball B C Zy such that 0BNdZy = {§} to deduce

o gy >0. (3.5)

If ¢;, >0, then

In either case, (3.5) is violated, so (3.4) holds.
Now, for y €dB;N0Xy, let v=v(y) denote the unit outer normal vector to By (pointing
into EX)~
Claim 3.2. There exists € >0 such that
ov

Proof of Claim 3.2. Inview of (3.3) and (2.3), a routine application of Hopf’s Lemma yields
the positivity of dw; ; /dv(y) for all y € 9% \oRY and all i € J. Since 9%;NdB; is compact,
Claim 3.2 will be established once we show

(y) >¢, forallycoXyNoByandallic].

" (y)>0, for ally €9ByNOR} andallie]. (3.6)
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To show this, define

Q= {yeZy:dist(y,0ByNIRY) <

}

N >

and

o(y) =0 |y~ 1),
where 6 >0 (small) and a« >0 (large) are positive constants which are to be determined.
Elementary computations yield

Ap>0, in 2y,

$=0, on dBy,

99 =ug, on dRY, (3.7)
%

5= 25Ae*YN,  on dBy.

Moreover, if i is an index for which ¢; <0, then by using each of the second item of (2.2),
(3.4) and the third item of (3.7) one may verify that for any choice of « >0

d

G (W) S~ < %(wm—@, on AQNIRY. (3.8)

If i is an index for which ¢; >0, then by Mean-Value Theorem, there is i;(y) € [u; v (y),u;(y)]
such that

0 [ N/(N-2) N/(N-2)
N (w;x—¢) =¢i (”i U3 > —af

N 2/(N-2)
:_N—Zcilpi w; x—ad

N 2/(N=2)
< : : R
N3 (m]ax|c]|> (m]axmﬁaxu]> w; y — &
Therefore, by choosing a =a (N ,max; ‘c]-

0 o

,max;maxgu ]-) sufficiently large, we obtain

e (wix—¢) <5 (w;z—¢),  ondQNIRY. (3.9)
Combining (3.8) and (3.9) we see that there is a constant C; >0 for which
ayiN(wi'X_(P) <Ci(w; =), on dQNIRY forallie]. (3.10)

Fix any such C;. After choosing J sufficiently small w, y —¢ is seen to satisfy

—A(w;y—¢)>0, inQ,
§ on 0Q)NJdBy, forallie]. (3.11)
, on 00\ 0y,
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By the maximum principle, if there exists io € ] such that w; y—¢ is negative at some point
of Q) then w; 3 —¢ achieves a negative minimum value over Q) at some point § € Q). By

the second and third items of (3.11), we may assume 7 € 9RY N{y: A <|y| <3A/2}. Since
7 is a minimizer of w; 7 —¢ and by (3.10), we have

d
0< 5 (w;, 1) (§) < Ca(w;, 1) (7) <O,
YN

.. .= . . ow. v
a contradiction. We conclude that w; 3> ¢ in Q) for all i € J. In particular, % > 3—(5 on

dByNIRY for all i € ]. Combining this with the last item of (3.7), we obtain inequality
(3.6). Claim 3.2 follows. O

In view of Claim 3.2 and the continuity of A — w; 5, we may choose Ry > A such that

azg;,A (y)> g, for all yEB—;{O\BA, all A€[A,Rg] and all i€ ].

Therefore, L
wiA(y) >0, in By \B, forall A€ [A,Ro] and alli€]. (3.12)

Claim 3.3. If i is an index for which ¢; <0, then liminf,| ., ]y]Nfzwi,X(y) >0.

Proof of Claim 3.3. 1If ¢; >0 for all i € ], there is nothing to prove. Otherwise, let i be an
index for which ¢; <0 and define

hi(y)=< minwz-,x> RY2|ly*N,  for |y|>Ro.

aBRO ﬂIRL\r]

By performing elementary computations using (3.3), (3.4) and the negativity of c;, one
may verify that w; ; —h; satisfies

—A(w;z—h;) >0, in RY\ Bg,,
wi’X—hiEO, on aBRoﬂlRIl[, (313)
7a(w'j_hi) =¢; ]nl[uaif— ﬁua” <0, onoRY\B
a]/N — =i j =i j,X Y + Ro-
Moreover, using (3.3) once again we have
liminf(wij—hi)(y) >0. (3.14)

y|—o0

Consequently, if w;y—h; is negative at some point of R—f\B Ry, then w;y—h; attains a

negative minimum value over R—f\BRO at some point 7 € ]R—f\BRO. By the maximum
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principle, we may assume § € d(RY \ Bg,). By the second item of (3.13) we must have
7 € 9RY\Bg,. On the other hand, since 7 minimizes w; v —h; and by the third item of
(3.13) we have

0
< — =N (17
O— ayN (wl,/\ hl)(]/) <O/

a contradiction. We conclude that w; 3 >h; in RY\ Bg,. Claim 3.3 follows immediately. [

Claim 3.4. If i is an index for which ¢; >0, then liminf,|_,, \y]Nfzwi,X(y) > 0.

Proof of Claim 3.4. The proof is similar to the proof of Lemma 2.3. Suppose i is an index
for which ¢; >0 and set

Oi={yeXz:w;z(y) <u;z(y)}-

To prove Claim 3.4, it suffices to show that

liminf |y|N 2w, 5 (y) >0.
ly| —o0;y€O; ’

We have
ui(y) < N (maxmaxu]-> >V, for all y€ O;. (3.15)
] Bf
A

According to the Mean-Value Theorem, there is ;(y) € [u;5(y),ui(y)] such that for all
ye BZX N BJRN,

. 5 N ) N )
NN g3 ()N N = = i) NP w3 (y) < = i) NP w ().

uily i “N-2 N_2"

Therefore, using the boundary equation for w; % in (2.2) corresponding to ¢; >0 and using
inequality (3.15), there is a constant C; =C; (N,X,max]- |c]-

/max;maxg u ]-) > 0 such that
J -2 < for all y € O;NIRY
ay—N—C1]y| w,; 7 <0, orallyc O;NIRY.
For A>>1 large and to be determined, let {(y) be as in (2.5). Then ¢ still satisfies (2.6) and

by choosing A sufficiently large (and depending on C;) we may achieve

d _
(5=—Cilvi ®)ew >0, ondRY\Ban
YN

Fix any such A and choose € >0 sufficiently small so that

(w;z—€&)(y)>0,  on (dBaNRY)UQO;NRY).
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Then —
—A(w; 7 —€§) >0, in O0;\ B4,
(wi/X—€§)>O, on a(O,‘\BQA)\a]RN, (3.16)
ad _ _
(ay—N—C1|y| 2> (wi’x—e§)<0, on (Ol’\BZA)ﬁa]RI_,’\_[.
Moreover, liminf,|_.(w; s —€Z)(y) > 0. Claim 3.4 now follows by the argument in the
proof of Lemma 2.3. O

In view of Claims 3.3 and 3.4 and with Ry as in (3.12) we may choose cg >0 such that
wilx(y)zco|y|2_N, forallye RY\Bg, and all i€ J.
Therefore, for any A >0 and any i € ] we have

wir(y)=w;z(y) +wir(y) —w; z(y)

N [=N-2 Xzy N [ A%y 2_N
Zeoly[" AT Tu WE — AT, 2 [~ (3.17)

forall y € R—f\B R,- By uniform continuity of #; on E;{O, there exists €y € (0,Rg—A) such
that

v lyl

Using this estimate in inequality (3.17), we conclude that

< %0, for all yelR—IX\BRO, all A\€[A,A+¢o] and all i€].

wi(y) > %0 >N, for all yE]R—I}r[\BRO, all A€ [A,A+ep] and alli€].
Combining this estimate with (3.12), we conclude that w; (y) >0 in RY\ B, for all A

[A,A+¢o] and all i € J. This contradicts the definition of A. Lemma 3.2 is established. [

Lemma 3.3. If there exists xo €9RY for which A(xg) = oo, then A(x) = oo for all x €9RY.

Proof. Suppose xo € ORY is such that A(x) = co. By definition of A(xp), for all A >0 we
have

N-2 204,
ui(y) > <\yfxo\> u; (xo—l—%) , inX,  forallie].
—Xo

Consequently, |y|~ 2u;(y) — oo as |y| — oo for all i € J. Now suppose x € 9RY is such that
A(x) <co. By Lemma 3.2, u; =t; , 5,y on RY\ {x} for all i € J. Multiplying this equality
by |y "% and letting || — co we obtain

’y’N—zui(y)_)X(x)N*Zui(x)<<>0, forallie],

which is a contradiction. O
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Lemma 3.4. For each x €9RY, A(x) < co.

Proof. 1f Lemma 3.4 fails, then by Lemma 3.3, we have A (x)=oo for all x€9RY. By Lemma
5.2, we see that for all i € ], u;(y) depends only on yy. In this case, (1.9) becomes

i (t)=— 1 ui(t)®, in (0,00),

j=1

}(0) =c; [1;(0), forallic]. (3.18)
j=1

u;i(t) >0, on [0,00),

Combining the first and third items of (3.18), we see that u] is strictly decreasing in (0,00)
forallie].

Now, observe that there is no index iy € | for which ugo(O) =0. Indeed, if such an iy
were to exist then since u; is strictly decreasing, we would have u; (1) <0. By choosing ¢
sufficiently large we could achieve

u, (t) :ui0(1)+/1tu§0 (s)ds <u; (1) +uj (1)(t—1) <0,

which contradicts the third item of (3.18). By a similar argument, we see that there is no
index ip € J for which u} (0) <0. Therefore, we must have u;(0) >0 for all i € ]. Moreover,
by an argument similar to the above, we see that

uli(t) >0, forall t€[0,00) and all i €].

In particular, u§ is decreasing and bounded below by zero, so

gi = lim M;(t),

t—o0

exists and is non-negative for all i € J. Since both #;(0) >0 and u/(t) >0 in [0,00) for all
i €], there exists € >0 such that

ui(t) >e, forall t€[0,00) and alli€]. (3.19)
In particular, this estimate implies [TiZ;u;(#)" > e(N+2)/(N=2) from which we deduce
m
[ Tui(t)% ¢ L' (0,00). (3.20)
j=1

On the other hand, by the first equality of (3.18), we have

ui(t)=uf(0)= = [ T]uy(s)" s
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Letting t — oo in this equation we obtain
co m
ui(0)—ti= [ TTu(s)" ds,
0
j=1

so that [T{Z, u;” € L'(0,00). This contradicts (3.20). Lemma 3.4 is established. O

Proof of Proposition 3.1. Combine the results of Lemmas 3.2 and 3.4.

4 Completion of the proof of Theorem 1.3

By Proposition 3.1, for all x €9RY, we have both A(x) < co and

— N-2 _
ui(y)= Ax) u; | x 7A(x)2(y—x) in RN\ {x} foralli
i(v) (\y—x\> ( + L ) RN\ {x} forallie]. (4.1)

Restricting this equality to RN ~1=9RY, writing y=1'+ynen with ' €ORY and applying
Lemma 5.3 on RV~1, for each i € ] we obtain A; >0, d; >0 and %; € a]Rﬂ such that
N Aj / N
ui(y')= YL forall y’ €dR. (4.2)
(dinr Y’ —fi|2)

By this expression and by (4.1), it is easy to see that

A;= lim \y’|N_2ui(y’):X(x)N_zui(x)>0, for all x €oRY. (4.3)

|y'|—o0

Next, observe that

di=d; and ¥ =5%; for all (i,j) e J < J. (4.4)
Indeed, by (4.3) we have
ui(x) _ui(x)

. N . .
A A for all x €oRY and all (i,j) €] x].

In view of (4.2), the above equality yields
P+ |x—x*=d+|x-5]*,  forall x€dRY andall (i,j) € Jx].
The equalities in (4.4) follow immediately.

Returning to (4.2) with (4.4), and using d to denote the common value of d; and * to
denote the common value of ¥;, we obtain



Classification of Solutions to a Critically Nonlinear System 89

uj(x)= Ai for all x€oRY and all i €]. 4.5)

(dz—l-]x—ﬂz) (N-2)/2’

Now that we know the form of the restriction of u; to BIR{E , we wish to deduce the form of
u;. To achieve this we follow the arguments of [21-23]. Using (4.3) to replace A; in (4.5),
we see that

Mx)2=d?+|x—x|>,  forall xedRY. (4.6)

Setting Q = ¥+dey and P = x—dey, Eq. (4.6) says that for each x € ORY, 9B(x,A(x))
contains both P and Q.

Next, for y € RN consider
4d*(y—P)

Ty=P+ 7
ly—P|

(4.7)

the conformal inversion of y about 0B(P,2d). By performing elementary computations,
one may verify that T enjoys the following properties.

(i) T=T"'on RNU{eo},
(i) T(RY)=B(Q,2d),

(iii) For each x€0RY, the image of dB(x,A(x)) under T is the hyperplane H (x) through
Q that is orthogonal to x —P.

(iv) Ifzand Z are symmetric about H(x), then Tz and TZ are symmetric about dB(x,A(x))
in the sense that B
A(x)?(Tz—x)

TZ=x+ 3
|Tz—x|

(4.8)

See Fig. 4.1 for a visual representation of the mapping properties of T. For z € B(Q,2d)

YN YN \H(x)=T(9B(x,A(x)))
/I\
LN A
— X N ¥ X N
. X oRY X oRY
0B(x,A(x))

Figure 4.1: Visual representation of the properties of T



90 M. R. Gluck and L. Zhang / J. Partial Diff. Eq., 28 (2015), pp. 74-94

and i € |, define
Ul'(Z) = (m) ui(TZ). (49)

If x€dRY, since u; is symmetric about dB(x,A(x)) in the sense of Eq. (4.1), v; is symmetric
about H(x) in B(Q,2d). Indeed, fix x € 9RY and suppose z,z € B(Q,2d) are symmetric
about H(x). By performing elementary computations using equations (4.1) and (4.8) we

obtain
vi(z) = (%) o ( ’T)_;(fl‘ > Nﬁzuz‘(TZ) =0;(2).

Since this holds for all x € 9RY, v; is radially symmetric about Q in B(Q,2d).
Next, observe that the definition of v; may be extended to P such that the resulting
extension is continuous. Indeed, writing y="Tz for z € B(Q,2d) and using (4.1) with x=X

we have
o (ly=P\"
o= (150)  u)

() () )

Letting z — P from within B(Q,2d)\ {P} (so that y — oo from within IR—I}FI) in this equality
and using A (%) =d gives

1 N-2
li ()= = (%) >0. 4.10
Hp,-zeﬁl(razd)\{p}v () (2> (%) (4.10)

From now on, we identify v; with its extension to P.
By an elementary computation, v; is seen to satisfy

B0+ [0 =0, in B(Q,24),
j=1
9 N2 - floe), onoB(Qaa),  forallie] @1
81/ 4d ]':1
vi(z) >0, in B(Q,2d),

where v is the outward unit normal vector on the boundary of B(Q,2d). Combining the
first and third items of (4.11) implies that v; is non-constant in B(Q,2d) for all i € ]. By
a simple maximum-principle argument and since v; is radial about Q we see that v; is
strictly decreasing about Q in B(Q,2d). Setting r = |z— Q| we have v;(z) = ;(r) for some
smooth decreasing functions ¢;:[0,2d) — (0,00). Using (4.10) and (4.11), these functions
are seen to satisfy
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;/(r)+¥l/’z{(r)+ﬁlpj(”)a”:(), for0<r<2d,
Pi(2d)+ N—;liji(Zd) =—¢; ﬁ ¢j(2d)bij, forallie]. 4.12)
j=1

l/Jl(Zd) = 22_Nu1-(32).

By the uniqueness of solutions to this system, there are positive constants «y,---,a,, and
u satisfying

loga; =Y ajloga;—log (1*’N(N-2)), forallie] (4.13)
j=1
such that a0
. —_— Z ;
Pi(r) (V2+r2)(N_2)/2, forallie].
Using this in Eq. (4.9) with z=Ty, we have
_(ITy=P\"* & _ Bi
l/li(y) - < 2d 5 ) (N=2)/2 5 o2 (N—-2)/2’ (414)
(zt +!Ty—Q!) (0 +ly—y \)

forallye lR—ﬂ and all i € |, where

4d2 (N72)/2 ) ) 4d2 2 0 — y2_4d2
‘Bi:(iy2+4d2> o, ocC=u (7,‘0[2—1—4{12) and y :x—dy2+4dZeN.

In particular, 3/° is independent of i. For convenience, the details of the computation that
yields the second equality in (4.14) are provided in Lemma 5.4 of the appendix. By (4.13)
and the expressions of 0?2 and Bi, it is routine to verify that o? and B1,-+,Bm satisfy (1.6).
Moreover, by using both the second item of (4.12) and (4.13) one may verify that (1.10) is
satisfied.

5 Appendix

Lemma 5.1. Let R >0 and suppose v is a solution of

—Av>0, inBj,

99 0, on (3B{NIRY)\ {0},
ayN

v>0, on B\ {0}.

Then v(y) > minaBRﬁ@vfor all y€ B{\{0}.
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Proof. Set mg = min,, ~RYY and fix 0 <e <R. Define

¢(y):mRm, fore<|y|<R.
One may easily verify that v — ¢ satisfies

—A(v—¢)>0, inBg\Be,

=9 o on 3(B};\ Be)NaRY, (5.1)
YN _
v—¢>0, on (BBRUBBE)HIR]X.

According to the maximum principle and the third item of (5.1), if v—¢ is negative at any
point of B} \ Be, then there is xo € 9RY N{e < |y| < R} such that
min (v—¢) = (v—¢)(x9) <O0.

B \Be

Moreover, since xo €9RY is a minimizer of v—¢, we have ayiN (v—¢)(x0) >0. This violates
the second item of (5.1). We conclude that v > ¢ in %\Be. Finally, if y € %\{0}, and if

0<e<|y|/2wehave
e Ny
() 2 MR N

Letting € — 0 in this inequality gives the desired result. O
The proofs of the following two lemmas can be found in [20,21] or [22].

Lemma 5.2. Let f € CY(RY), N>2and b>0. If f satisfies

A A2 (y—
f(y)2(|y_x’> f<x+|y(37x;)>’ for all y€ RY, x €dRY and A >0,

then f(y) = f(ynen) for all y€RY, where ex = (0,---,0,1).

Lemma 5.3. Let f € C'{(RN), N >1and b>0. Suppose that for every x € RN, there exists
A(x) >0 such that

b 2(y—
( = > f<X+%> =f(y),  forallyeRM\{x}.

ly—x|

Then there exists >0, d >0 and ¥ € RN such that

. b/2
=)
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Lemma 5.4. Let u, a1, ,&y, be as in (4.13), let P=—dey and Q=dey and let T be as in (4.7).
Ifo?, B1, -+ ,Bm and y° are given by

42 (N-2)/2 42 2 B 2_ 442
5i:<m> w, oP=u? (W) and  y'=x—dt e

(\Ty—P!>N2 & _ Bi
2d (N=2)/2 (N=2)/2°
(w2+ITy—QP) (e2+ly-°)

then

Proof. The computation is elementary. Some details are provided for the convenience of
the reader. First, since |Ty—P|/(2d) =2d/|y—P|, we consider the denominator on the
right-hand side of the equation

(5.2)

2 ) e+ y=Ql"  y—pP(p2+Ty—QF)

Using the definition of T in Eq. (4.7), the equality P— Q= —2dey and performing elemen-
tary computations yields

[y—PP|Ty— QP =4d? |y~ P|* ~4d (y— P,en) +4d* ) =4 (|y— P ~4dyn ),
where (-,-) is the usual Euclidean inner product and yy is the N*' component of y. Next,
we use |[y—P|* =/ —x|*+ (yn +d)? and the above equality to see that the denominator

of the right-hand side of (5.2) is

ly—P* (42 +|Ty—QI*) = (42 +4d) [y— P"—16°

2 2\ 2 2\ 2
— (2 4d?) ||y — 2 pooATNT L o 4dm
=(p*+4d%) ||y’ — x| +<yN+dy2—|-4d2> +u <y2—|-4d2
2 2 2 2 \?2
22y |y (e P44 2 _4d
=(u"+4d°) ‘y <x dy2+4dZeN) +u (;42-1-4512 )
Using this in (5.2) completes the proof of the lemma. O
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