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Abstract. In this work, we study the following nonlinear homogeneous Neumann
boundary value problem p(u)—diva(x,Vu) > f in Q, a(x,Vu)-5=0 on 9}, where Q)
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1 Introduction

The paper is motivated by phenomena which are described by the homogeneous Neu-
mann boundary value problem of the form

{ B(u)—diva(x,Vu)> f, inQ,

a(x,Vu)-n=0, on 0Q), (1.1)

where 7 is the unit outward normal vector on 0(2, ) is a smooth bounded open domain
in RN,N >3,8=0j is a maximal monotone graph in R? with dom(8) bounded on R and
0€p(0), f€ L' (Q) and a is a Leray-Lions operator which involves variable exponents.
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Note that j is a nonnegative, convex and Ls.c. function on R and, dj is the subdiffer-
ential of j. We set
dom(B)=[m,M]CR with m<0<M.

Recall that a Leray-Lions operator which involves variable exponents is a
Carathéodory function a(x,&): QxRN — RN (i.e. a(x,¢) is continuous in & for a.e. x€ Q)
and measurable in x for every & € RY) such that:

e There exists a positive constant C; such that
ja(x,8)| < Cu(j(x) + 2P, (1.2)

for almost every x€() and for every ¢€IRN where j is a nonnegative function in L? 0 (Q),
with1/p(x)+1/p'(x)=1.

e The following inequalities hold

(a(x,é)—a(x,ﬂ))-(g—iy)>0, (1-3)

for almost every x € Q) and for every ¢,;7 € RN, with ¢ #7, and

I <a(xd) (14)

for almost every x € ,C >0 and for every ¢ € RN.
In this paper, we make the following assumption on the variable exponent:

p(-):QQ—Ris a continuous function such that 1< p_ <p < +oo, (1.5)

where p_ :=essinfycqp(x) and py :=esssup .o p(X).

As the exponent p(-) appearing in (1.2) and (1.4) depends on the variable x, the func-
tional setting for the study of problem (1.1) involves Lebesgue and Sobolev spaces with
variable exponents LPO)(Q) and WP (Q). In the next section, we will make a brief
presentation of the variable exponent spaces.

Many results are known as regards to elliptic problems in the variational setting for
Dirichlet or Dirichlet-Neumann problems (cf. [1-9]).

Problem (1.1) can be viewed as an extension of the following

{ b(u)—diva(x,Vu)=f, inQ, (1.6)

a(x,Vu)-n=0, on 9Q),

where Q) is a smooth bounded open domain in RY,N >3 and 7 the outer unit normal
vector on dQ). b:R — R is a continuous, nondecreasing function, surjective such that
b(0)=0, f € L'(Q) and a is a Lerray-Lions operator which involves variable exponents.
Problem (1.6) was studied by Bonzi, Nyanquini and Ouaro (cf. [2]) where they proved
the existence and uniqueness of an entropy solution. An equivalent notion of solution is
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called renormalized solution. The concept of renormalized solutions was introduced by
Diperna and Lions in [10]. This notion was then adapted to the study of various problems
of PDEs. In [9], Wittbold and Zimmermann adapted this notion of solution to a new and
interesting problem of the form

{ B(u)—diva(x,Vu)—divF(u)>f, inQ,

u=0, on dQ). (1.7)

They proved for F locally Lipschitz continuous, f maximal monotone mapping with
0<€B(0),f € L}Y(Q) and a continuous exponent p(-), the existence and uniqueness of a
renormalized solution for problem (1.7).

In this work, we consider an homogeneous Neumann boundary condition instead
of the Dirichlet boundary condition considered in [9]. One of the main difficulty which
appears in this case is the famous Poincaré inequality which deesn’t apply and even the
Poincaré-Wirtinger inequality also. An other difficulty is that, since we assume that the
domain of B is bounded, it appears in the definition of the solution, a bounded Radon
diffuse measure in order to take into account the border of the domain. The techniques
used in this work are close to those used in [5,7].

We denote by M,;(Q) the space of bounded Radon measure in Q), equipped with
its standard norm ||-[| v4, (). Given v € M;(Q)), we say that v is diffuse with respect

to the capacity WP()(Q)(p(-)—capacity for short) if v(E) =0 for every set E such that
Cap,, ., (E,Q2) =0, where the Sobolev p(-)-capacity of E is defined by

Cap,()(EQ)= _inf | (jul"®@+|Vu[r™)dx,

uESV(,>(E) O
with

Spy(E)={ue WP()(Q)): u>1 in an open set containing E and 1 >0 in Q}.

14
In the case S, (E) =@, we set Capp(A)(E,Q) = +o00. The set of bounded Radon diffuse

measure in the variable exponent setting is denoted by Mbp(') (Q).

The remaining part of the paper is the following: in Section 2, we introduce some
notations and functional spaces. In Section 3, we prove the existence of entropy solution
to the problem (1.1) and in Section 4, we prove the uniqueness of entropy solution.

2 Assumptions and preliminary

As the exponent p(-) appearing in (1.2) and (1.4) depends on the variable x, we must
work with Lebesgue and Sobolev spaces with variable exponents.

We define the Lebesgue space with variable exponent LP()(Q) as the set of all mea-
surable function u: () — R for which the convex modular

= p(x)q
ppr ()= [ Jul?dx
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is finite. If the exponent is bounded, i.e., if p; <+, then the expression
ul,y:=inf{A>0: ppy(u/A) <1}

defines a norm in L”()(Q), called the Luxembourg norm. The space (Lp(')(Q),]-]p(.)) is

a separable Banach space. Moreover, if 1 < p_ < py < +oo, then LP()(Q) is uniformly
convex, hence reflexive, and its dual space is isomorphic to L? () (Q)), where

1 1

——+———=1

p(x) p'(x)
Finally, we have the Holder type inequality:

1 1
<|{—+— / .
‘/qudx‘_(p_+p+)]u|p(.)]v|p(.), (2.1)
forall ue LP()(Q)) and ve LV () (QQ).
Now, let

WLrO)(Q):= {uEL”(')(Q): V| EL”(')(Q)},
which is a Banach space equipped with the following norm
[l pey = [l oy 1AV D 1p0) -

The space (W) (Q),||ul 1,p(.)) is a separable and reflexive Banach space. For the in-
terested reader, more details about Lebesgue and Sobolev spaces with variable exponent
can be found in [11] (see also [12]).

An important role in manipulating the generalized Lebesgue and Sobolev spaces is
played by the modular p, (. of the space LP()(Q2). We have the following result (cf. [13]):

Lemma 2.1. If u,,u € LPC)(Q) and p, < oo, then the following properties hold:

~

ulpiy>1 = [ul?, < ppy(w) < [ul?;

2. fulyy <1 = ]u\i(f)gpp(.)(u)glu\i(f);

3. |ul,) <1 (respectively =1;>1) <= p,.)(u) <1 (respectively =1;>1);

4. |un|p.) — 0 (respectively — +o00) <=>p,(.)(un) — 0 (respectively — +c0);
5. pp()(u/|u]p()) =1.

For a measurable function #: Q) — IR, we introduce the function

Pl,p(.)(u)::/Q]u|P(x)dx—|-/Q|Vu|P(x)dx.

Then we have the following lemma (see [14, 15]).
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Lemma 2.2. If uc€ W) (Q), then the following properties hold:
L fulypy>1 = [uly ) Sprpey @) <fulf )
2. ‘u’l,p(~) <l= ’u‘f}() Spl,p(~)<u) < ’u‘f,;(.);
3. |uly,p() <1 (respectively =1;>1) <= py ,(.)(u) <1 (respectively =1;>1).

For any given I,k >0, we define the function k; by h;(r) =min ((I4+-1—|r)*,1) and the
truncation function Ty : R — R by Ty (s) =max{—k,min(k,s)}.
For any Iy, we consider the function hy = h;, defined by

ho € CL(R), hy(r) >0, VreR,
ho(r)=11if |r| <lp and ho(r) =0 if |r| >Io+1.

Let v be a maximal monotone operator defined on IR. We recall the definition of the main

section g of :

+o0, if [s,40)ND(7) =2,
—o00, if (—o0,s]|ND(7y)=®.

{ the element of minimal absolute value of y(s), if y(s)#®Q,
Yo(s) =

We write for any u#:Q)— R and k>0,{|u| <k(<k,>k,>k,=k)} for theset {xcQ/|u(x)| <
k(<k,>k,>k=k)}.

Before introducing the notion of entropy solution for the problem (1.1), we define the
following spaces which are similar to that introduced in [16,17]. We note

TYP0(Q):= {u: O — R measurable; Ty(u) € W) (Q) for all k>0}.

Asin [17], we can prove that for u € TLp() (Q)), there exists a unique measurable function
w:Q— R such that VTi(u) =wx || <k} Vk> 0. This function w will be denoted Vu.

We define Tq_l[’p ) (Q) (see [2]) as the set of functions u€ T ?()(Q) such that there exists
a sequence (i5);-0 € W) (Q) satisfying the following conditions:

(i) us— u a.e. in Q.

(i) VT (us) — VT (u) in L1(Q) for any k> 0.

The symbol H in the notation is related to the fact that we consider here homogeneous

Neumann boundary condition.
To end this section, we give some useful convergence results.

Lemma 2.3. Let (B,)n>1 be a sequence of maximal monotone graphs such that B, — B in the
sense of graphs (i.e. for (x,y) € B, there exists (xu,Yn) € Pn such that x, — x and y, —y). We
consider two sequences (z,),>1 C L1 (Q) and (wy,)n>1 C L' (Q). We suppose that:

Vi >1,w, € Bu(zn), (Wn)n>1 is bounded in LY (Q) and z, — z in L (Q)). Then z € dom(B).
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Proof. For the proof of Lemma 2.3, we need the “biting lemma of Chacon”. Let us recall
it.

Lemma 2.4. (The “biting lemma of Chacon”) [19]. Let Q C RY be a bounded open domain
and (f,)n>1 a bounded sequence in L' (Q)). Then there exists f € L'(Q), a sequence (f,, )x>1 and
a sequence of measurable sets (E]-)]-Zl,E]- CQ,VjeN* with Ejy1 CEjandlim; , | ]E]-] =0, such
that for any j € N*, f, — f in L'(Q\E;).

Since the sequence (w,),>1 is bounded in L}(Q), using the “biting lemma of Chacon”,
there exists we L' (Q), a subsequence (w,, )x>1 and a sequence of measurable sets (E i)jeN
in Q) such that Vj €IN*,E; 1 C E;limj, 4 |Ej| =0 and Vj €N*,w,, —w in L'(Q\E;). Since
zn, —z in L'(Q) and so in L'(Q\E;),Vj €N and B, — f in the sense of graphs, we have
weP(z) ae. in O\ E;. Thus z€dom(p) a.e. in Q\E;. Finally, we obtain z€ dom(f) a.e. in
Q. O

Lemma 2.5. (cf. [13], Theorem 1.4) Let u,u, € Lo (Q), n=1,2,---. Then the following state-
ments are equivalent to each other:
D) B it =l =0;

2) lim p,)(up—u)=0;

n—+o0o

3) uy, converges to u in () in measure and

tim oy (1) =pp (1)

n—+o0o

Lemma 2.6. (Lebesgue generalized convergence theorem) Let (f,),eNn be a sequence of
measurable functions and f a measurable function such that f, — f a.e. in Q. Let (gn)neN C
LY(Q) such that for all n €N, | f, | < g a.e. in Qand g, — g in L(Q). Then

/andx—>/0fdx.

3 Statement of the main results

We introduce the following concepts of solution for problem (1.1).

Definition 3.1. A solution of (1.1) is a couple (u,b) € 7‘}1[4’(') (Q) x LY(Q), such that
ucdom(B) LN —a.e inQ, beB(u) LN —ae. inQ,
there exists u € Mz(') (Q) with u L LN,
ut is concentrated on {u= M}, yu~ is concentrated on {u=m},

and

/a(x,Vu)-V(pdx—i—/ bqodx—l—/ ody= /fqodx, Ve WO(Q)NL(Q).  (B.1)
O Q O Q
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Remark 3.1. If (u,b) is a solution of the problem (1.1) then, it satisfy the following entropic
formulation

/Qa(x,Vu)-VTk(u—C)dx-i—/Qka(u—C)dxg/Qka(u—C)dx, (3.2)

for any &€ W0 (Q)NL®(Q) such that £ e dom(B) LN —a.e. in Q.
Our main result is the following.

Theorem 3.1. Assume that (1.2)-(1.5) hold true and f € L'(Q), there exists a unique entropy
solution to problem (1.1). Moreover

lim |Vu|P) dx=0. (3.3)

m—+00J[m<|u|<m+1]

Proof. The proof of Theorem 3.1 is divided into several steps.

3.1 Regularized problem
For every € >0, we consider the Yosida regularisation B of B given by
1 -1
ﬁEZE(I—(I-l—e,B) )

and we set
je(s):min{l|s—r|2+j(r)} VseR, Ve>0.
reR | 2e ! !

According to Proposition 2.11 in [18], we have

dom(,[%)eC dom(j) C dom(j) C dom(p).
je(s)=5|Be(s) +(Je), where Je=(I+¢p) ",

Je is convex, Frechet-differentiable and B, = 0j.,

jeTjaselO.

Note that B, is a nondecreasing and Lipschitz-continuous function. We also define the
function fe by fe(x) =Ti(f(x)) for any x € Q. Then (fe) ., is a sequence of bounded

functions which converges strongly to f € L'(Q) and such that

Ifely <M1l Ve>0.

Lemma 3.1. The Yosida regularisation B is a surjective operator.



8 S. Ouaro and A. Ouedraogo / J. Partial Diff. Eq., 27 (2014), pp. 1-27

Proof. Since dom(B) C [m,M], thenV re R, Jo(r) = (I+€p) “!(r) € [m,M]. Consequently

r—Je(r)

Anpet)= g = =t
and )
. IR T r— € r _
Ampelr)=lm ==

As Bc is a maximal monotone graph, thanks to ([18], Corollaire 2.3), we conclude that
is surjective. O

Now, we consider the approximated problem

{ Be(ue) —diva(x,Vue) = fe, in Q, (34)

a(x,Vue)-n=0, on o(),
where the notation 1, is used for any solution of the problem (3.4).
Definition 3.2. A weak solution of (3.4) is a measurable function u. € WP ()(Q) such that
Be(ue) € L%(Q) and

/(),Be(ue)qodx—l-/ﬂa(x,Vue)-Vgodx:/ﬂfegodx, Yoe W0 (Q). (3.5)

We have the following result according to [2].

Theorem 3.2. Assume that (1.2)-(1.5) hold and f. € L*(Q)). Then, there exists a unique weak
solution u, to problem (3.4).

3.2 A priori estimates

Lemma 3.2. Assume that (1.2)-(1.5) hold and f € Ll(Q). Let ue be a weak solution of (3.4).
Then, for all k>0,

/ VT (16) P dx < | f |, (3.6)
O

and

| Belue) Tlue)dx <K 11, ©7)

where C is a positive constant.

Proof. Taking ¢ =T (u.) as a test function in (3.5), we get

/Q,B€(ue)Tk(ue)dx—l-/Qa(x,Vue)-VTk(ue)dx:/QfeTk(ue)dx. (3.8)
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Using (1.4) and the fact that B, is nondecreasing and B, (0) =0, we deduce from (3.8) that

cl/QWTk(ue)W)dxs/QfeTkwe)dxs/Q\feTk(ue)\dxékllflll-

Then,
LIV Tue) P dx < k| ],
Q

Now, using (1.4), we have a(x,VTj(ue))- VTi(1e) > C1|VTi(ue)|P¥) > 0. Then, we get
from (3.8) that

/Qﬁe(”e)TkWe)de/QfeTk(ue)dekCHle-

The proof is complete. O
Lemma 3.3. The sequence (Bc(ue))exo is uniformly bounded in L' (QQ).

Proof. According to (3.7), we get

[ el T dx<Clfl,,

which gives, if we let k—0,
| [Be(ue)ldx <Cl;.

The proof is complete. O
Lemma 3.4. The sequence (Be(Ti(e)))eso is uniformly bounded in L1(QY).

Proof. We have for all k>0,

o(Te(ue))|dx= [ o(u0)|d cB)dx+ [ (—k)|d
B ldx= [ lpeluelldxs [ ipellds [ (pe(-k)ldx
< d d d
< o Bl [ pelue)ldrt [ [Be(uc)ldx
= e(ue)|dx.
[ 1Be(ue)]dx
Then, according to Lemma 3.3, (B¢ (Ti(uie)))eso is uniformly bounded in L!(Q)). O
Lemma 3.5. Assume that (1.2)-(1.5) hold true and f € L*(Q). Let ue be a weak solution of (3.4),
then
meas{|ue| >k} < Clll, , for k>0 large enough, (3.9)
min (e (k). Be(—K)|)
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and
C(k+1)  const(]f],)
K min (Be(k), | Be(—K)])

where C is a positive constant.

meas{|Vue| >k} <

, for k>0 large enough,  (3.10)

Proof. We start by the proof of (3.9). By Lemma 3.3, we have

[ 1Be(uo)idx <CIIfll,
which implies that
o IBe(uoldx<C] . 3.11)
{lue|>k}
Since B¢ is nondecreasing and B¢ (0) =0, we have

ue >k = Be(k) <Pe(ue) = Be(k) < ‘.Be(”e)

7

and
Ue < —k = Be(—k) > Be(ue) = |Be(—k)| < ‘ﬁewe)‘-
Then, we deduce from (3.11) that

min (ﬁe(k),

pe(-=R) [ dx < Clifl,
- clfl,
min (B (k), | Be(—K)|

meas{|ue| >k} <

Now, we prove (3.10). For k,A >0, set
P(k,A) =meas{|Vue|'~ > A, |ue| >k}

According to (3.9), we have

D(k,0) < Cliflly , for k>0 large enough. (3.12)
min (B (k), | Be(—K)|)

Using the fact that the function A — ®(k,A) is nonincreasing, we get for k>0 and A >0
that

@(O,A):% /0 A@(O,A)dsg% /O " ®(0,5)ds
g%/OA [©(0,5)+ (®(k,0)— @ (k,s)) | ds

§<I>(k,0)+% /0 ! (@(0,5)— (K s))ds.
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Observe that since

®(0,5) —P(k,s) =meas{|ue| <k,|Vue|P~ >s},

we obtain -
®(0,5)—D(k,s))d :/ V|- dx. 3.13
f) (@) -@(ke)ds= [ [Vucldx (3.13)
Note that
/ ]Vue\p*dx:/ |Vie|P-dx+ |Vue|P-dx
{Jue|<k} {ue|<k,|Vue|>1} {Jue|<k,|Vue|<1}
g/ | Vie|P¥)dx+meas(Q)
{ue|<k,|Vue|>1}

</ |Vie|P¥)dx+meas(Q)).
{luc|<k}
By the inequalities above, thanks to (3.6), we obtain
/ Viue|P-dx < C(k+1). (3.14)
{luel<k}

Combining (3.13) and (3.14), we obtain

/ (®(0,5) — D (k,s))ds < C(k-+1). (3.15)

0

Coming back to (3.12) and using (3.15) we arrive at

Clk+1) . Clifl

B S YR PRI}

, forall A>0,k large enough.

In particular,

P(0,A) < C(k)j-l) + ClIAl , forall A>1,klarge enough. (3.16)
min (,BE(k)/ ﬁe(_k)D
Setting A =kP~ in (3.16) gives (3.10). O

3.3 Convergence results

Lemma 3.6. (i) For all k>0, Ty (ue) — Ty(u) in LP- and a.e. in ), as € — 0.

(ii) There exists a measurable function u:Q — R such that u € dom(p) a. e. in Q and ue— u in
measure and a.e. in O}, as € — 0.
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Proof. For k>0, the sequence (VT (uic))eso is bounded in LP)(Q)); hence the sequence
(Ti(tte))es0 is bounded in W'P()(Q)). Then, up to a subsequence we can assume that for
any k>0, (Ti(uc))es0 converges weakly to oy in W) (Q) and so (T (i) )es0 converges
strongly to oy in LP~. Let s >0 and define

E :={|un|>k}, En:={|um|>k} and En,m::{‘Tk(un)—Tk(umH>s},
where k>0 is to be fixed. We note that
{|un —tty| >s} CE,UE,UE, 1

and hence
meas{|u, —uy|>s} < meas(E,)+meas(E,)+meas(E, ). (3.17)

Let € >0. Using Lemma 3.5, we choose k=k(e) such that

meas(E,) < g and meas(E;) < g (3.18)
Since (Ti(ue)),. , converges strongly in LP~(Q)), then it is a Cauchy sequence in L7~ (Q).
Thus,
1 _ €
meas(E; ;) < SIT/Q |Tk(un) — Ty (1) |p dx < 3 (3.19)
for all n,m>ng(s,€).
Finally, from (3.17)-(3.19), we obtain
meas{|u, —uy|>s} < €, for all n,m>no(s,e€). (3.20)

Hence, the sequence (u¢)e> is a Cauchy sequence in measure. We can extract a subse-
quence such that u. — u a.e. in Q. As for k>0, Ty is continuous, then Ty (ue) — Ty (u)
ae. in O and 0y = Ty (u) a.e. in Q). Finally, using Lemma 2.3 we deduce that for all
k>0, Ty(u) € dom(B) a.e. in QY and as dom(p) is bounded, we deduce that u € dom(p)
a.e. in (). U

Lemma 3.7. Forall k>0,

(i) a(x, VTi(ue)) = a(x, VTi(w)) in (LFO ()",
(i) VTi(ue) = VTi(u) ae. in Q),

(iii) a(x, VTi(ue)) - VTi(ue) = a(x, VTi(u)) - VTi(u) strongly in LY(Q) and a.e. in Q,
(iv) VTi(ue) = VTi(u) in (LPO(Q))Y,

Proof. (i) The sequence (a(x,VTi(ue))), ., is bounded in (Lr'e) (Q))N according to (1.2).

We can extract a subsequence such that a(x, VT (ue)) — Py in (L’”/(’) (Q))N We have to
show that @y =a(x,VTi(u)) a.e. x € Q). The proof consists of four steps.
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Step 1: We prove that for every function h € W (Q), h >0 with a compact support
(supp (h) C[-LI]CR),

limsup Qa(x,Vue) -V [h(ue) (Ti(ue) — Tie(u)) ] dx <O0. (3.21)
e—0

Let us take ¢ =h(ue)(Ty(ue) — Te(u)), k>0 as a test function in (3.5). We have
/Qa(x,Vue)oV[h(ue)(Tk(ue)—Tk(u))}dx—I—/Qﬁe(ue)h(ue)(Tk(ue)—Tk(u))dx
= [ fe(ue) (Te(aee) = Te(w)) dx. (3.22)
For any r > 0, sufficiently small, we consider
up=(uUNM-r))V(m+r).
For any k>0, T(u,) € WP()(Q). Furthermore, we have
/,Be ue)h(ue) (Tie(ue) — Tie(u)) dx
—/ (ue)Be (tte) (Tie(ute) — T (uy) dx+/ (ue)Be (ue) (Tie(ur) — Ti(u)) dx
:/Q Ue) .Be(”e)_ﬁe(ur))(Tk(”e)_Tk(“r dx—l-/Q Ue .36(”7) (Tk(”e)—Tk(”V))dx
+ [ h(me)Be (ue) (Tinr) = Ti) v
> /Q () Be (1tr) (Tic (1) — T (1)) dx + /Q () Be (1te) (Te(ty) — Te(u) ) dx

=:L+1, (since h >0 and B, is nondecreasing).

Note that
m+r<u, <M-—r.

Since B, is nondecreasing we have
Be(m+7) < Be(uy) < Be(M—1)= | Be(ur)| <max{|Be(m+r)|,|Be(M—7)|}.

We deduce that /1(ue ) Be (uy ) (Ti(ue) — Ti(ur)) € L (QQ).
Since

h(ue)Be (ur) (Tie(ue) — Tie(ur)) — h(1)Bo (ur) (Te(u) — Tie(uy)) a.e.in Qase—0,

using Lebesgue dominated convergence theorem, we get
limll—hm (ue),Be(ur) (Tie(ue) — Tie(uay)) dx

e—0
/ —Tie(uy))dx. (3.23)
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The term I, can be written as
Izz/ﬂfeh(ue)(Tk(ur)—Tk(u))dx—/ﬂa(x,Vue)oV[h(ue)(Tk(ur)—Tk(u))] dx
:/Qfeh(ue)(Tk(ur)—Tk(u))dx—/ﬂh(ue)u(x,Vue)~V(Tk(ur)—Tk(u))dx
—/Qh’(ue)(Tk(ur)—Tk(u))a(x,Vue)-Vuedx.
Note that feh(ue) (Ti(uy) —Ti(1)) =0 a.e. in Q as r—0,
| feh(ue) (Teur) = Te(w)) | < 2KI| f| € LH(Q).
Then, by the Lebesgue dominated convergence theorem, we get

121(1) Qfeh(ue)(Tk(ur)—Tk(u))dx:O. (3.24)

As h(ue)a(x,Viue)=h(ue)a(x, VT (uc)) is uniformly bounded in (L7 )(Q))) N (by assump-
tion (1.2) and relation (3.6)) and V (Tj(u,) — Ty (1)) — 0 as r—0, then

lig% Qh(ue)a(x,Vug) -V (Ti(uy) — T (1)) dx=0. (3.25)

Recall that m+r <u, < M—r and by Lemma 3.6 (part (ii)), u € dom(p) C [m,M]. Then
| Tie (1) — Ty ()| <.

Thus, for the third term of I, we have

/Qh’(ue) (Tie(1r) — Tie(u) ) a(x, Vi) - Ve dx

:' 000 (TeCa) = Tew) o, VT ) ¥ T

ng(h)/Qa(x,VTl(ue))-VTl(ue)dx

<rC(h) [ /Q FoTi(ue)dx— /Q ﬁe(ue)Tl(ue)dx}
<rC(hLO, [ fll,).
where C(h,1,Q0,||f|l;) is a constant depending on ,1,Q) and || f||;. Then, we get

lim [ B (ue) (Te(ur) —Tie(u))a(x, Vie) - Viedx =0. (3.26)
r—0JQ
Therefore, combining (3.24)-(3.26) we obtain
limb=1lim | h(ue)Be(ute) (Ti(ur) — Tie(u)) dx =O0. (3.27)
0

r—0 r—0
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Now, let us see that
h(u) o (1r) (Tic(u) — Tic(ur)) 0.
Indeed,

h(u)Bo (tr) (Tie(u) = Tie(ur)) =h(u) Bo(M—7) (Ti(t) = Te(M—7)) X {M—r<u<m}
+h(u ).BO(”H"’)(Tk(”)—Tk(m+r))7€{mgugm+r}20,

since 0€ B(0),m+r<0<M—r and Ty is nondecreasing. It follows that

llg(l) Qh(ue),Be (ur) (Tk(”e)_Tk(ur))dXZQ (3.28)

We also have feh(ue)(Ti(ue) —Ti(u)) —0a.e. in Q) as e 0,

| feh(ue) (Ti(ue) — Ti(u)) | <2k f| € LY (Q).

Then, by the Lebesgue generalized convergence theorem, we get

fim / feh(ue) (Ti(ue) — Tie(1e)) dox =0, (3.29)

e—0J0)
Passing to the limit in (3.22) as e — 0 and combining (3.27)-(3.29), we obtain (3.21).
Step 2: We prove that

limsuplimsup a(x,Viue)-Vuedx <0. (3.30)
Is+o0 €0 J{I<|ue|<I+1}

Let us take for I >0, ¢ =T (ue —Tj(ue)) as a test function in (3.5). We have

/ a(x,Viue)- VT (e —Ty(ue) dx—l-/ Be(ue) Ty (e —Ti(ue)) dx

_ / feTn (e — Ty (e)) dx. (3.31)
We have
T (ue+1),  ifue<—I,
Tl(l/le—Tl<M€)): 0, if]u€]<l,
Ty(ue—1),  ifue>L.
Then

ﬁe(”e)Tl(ue+l), if u€<—l,
Be(ue) Ty (ue—Ti(ue)) =4 O, if [ue| <1,
Be(ue)Ti(ue—1),  ifue>1.

If uc<—loruc>I, then u. and Ty (ue — T;(ue)) have the same sign. We conclude that the
second term of the left-hand side of (3.31) is nonnegative, i.e.

/Q Be (ue) Ty (ue— Ty (ue)) dx >0. (3.32)
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The first term of (3.31) is written as follows

/Qa(x,Vue)-VTl (ue—Tl(ue))dx:/ a(x, Vi) Vuedx. (3.33)

{I<|ue|<I+1}

As in step 1, we show that
?35 QfeTl (ue—Tl(ue))dx:/Qle(u—Tl(u))dx.

We also have T (u—T;(u)) —+0a.e. in Qas | —+coand |fTi (u—T(u))| < |f] € LY(Q).
Then, using the Lebesgue dominated convergence theorem, we obtain

fim /Qle(u—Tl(u))dx:O.

[—+4o0
We deduce that
tim lim | £oT (e T (ue)) dx =0. (3.34)
Q

|—+o00e—0

Passing to the limit as € — 0, to the limit as / = 400 in (3.31) and using (3.32)-(3.34), we
deduce (3.30).

Step 3: We prove that for every k>0,

limsup Qa(x,Vue)-V[Tk(ue)—Tk(u)]dx§0. (3.35)
e—0

For v >k, we have

/Qa(x,Vue)-V[hv(ue)(Tk(ue)—Tk(u))]dx

= I ‘<k}hv(u€)a(x,VTk(ue))-V[Tk(ue)_Tk(u)} dx

n /{us|>k}hv(u€)u(x,Vue)oV[—Tk(u)]dx
+ /Q I (1) [Ti(1te) — Ty ()] a(x, Vitg) - Ve dx. (3.36)
Since v >k, on the set {|u¢| <k}, it follows that &, (u.) =1 and we get
gy )GV Ti000) V[T = T 1) kv
= a(x,VTi(ue))-V [Ti(ue) — Te(u) ] dx

{lue|<k}
:/Qu(x,Vue)~V[Tk(u€)—Tk(u)]dx. (3.37)
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The second term of the right-hand side of (3.36) can be written as
/ hv(ue)a(x,Vue)-V[—Tk(u)}dx:—/ hy (ue)a(x,VT,41(ue)) - VTi(u)dx.
{le| >k} {lue[>k}
Using the Lebesgue dominated convergence theorem, we deduce that
. . N
hv (ue))({‘usbk} VTk(u) — hv (u)x{|ue‘>k}VTk(u) strongly m (LP( ) (Q)) .
The sequence (a(x,VT,11(ue))).~( is bounded in (L”/(’) (Q))N, then it converges weakly

in (L”/(') (Q))N to T, 1. By the Lebesgue dominated convergence theorem, we find

e—0

lim (- / h,,(ue)a(x,VTVﬂ(ue))-VTk(u)dx>
{lue|>k}
— o ()T 1 -V T (1) dx =0,
/{|ue|>k} ()1 VIiu)dx
i.e.
lim (—/ h,,(ue)a(x,Vue)-VTk(u)dx> =0. (3.38)
e—0 {luc|>k}

Considering the third term of the right-hand side of (3.36), we have
—/ hy, (ue) [Tie(ue) — Ti(u)]a(x, Vue) - Vuedx
0

< '/Qh,’,(ue) [Tie(ue) — Ti(u)]a(x, Vue) - Vuedx

<2k a(x,Viue)-Vuedx.

{v<fue[<v+1}
Using the result of step 2, we obtain
limsuplimsup (—/ W, (ue) [Tie(ue) —Tk(u)]a(x,Vue)-Vuedx> <0. (3.39)
v—=+0o  e—0 Q
Applying (3.21) with h replaced by h,, v >k in (3.36) and using (3.37)-(3.39), it follows
that

limsup [ a(x,Vie)-V[Ti(ue) —Ti(u)] dx
e—0 Q

<limsuplimsup <—/Qh/v(u€) [Tk(ue)—Tk(u)]a(x,Vue)-Vuedx> <0.

V=400 e—0

Therefore, (3.35) follows.
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Step 4: Now, we prove by standard monotonicity arguments that for all k> 0, =
a(x,VTi(u)) ae. in Q. Let p € D(Q) and A € R*. Using (3.35), (1.3) and Lemma 3.6, we
get

Alim [ a(x,VTi(ue))-Vedx
e—=0J0)

>limsup [ a(x,VTi(ue))-V[Ti(ue) —Ti(u) +Ag] dx

e—0 Q
>limsup Qa(x,V(Tk(u)—)\go))-V[Tk(ue)—Tk(u)-l-)\go] dx
e—0
ZA/Qa(x,V(Tk(u)—Aq)))-Vq)dx. (3.40)

Dividing the first and the last integrals of (3.40) by A >0 and by A <0 respectively, passing
to the limit with A — 0 it follows that

lim a(x,VTk(ue))-Vq)dx:/a(x,VTk(u)-Vq)dx.
0 0

e—0

This means that
/@quodx:/a(x,VTk(u)-Vgodx, Vk>0,
Q Q

and so @y =a(x,VTi(u)) in D'(Q) for all k>0. Hence @y =a(x,VTi(u)) a.e. in ) and we
have
a(x,VTi(ue)) —a(x,VTi(u)), in (L'O(Q)".

(ii) From (3.35) and (1.3), we deduce that for all k>0

lig(l) ; [a(x,Vue)—a(x,Vu)] -V [ Ti(ue) — Te(u)] dx=0.

Now, set
ge(x)=[a(x,Vue)—a(x,Vu)| -V [Ti(ue) — Ti(u)] >0.

ge(x) — 0 strongly in L'(Q) as e — 0. Up to a subsequence, g.(x) — 0 a.e. in Q, which
means that there exists w C Q) such that meas(w) =0 and ge(x) - 0 in Q\w. Let x €
0\w. Using assumptions (1.4) and (1.2), it follows that the sequence (VTj(ue(x))) ., is

bounded in RN and so we can extract a subsequence which converges to some 8 in RY.
Passing to the limit in the expression of g¢(x), it follows that

0=[a(x,0) —a(x,VTi(u))]-[0—Te(u)]

and it yields 0=V Ty (u), Vx € Q\w.
As the limit dcesn’t depend on the subsequence, the whole sequence (VT (uc(x))) .-,
converges to § in RN. This means that V Ty (u.) — VT (u) a.e. in Q.
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(iii) The continuity of a(x,&) with respect to &€ RY gives us
a(x,VTi(ue)) —a(x,VTi(u)), ae.in Q.

Therefore
a(x,VTi(ue)) VT (ue) —a(x, VT (1)) - VTi(u), ae.in Q.

Setting ze =a(x, VT (ue))-VTy(ue) and z=a(x, VT (u))-VTi(u), we have

ze>0, ze—z ae.in Q,ZELl(Q), /

zedx —>/ zedx,
Q Q

and as
/]ze—z]dx:2/ (z—z€)+dx—|-/ (ze—z)dx, and (z—z)" <z,
o o 0

it follows by using the Lebesgue dominated convergence theorem that

iig}) Q\ze—z\dx:O,
which means that
a(x,VTi(ue)) VTi(ue) —a(x,VTi(u))-VTi(u), strongly in L'(Q).
(iv) Set

he = ‘VTk<”e) p(X)/ h= ‘VTk(“)‘p(X)

8e :u<x/VTk(ue)) 'VTk(ue)/ g:ﬂ(X,VTk(M)) 'VTk(u)'

4

We have:

e /i is a sequence of measurable functions, & is a measurable function and according to
(ii), he — h a.e. in Q).

e Using (iii), we have (g¢)e~0 C L'(Q), ge — g ae. in Q, gc — g in L}(Q) and using (1.4),
we have |he| < Cge.

Then, by Lemma 2.6, we have

/hedx—>/hdx, ie. /‘VTk(ue)
0 0 0

Note also that since () is bounded, we deduce from (ii) that the sequence (VTk(ue))
converges to VT (u) in () in measure. Then, by Lemma 2.5 we deduce that

‘P(X) .

p(X)dx —>/ ‘VTk(u)
0

e>0

lim /Q ‘VTk(ue)—VTk(u)‘p(X)

e—0

dx=0,

ie. VTi(ue) = VTi(u) in (L”(')(Q))N. O
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Remark 3.2. By Lemma 3.6 and Lemma 3.7-(iv), we deduce that u € T}ll’p(') (Q).
The following lemma is useful for the next.
Lemma 3.8. For any h€ C1(R) and ¢ e WP (Q)NL®(QY),
V[h(un) 9] — V[h(u)g], strongly in (LPC)(Q2))N as e —0.
Proof. Forany he CH(R) and ¢ € WP()(Q)NL®(Q), we have

Vih(ue) o] = V[h(u)p] =(h(uec) —h(u))Vo+h' (ue) p[Vie—Vul+ (' (ue) —h'(u)) pVu
=+ 5+ 95 (3.41)

For the term ¢, we consider

00 (¥5) = [ 11(at0) = () V gl k.

Set
O (x) = |(h(ue) —h(u)) Vo ).

We have Of(x) +0a.e. x€Qase—0and
©5(x)| <C(h,p—,p+)| Vol e LY(Q).

Then, by the Lebesgue dominated convergence theorem, we get that lime_00,,(.) (1) =0.
Hence,
191100 ) —0,  ase—0. (3.42)

For the term {5 we consider
o (99)= [ 1 (1) (VT ) — 9 Ty ()
for some I >0 such that supp(h) C [—1,1]. Set
©5(x) = [ (ue) p(V Ty (ue) = V Ty () [P,
We have ©5(x) +0a.e. x€Q as e—0and
1©5(x)| < C(h,p— P4l 9lleo) [V Ty (1) = VT (1) [P,
Since VT (ue) — VT (u) strongly in (LP(')(Q))N, we get
Pp(y (VT (ue) =VTi(u)) -0, as e—0,

which is equivalent to say

lim / IV Ty () — VT (1) [P dx =0.
Q

e—0
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Then | VT (1) — VT; (1) ") = 0 strongly in L1(Q). By the Lebesgue generalized conver-
gence theorem, one has

lim Q@E(x) dx :ligg)pp(.) (1,05) =0.

e—0

Hence,
K% ||LP(')(Q) —0, ase—0. (3.43)

For the term 5 we consider

oo (W5) = [ 101 () =H' (1)) 9V x.

Set
©5(x) = | ( (1) = () ) Vu[ ).

We have O5(x) +0a.e. x€Q ase—0and
1©5(x)| < C(h,p—,p+ll9lleo) [V Ty () P € L1 (),

with some />0 such that supp (k) C[—1,1]. Then, by the Lebesgue dominated convergence
theorem, we get

limp, () (3) =0.

Hence,
H¢§Hm<-)(g) —0, ase—0. (3.44)

Thanks to (3.42)-(3.44), we get
95+ 95+ 95 oy =0, ase—0,
and the lemma is proved. O

Now, we want to pass to the limit in the first integral of (3.5). Since, for any k>0,
(M (1) Be(tie) )eso is bounded in L1(Q)), there exists z; € M, (Q), such that

i (ue) Be(ue) =z in My(Q), ase—0.
Moreover, for any ¢ € W*()(Q)NL®(Q)), we have

/qudzk:/Qq)hk(u)fdx—/na(x,Vu)oV(hk(u)qo)dx,

which implies that z; € MZ(') (Q) and, for any k<1,

zr=2;, on[|Tk(u)| <Kk].
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Let us consider the Radon measure z defined by

z=z, on|[|Ty(u)|<k| for ke N*,

(3.45)

z=0, on [ [|Te(u)|=k.
keIN*

For any h € C}(R), h(u) € L®(Q,d|z|) and
/Qh(u)q)dz:—/Qa(x,Vu)-V(h(u)q))dx-l-/()h(u)gofdx,
for any ¢ e W"P0)(Q)NL*(Q). Indeed, let kg > 0 be such that supp(h) C [—ko, ko],

/Qh(u)godz:/Qh(u)godzk0

:—}gr}) Qa(x,Vue) -V(h(ue)q))dx—l-llir(l) Qh(ue)q)fedx

=—1im [ a(x, VT, (4e)) -V (h(u)g)dx-+1im | h(ue)pfed

e—0J0

:—/Qa(x,Vu)-V(h(u)q))dx-i-/oh(u)q)fdx. (3.46)

Moreover, we have

Lemma 3.9. The Radon-Nikodym decomposition of the measure z given by (3.45) with re-
spect to LN,
z=bLN 4y, with ul LV,

satisfies the following properties

bepB(u) LN —ae inQ, be L} (Q), u GMZJ(’)(Q),
ut is concentrated on [u= M)|

and y~ is concentrated on [u=m].
Proof. Since, for any € >0, z. € dje (ue), we have
J(1) > e () > fe(ue) +(t—ue)ze LN —ae. inQ, ViER.
Then, for any h€C.(R), h>0 and k >0 such that supp(h) C [~k k|, we have
Eh (100 )j(8) 2 Eh(1ee ) (1) + (—100) e Y (1) 2.

In addition, for any 0 <€ < €&, we have

Ph(ue)j(t) > @h(ue)je(ue) + (t—ue) phue ) hy (ue)ze,
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and, integrating over () yields
/Qq)h(ue)j(t)dxz/quh(ue)jg(ue)dx—i—/n(t—ue)q)h(ue)hk(ue)zedx.
As € — 0, we get by using Fatou’s Lemma
/q)h dx>/ oh(u)je(u )dx—l—ligélf Q(1,‘—ue)qoh(ue)hk(ue)zedx.

Now, for any ¢ € C!(Q) and t € R, setting

h(r) = (t=r)h(r),

we have
im | (t—ue)h(ue)phy(ue)zedx = hm/ (ue) phy(ue)zedx = /Q( —u)h(u)pdzy

e—0J0
—/t u)h(u)gedz.

/(ph dx>/ oh(u)je(u dx+/ (t—u)h(u)dz.

As €— 0, we get by using again Fatou’s Lemma

/qoh dx>/ ¢h(u dx—i—/ (t—u

From the inequality above, we have

So,

h(u)j(t) >h(u)j(u)+(t—u)h(u)z, in My(Q), Vi€eR. (3.47)

Using the Radon-Nikodym decomposition of z we have z=bLN+u with u L LN, b e
L'(Q)), then comparing the regular part and the singular part of (3.47), for any h € C.(R),
we obtain

h(u)j(t) >h(u)j(u)+(t—u)h(u)b LN —ae.inQ, VteR (3.48)

and
(t—u)h(u)u <0 in My(Q), Vtcdom(j). (3.49)

From (3.48) we get
j(t)>j(u)+(t—u)b LN —ae.inQ, VIER,
so that b€ dj(u) LN —a.e in Q. As to (3.49), this implies that for any t € dom(j),

#>0 in [u € (t,00)Nsupp(h)] (3.50)
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and
#<0 in [u€(—oo,t)Nsupp(h)]. (3.51)

In particular, this implies that
pu(m<u<M])=0

and so that
pu~ is concentrated on [u=m] (resp. u" is concentrated on [u= M)])
and the proof of the Lemma 3.9 is finished. O

To finish the proof of Theorem 3.1, we consider g € W) (Q)NL®(Q) and he C! (R).
Then, we take h(uc)¢ as test function in (3.5). We get

[ 2l Vue) - ih(ue)gldx+ [ peluoh(ue)gdx= [ n(uc)gfedx. (352

By the Lebesgue dominated convergence theorem, we have for the term in the right hand
side of (3.52),

lim h(ue)q)fedx:/ﬂh(u)q)fdx.

e—0J0)

The first term of (3.52) can be written as

/Qa(x,Vue)oV[h(ue)q)]dx:/Qa(x,VTlOH(ue))-V[ho(ue)q)]dx,

for some Iy >0 so that, by Lemma 3.7-(i) and Lemma 3.9, we have

lim, | a(x,Vue) Vih(ue)gldx=lim | a(x,VTj41(tte)) Vo (ue) pldx
:/Qa(x,VT;OH(u))'V[hO(”)GD]dx
:/Qa(x,Vu)~V[h(M)§0]dx-

Thanks to the convergence of Lemma 3.9 and Lemma 3.7-(i) we have from (3.52)

ligé/ﬂﬁe(ue)h(ue)godx:/ h(u)gofdx—/ﬂa(x,Vu)-V[h(u)go]dx
_/ (pdz_/ h(u bqodx—i—/ u)pdy-

Letting € goes to 0 in (3.52), we obtain

/Qa(x,Vu) dx+/ bq)dx-l—/ u)pdp= / h(u)gfdx. (3.53)
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In (3.53), we take h€ C}(IR) such that [m,M]C supp(h) C[—1,1] and h(s)=1 for all s€ [1,1].
As u € dom(pB), then h(u) =1 and it yields that (u,b) is a solution of the problem (1.1).
Now, let us prove the uniqueness of the solution for the problem (1.1). Suppose that
(u1,w1),(uz,wy) are two solutions of the problem (1.1). For u;, we choose § = u as test
function in (3.2) to get

/Qa(x,Vul) VT (u;— uz)dx—l—/leTk(ul —1up)dx < /Qka(ul —1up)dx.
Similarly we get for u»
/Qa(x,Vuz)-VTk(uz—ul)dx-l—/szTk(uz—ul)dx < /Qka(uz—ul)dx.
Adding these two last inequalities yields
/Q (a(x,Vul) —a(x,Vu2)> VT (11 —uz)dx—l-/Q (w1 —wo) Ty (w1 —up)dx <0.  (3.54)
For any k>0, from (3.54) it yields
/Q (a(x,Vul)—a(x,Vu2)> VT (11 —uy)dx=0. (3.55)
From (3.55), it follows that there exists a constant ¢ such that u; —uy =c a.e. in (). At last,

let us see that w; =w, a.e. in ) and v; = ;. Indeed for any ¢ € D(Q)), taking ¢ as test
function in (3.1) for the solutions (u1,w1) and (u1,w;), after substraction, we get

/Q(w1—w2)q)dx—|—/ﬂq)d(1/1—v2):O.

w1£N—|-1/1 = wZ,CN—i—l/z.

Therefore

Since the Radon-Nikodym decomposition of a measure is unique, we get
wi=w;y, a.e.in O, andv;=1,.

To end the proof of Theorem 3.1, we prove (3.3). We take ¢ = Ty (ue—Ty(ue)) as test
function in (3.1) to get

:/Qle(ue—Tn(ue))dx. (3.56)
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Since
/Qﬁe<”e)T1 (e—Tn(ue))dx>0, and V[T (ue—Ty(ue)) = v”e?([n< |ue|<n+1]7
we have from equality (3.56),
/ a(x,Vue)-Vuedxg/ FT1(ue— Ty (ue))dx. (3.57)
[n<|ue|<n+1] Q
Thanks to (3.34), we have

lim lim/ fTh(ue—Ty(ue))dx=0.
Q

n—+ooe—0

Using assumption (1.3), it follows if we let € =0 and n — 4-co respectively in (3.57),

lim lim— |Vue|P®dx= lim 1 |Vu|P¥dx <0. (3.58)
n—+o00e—0C [n<|ue| <n+1] n——+o0 C (n<|u|<n+1]
Therefore, we get (3.3). O
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