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Abstract. We give an existence result of a renormalized solution for a class of nonlin-
ear parabolic equations

ob(x,u)

5 —div(a(x,t,u,Vu))—i—g(x,t,u,Vu)—i—H(x,t,Vu):f, in Or,

where the right side belongs to L?' (0, T;W~1#'(Q))) and where b(x,u) is unbounded
function of u and where —div(a(x,t,u,Vu)) is a Leray-Lions type operator with growth
|Vu[P~1in Vu. The critical growth condition on g is with respect to Vu and no growth
condition with respect to u, while the function H(x,t,Vu) grows as |Vu|P~ 1.
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1 Introduction

In the present paper, we study a nonlinear parabolic problem of the type

ab(axt,u) —div (a(x,t,u,Vu)) +g(x,t,u,Vu)+H(x,t,Vu)=f, in Qr,
b(x,u)(t=0)=0, in Q (1.1)
=0 on 90 % (0,T),
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where () is a bounded open subset of RN, N>1, T>0, p>1and Qr is the cylinder
Qx(0,T). The operator —div (a(x,t,u,Vu)) is a Leray-Lions operator which is coercive
and grows like |Vu|P~! with respect to Vu, the function b(x,u) is an unbounded on u.
The functions ¢ and H are two the Carathéodory functions with suitable assumptions
(see Assumption (H,)). Finally the data f is in L' (0,T;W~#'(Q2)). We are interested in
proving an existence result to (1.1). The difficulties connected to this problem are due to
the data and the presence of the two terms ¢ and H which induce a lack of coercivity.

For b(x,u) = u, the existence of a weak solution to Problem (1.1) (which belongs to
Lm(O,T;WS’m(Q)) with p>2—-1/(N+1) and m<(p(N+1)—N)/N+1 was proved in [1]
(see also [2]) when g=H =0, and in [3] when g=0, and in [4-6] when H=0. In the present
paper we prove the existence of renormalized solutions for a class of nonlinear parabolic
problems (1.1). The notion of renormalized solution was introduced by Diperna and
Lions [7] in their study of the Boltzmann equation. This notion was then adapted to an
elliptic version of (1.1) by Boccardo et al. [8] when the right hand side is in W=7 (Q),
by Rakotoson [9] when the right hand side is in L!(Q), and finally by Dal Maso, Murat,
Orsina and Prignet [10] for the case of right hand side is general measure data.

In the case where H =0 and where the function g(x,t,u, Vu)=g(u) is independent on
the (x,t,Vu) and g is continuous, the existence of a renormalized solution to Problem (1.1)
is proved in [11]. The case H=0is studied by Akdim etal. (see [12,13]). The case H=0and
where ¢ depends on (x,t,u) is investigated in [14]. In [15] the authors prove the existence
of a renormalized solution for the complete operator. The case g(x,t,u, Vu) =div(¢p(u))
and H =0 is studied by Redwane in the classical Sobolev spaces W'?(Q)) and Orlicz
spaces see [16,17], and where b(x,u) =u (see [18]).

The aim of the present paper we prove an existence result for renormalized solutions
to a class of problems (1.1) with the two lower order terms. It is worth noting that for
the analogous elliptic equation with two lower order terms (see e.g. [19,20]). The plan of
the article is as follows. In Section 2 we make precise all the assumptionson b, a, g, H, f
and give the definition of a renormalized solution of (1.1). In Section 3 we establish the
existence of such a solution (Theorem 3.1).

2 Basic assumptions on the data and definition of a
renormalized solution

Throughout the paper, we assume that the following assumptions hold true:
Assumption (H1)
Let () be a bounded open set of RN (N>1), T>0is given and we set Q7=Qx (0,T), and

b:(OxR—R is a Carathéodory function, (2.1)

such that for every x € ), b(x,.) is a strictly increasing C!-function with b(x,0) =0.
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Next, for any k >0, there exists A, >0 and functions Ay € L®(Q) and By € LP(Q}) such
that

ob(x,s) ab(x,s)
< < <
METZLESAx) and |V () | < By, (2.2)
for almost every x € (), for every s such that |s| <k, we denote by V (abg;;,s)) the gradient

of abg’;’s) defined in the sense of distributions. Also,

a:Qr xR x RYN—>RVisa Carathéodory function,
|a(x,t,5,8)| < Blk(x,t)+s|P~ (g1, (2.3)

for a.e. (x,t) €Qr, all (5,&) ER xRN, some positive function k(x,t) € L¥ (Qr) and p>0.

[a(x,t,5,&) —a(x,t,s,n)]-(E—n)>0, forall (¢n)cRN xRN, with &£y, (2.4)
u<xltlslg)'62“’§‘p/ (2.5)

where « is a strictly positive constant.

feLl?(0,T;,W-7(Q)). (2.6)

Assumption (H2)

Furthermore, let ¢(x,t,5,¢) : QrxRxRN — R and H(x,t&): Qr xRN — R are two
Carathéodory functions which satisfy, for almost every (x,t) €Qr and for all seR, & €RN,
the following conditions

8(x,t,5,8)| < La([s]) (La2(x,8) +[G]7), 2.7)
g(x,t,5,8)s>0, (2.8)

where L : RT — R" is a continuous increasing function, while Ly(x,t) is positive and
belongs to L'(Qr).

[H(x,4,8)| <h(x,1)[g]P, (2.9)

where h(x,t) is positive and belongs to L"(Qr) where r > max(N,p).
We recall that, for k>1 and s in IR, the truncation is defined as

Ti(s) s, if |s| <k,
S)=
k ks, if |s| >k

|sl”
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Definition 2.1. A real-valued function u defined on Qr is a renormalized solution of problem

(L1 if

Te(u) € LP(0, ;WP (Q)), forall k>0 and b(x,u) € L(0,T;L1((2)), (2.10)

/{m<|u|<m+1}a(x,t,u,Vu)Vudxdt—>O, as m— +oo, (2.11)

W —div (S’(u)a(x,t,u,Vu)) +8"(u)a(x,t,u,Vu)Vu+g(x,t,u,Vu)s' (u)
+H(x,t,Vu)S' (u)=fS'"(u), inD'(Qr), (2.12)

for all functions S € W2 (IR) which are piecewise C' and such that S' has a compact support in
R, and
Bs(x,u)(t=0)=0, inQ, (2.13)

where Bs(x,z) = [ abg’;’y)s’(r)dr.

Remark 2.1. Eq. (2.12) is formally obtained through pointwise multiplication of (1.1) by
S'(u). However, while a(x,t,u,Vu), ¢(x,t,u,Vu) and H(x,t,Vu) does not in general make
sense in D'(Qr), all the terms in (2.12) have a meaning in D’(Qr). Indeed, if M is such
that suppS’ C [—M, M], the following identifications are made in (2.12):

e Bs(x,u) belongs to L*(Qr) because |Bs(x,u)| < || Aml| o) ISl o (r)-

o S'(u)a(x,t,u,Vu) identifies with S'(u)a(x,t,Tap(u),VTy(u)) a.e. in Qr. Since
|Tpm(u)| <M a.e. in Qr and S’ (u) € L*(Qr), we obtain from (2.3) and (2.10) that

S"(u)a(x,t, Tag (1), VTa (1)) € (L (Qr))N.
o S"(u)a(x,t,u,Vu)Vu identifies with S”(u)a(x,t, Tpr (1), V Tpr (1)) V Tpr (1) and
S"(w)a(x,t, Tag (1), VTas (1)) VTar (1) € LY(Qr).

o S'(u)(g(x,t,u,Vu)+H(x,t,Vu)) = S (u)(g(x,t, Tsa(u), VTm(u)) +H(x,t, Vi (1))
a.e. in Qr. Since |Ty(u)| <M ae. in Qr and S'(u) € L°(Qr), we obtain from

(2.3), 2.7) and (2.9) that §' (1) (g(x,t,TM(u),VTM(u))+H(x,t,VTM(u))) eL'(Qr).
e In view of (2.6) and (2.10), we have S'(u) f belongs to L¥ (0, ;W=7 (Q))).
The above considerations show that (2.12) holds in D’(Q7) and that

dBs(x,u)

= eL?(0,T;W 17 (Q)).

. . . 9S / 1
Due to the properties of S, in view of (2.10) and (2.12), we have % eLr (0,T;, W17 (Q))

and S(u) € LP(0, T;Wé’p(Q)), which implies that S(u) € C°([0,T];L!(Q)) so that the initial
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condition (2.13) makes sense. Indeed, for every S € W1'°°(IR), nondecreasing function
such that suppS’ C [-M, M], in view of (2.2) we have

AmlS(r)=S(r)| < |Bs(x,r) —Bs(xfr')‘ <[ Amllo o) 1S(r) =S(r)], (2.14)

for almost every x € () and for every r, ¥ €R.
Now we state the proposition is a slight modification of Gronwall’s lemma (see [21]).

Proposition 2.1. Given the function A, vy, ¢, p defined on [a,+oo[, suppose that a >0, A >0,
v >0 and that Ay, A and \p belong to L' ([a,+oo]). If for almost every t >0 we have

ERSY
o) <pt)+1(1) [ ADe(v)dr,
then . .
o) <p(0)+10) [ (A [ A0 e

for almost every t > 0.

3 Main results

In this section we establish the following existence theorem.

Theorem 3.1. Assume that (H1)—(H2) hold true. Then, there exists a renormalized solution u of
problem (1.1) in the sense of Definition 2.1.

Proof. The proof of this theorem is done in five steps.
Step 1: Approximate problem and a priori estimates.

For n >0, let us define the following approximation of b, ¢ and H. First, set

by (x,7)=b(x,Ty(r)) -I-%r. (3.1)

In view of (3.1), by, is a Carathéodory function and satisfies (2.2), there exist A,, >0 and
functions A, € L®(Q)) and B, € L?(Q) such that

dby, (x,s) dby, (x,s)
< < <
< <A,(x) and ‘Vx< o ) <By(x),

An

a.e. in (), s€R. Next, set

g(xt,5,8)
1+1|g(xt,5,8)|

H(x,t,&)
1+1H(xt,8)|

en(x,t,5,8)= , and H,(xt¢)=
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Let us now consider the approximate problem

W —div(a(x,t,un, Vi) +gn(x,t,1n,Viiy)

+Hyu(x,t,Vuy)=f, in D'(Qr), (3.2)
by (x,u,)(t=0)=0, in Q),
by (x,u,)=0, on 00 x (0,T).

Note that g,,(x,t,5,¢) and H,(x,t,§) are satisfying the following conditions

gn(xtsd) <max{lg(xts,d)lin} and [Hy(xtE)| <max{|H(x )| n}.

Moreover, since f € LF' (0, T;W~" ¥ (Q)), proving existence of a weak solution u, €
LP(0, T;Wé’ P(Q))) of (3.2) is an easy task (see e.g. [22]). For e >0 and s >0, we define

sign(r), if || >s+e,

sign(r) (Ir|—s)

pe(r) = , ifs<|r|<s+eg,

0, otherwise.

We choose v= ¢ (11,,) as test function in (3.2), we have

T
[/()Bge(x,un)dx] + [ a(x,t,uy, Vi) -V(ee(u,))dxdt
0 Qr
+ 0 Ln (3,1, Vi) e (1, ) dxdt+ o Hy(x,t, Vi) @e(u,)dxdt
T T
T
= [ Fgetun)at,

where by (2,5)
n . n xls
Bq,g(x,r)—/0 3 @e(s)ds.

Using

By (x,1) >0, gn(x,t,un, Vity) @e(un) >0,
(2.9) and Holder’s inequality, we obtain

1

—/ a(x,t,uy, Vi) - Vu,dxdt
€ J{s<|un|<s+e}

1
, o7 p
g(/ fIP dxdt)” (/ (M) dxdt>p
{s<|un|<s+e} {s<|un|<s+e} €

+ / h(x, )| Vit P~ 1dxdt.
{s<|un]
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Observe that,

/ h(x, )| Vit |P~ L ddt
o<}
1

</+°° (—_d/ hdedt);(__d/ Vi ]dedt) do (3.3)
=) \do Jio<iu)} do Jio<pup' " ' '

Because,

/ h(x,t) | Vi, [P~ dxdt
{s<lum}

+oo _
—/ d (/ (x,t)]Vun|p1dxdt> do
{o<|uy|}

“+o00
_/ lim = / h(x, )| Vi [P dxdt ) do
600 \ Jo<|us|<o+4}
1 1
+oo 1 P _/
§/ lim — / h?dxdt / |\Vu,|Pdxdt ) do
s 0200 \J{o<|u,|<o+5} {o<|un|<o+5}

1 1
+o00 v _/
- / <1im1 h”dxdt) (hm1 ywn\i’dxdt> do
s 6—00 J{o<|u,|<o+6} 5—00 J{o<|u,|<o+6}

too / . v
:/ (_d/ h”dxdt) ' <—d/ \Vun!’”dxdf) do.
s do Jio<ju)y do J{o<|ua|}
By (2.5) and (3.3), we deduce that

1/ a|Vuy,|Pdxdt
€ J{s<|un|<s+e}

1
§<1/ \fyr”dxdt) ' (1/ \wnypdxdt> '
€ J{s<|uy|<s+e} € J{s<|un|<s+e}
1

oo/ —d v (—d
+ / <— / thxdt) (— / ywn\r’dxdt> do.  (34)
s do {o<|un|} do {o<|un|}

Letting € go to zero, we obtain

—d a|Vuy,|Pdxdt

{s<funl}

1
—d / Y —d [
<( =< p —“ p
_(ds /{s<un}m dxdt) (ds /{s<|un}‘w"’ dxc“)

oo/ —d v (—d
+ / (— / hpdxdt> <— / ywnvﬂdxdt) do,  (35)
s do J{o<|u,|} do J{o<|u,|}

T =
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where {s <|u,|} denotes the set {(x,t) € Qr,s < |u,(x,t)|} and p(s) stands for the distri-
bution function of u,, thatis u(s) = |{(x,t) € Qr, |u,(x,t)| <s}| for all s >0.

Now, we recall the following inequality (see for example [23]), we have for almost
every s >0

1 -1 1 1 d
1< (Nef) et ) (—g Vi) .6)

Using (3.6), we have

_—d/ a|Vu,|Pdxdt
ds J{s<|ul)
1

1
:a<__d/ \Vun\pdxdt>p <__d/ ]Vun\pdxdt>p
ds {s<|un|} ds {s<|unl}

1
7

1
—d / P —d ;
< —/ p dxdt> (—/ Vu dedt)
(ds {s<\un|}’f| ds {s<|un\}| g

+(ved) et (o /{Mnl}ywnwdxdt)%

1 1
(& ) (&) )
X — hP dxdt —_— Vu,|Pdxdt ) do, (3.7)
/s <dc7 (o<|unl} do {tr<|un|}’ |

which implies that,

1
7

oc<_—d/ \Vun\pdxdt>p
ds J{s<[ul}

<(F i) s (ned) et

—+o00 _ 5 _
" / (_d / hmxdt) ' (_d / ]Vun|?’dxdt> " do. (3.8)
s do J{o<|ual} do J{o<|un|}

Now, we consider two functions B(s) and F(s) (see [24, Lemma 2.2]) defined by

(s)

/ HP (x,t)dxdt = / " Br(0)do, (3.9)
{s<|un|} 0

, u(s)
/ F|7 dxdt = / F?
{s<|un|} 0

HBHL}”(O’T;W&’V(Q)) < Hh| |LP(0’T;WS’P(Q))’ ||F| |LP’(0/T;W*LP’(Q)) < Hf| |LP’(0/T;W*LP’(Q))‘ (3‘11)

/

(0)do, (3.10)



36 Y. Akdim, A. Benkirane, M. El Moumni and H. Redwane / J. Partial Diff. Eq., 27 (2014), pp. 28-49

From (3.8), (3.9) and (3.10) becomes

1
7

o <_—d/ \Vu,ﬂ’dxdt) '
ds J{s<lunl)

1
7

<F(u(s)) (' (5)) 7 +(NCF) ™ (u(s

x/s+m3(y(v))(—y’(v))]? (—%/{Kunl}\Vun]”dxdt) dv.

~—
~—
zl=
|
—_
—~
=
~
~—~~
v5)
~—
~—
= =

From Proposition 2.1, we obtain

1
a<_—d/ |Vun|”dxdt>p
ds J{s<|u,|}

<E(u(s)) (=4 ()7 +(NCF) " ((s)) ¥ =1 (=4 (s)) 7

< [N B (i (eDexp  [TNEY) DBEON ) 1) ) e

Raising to the power p/, integrating between 0 and +oo and by a variable change we have

/ lQrl
of ]Vun]pdxdtgco/ Tpp (A)dA
Qr 0

/

‘QT| 1 ’ A A 1 1 p
Yoo [ AGDR [ / F(z)B(z)exp( / (Ncg)—ls(v)vw-ldv)dz] da.
0 0 z

Using Holder’s inequality and (3.11), then we get

‘ ‘u” ‘ ‘LF(O,T;WS’F(Q)) < C1, (312)

where c; is a positive constant independent of n. Then there exists u € LP(0,T; Wé’p (Q)))
such that, for some subsequence

1, — u weakly in LP(0,T;Wy* (Q)), (3.13)
we conclude that
p
Tl 0 agricn)
We deduce from the above inequality, (2.2) and (3.14), that

<ook. (3.14)

/Q BY (x,u,)dx < Ck, (3.15)

where

z
2= [ TR (s)ds.
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Now, we turn to prove the almost every convergence of u, and b, (x,u,). Consider
now a function non decreasing ¢ € C2(R) such that gi(s) =s for |s| <k/2 and gi(s) =k
for |s| > k. Multiplying the approximate equation by g; (1), we obtain

aBgl/c(x,un) : / 1
— 5 —div(a(x,t,u,, Vi) (un))+a(x,t,u,, Vi) gy (1) Vi,
+(gn (x,t,1, Vity) +Hy (x,, Vg ) gy (un) = £, (1), inD'(Qr), (3.16)

where

Z0b,(x,s)
n _ n\X,S8)
Bg]i(x,z) _/0 o 2 (s)ds.
As a consequence of (3.14), we deduce that gi(u,) is bounded in L”(O,T;Wg’p(ﬂ)) and
BB;]/( (x,u,) /0t is bounded in L? (0, ;W17 (€1)). Due to the properties of g; and (2.2), we
conclude that 9 (u,,) /9t is bounded in L” (0, ;W' (1)), which implies that g (u,) is
compact in L'(Qr).

Due to the choice of g, we conclude that for each k, the sequence Ty (u,) converges
almost everywhere in Qr, which implies that u,, converges almost everywhere to some
measurable function u in Qr. Thus by using the same argument as in [11,25] and [26],
we can show

U, —u, a.e.in Qr, (3.17)
bn(x,u,)—b(x,u), a.e. in Qr. (3.18)

We can deduce from (3.14) that
Ty (1) = Ty (1), weakly in LF(0,T; W, (Q))). (3.19)

Which implies, by using (2.3), for all k>0 that there exists a functionz € (LF” (Qr))N, such
that
a(x,t, Ti (1), VTi(u,)) =7, weaklyin (L” (Qr))N. (3.20)

We now establish that b(.,u) belongs to L*(0,T;L!(Q})). Using (3.17) and passing to
the limit inf in (3.15) as n tends to +o0, we obtain that

1/ B, (x,u)(7t)dx <C,
kJao

for almost any 7 in (0,T). Due to the definition of Br, (x,s) and the fact that 1 B, (x,u) con-
verges pointwise to b(x,u), as k tends to +oo, shows that b(x,u) belong to L*(0,T;L(Q))).

Lemma 3.1. Let u, be a solution of the approximate problem (3.2). Then

lim limsup a(x,t,u,, Vi) -Vu,dxdt=0. (3.21)

M= 4 oo /{m< [un| <m+1}
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Proof. Considering the function ¢ = Ty (4, — Ty (14)) T = a (1) in (3.2) this function is
admissible since ¢ € LP(0,T; Wg 7(Q)) and ¢ >0. Then, we have

T ob,(x,uy) /
/O <T ’ am<un)>dt+ {mﬁun§m+1}a(xlt/un/vun)'vunam(u”)dxcu

+, (0 Gt V) o (3,8, Vi) ) (10 i
T

<Vl ([, 1717 dxd)

Which, by setting

<=

P

.
B, (x,r) :/o W&m(s)ds,

(2.8) and (2.9) gives

/ By, (x,u,) (T)dx+ a(x,t 1, Vity) - Vitgdxdt
Q

{m<u,<m+1}
1
<|IVunllLrop (/{m<u }!f|”/dxdt> ’ +/QTh(x,t)]Vun|”_locm(un)dxdt.

Using this Holder’s inequality and (3.12), we deduce

/ By (x,un)(T)dx—I—/ a(x,t,uy, Vi) - Vu,dxdt
Q ' {m<u,<m+1}

1
<er (/ |fyp’dxdt> "o (/ ]h(x,t)|pdxdt>
{mSu"} {mS”n}

Since B} (x,u,)(T)>0 and by Lebesgue’s theorem, we have

lim lim ( / | fyr”dxdt> "o, (3.22)
{m<uy,}

m—00n—»00

1
v

[

Similarly, since b€ L"(Qr) (with r > p), we obtain

1
7

flim lim < / Ih(x,t) |dedt> " _o. (3.23)
m—00n—r00 {m<u,}
We conclude that
lim limsup a(x,t,u,,Vuy,) -Vu,dxdt=0. (3.24)

M=o 4o J{m<u,<m+1}
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On the other hand, let ¢ = Ty (1, — T, (1,,))~ as test function in (3.2) and reasoning as in
the proof of (3.24) we deduce that

lim limsup/ a(x,t,uy, Vi) -Vu,dxdt=0. (3.25)
m—o0 4 veo J{—(m+1)<u,<-m}
Thus (3.21) follows from (3.24) and (3.25). O

Step 2: Almost everywhere convergence of the gradients.

This step is devoted to introduce for k>0 fixed a time regularization of the function
Ty (u) in order to perform the monotonicity method. This kind of regularization has been
first introduced by R. Landes (see [27, Lemma 6, proposition 3 and proposition 4]). For
k>0 fixed, and let ¢(t)=te", 4> 0. It is will known that when > (L1 (k) /2«)?, one has

Ly (k)

o (s)— (T) o(s)| > % for all s € R. (3.26)

Let ¢; € D(Q) be a sequence which converge strongly to uo in L'(Q).
Set w}, = (Ty(u)),+e M Ti(y;) where (Ti(u)), is the mollification with respect to time

of Ti(u). Note that w;, is a smooth function having the following properties:

oW, ‘ . .
at} = u(Te(u)—w,), w,(0)=Ti(y;), |w,|<k, (3.27)
w;, — Ti(u),  strongly in LP(O,T;W(}’F(Q)), as p— oo. (3.28)

We introduce the following function of one real:

1, if |s| <m,
hm(s)=<0, if [s| >m+1,
m+1—|s|, ifm<|s|<m+1,

where m > k. Let Gﬁ’i =Tr(uy) —w; and z,’ﬁ,’in = qo(@,’f’i)hm (up).

Using in (3.2) the test function z},’,, we obtain

T ,9b,(x,u -
[ (2L 7)), )
+ QTa(x,t,un,Vun)-[VTk(un)—VwL]go’(@,’f’l)hm(un)dxdt

+ a(x,t,un,Vun)-Vunq)(f)lf’i)h:n(un)dxdt
Qr

+ (gn(x,t,un,Vun)—|-Hn(x,t,Vun)>z%j,indxdt
Qr

T i
:/ (f,szm>dt,
0
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which implies since g (x,t,tn, Vitn) ¢ (Ti (t4) =}, ) 1 (142) > 0 on { [ | >k}

/0T<W i @(Tie(un) —w;)hm(un)>dt

+ [ a(xtuy, Vi) [VTi(u,) —Vwi,]go’(@,’f’i)hm(un)dxdt
Qr

+ o a(x,t,u,, Vi) -Vunq)(G,’;’i)h,’n (1) dxdt
T

-|-/ gn(x,t,un,Vun)q)(Tk(un)—w;)hm(un)dxdt
{lun| <k}
T , ,
< / (f; 2hm) dt+ / |Hyy (8, Vity )zl | dxdt. (3.29)
0 Qr

In the sequel and throughout the paper, we will omit for simplicity the denote &(n,1,i,m)
all quantities (possibly different) such that

lim lim lim lim e(n,u,i,m) =0,
M—00]—c0 f—>00N—>00

and this will be the order in which the parameters we use will tend to infinity, that is, first
n, then y,i and finally m. Similarly we will write only &(n), or €(n,p),--- to mean that the
limits are made only on the specified parameters.

We will deal with each term of (3.29). First of all, observe that
T i i
/ (f; Zil,'m)dt-l-/ |Hy (x,t, Vuy)zhm|dxdt =e(n,u), (3.30)
0 Qr

since ¢(Tk(un)—w;)hm(un) converges to @(Ti(u) — (Ti(u))+e T (i) hm (1) strongly
in LP(Qr) and weakly —x* in L®(Qr) as n—co and finally ¢(Tj(u) — (Ti(u))+e * Ti(¢i))
Xhy, (1) converges to 0 strongly in LP(Qr) and weakly—x in L®(Qr) as y — oo.

On the one hand. The definition of the sequence w!, makes it possible to establish the

M
following Lemma 3.2.
Lemma 3.2. For k>0 we have
T ,0b,(x,u ‘ .
/0 <"(T”) : q)(Tk(un)—w’y)hm(un)>dtzs(n,m,y,z). (3.31)

Proof. (see Blanchard and Redwane [28]). O
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On the other hand, the second term of the left hand side of (3.29) can be written

/ a(x,t,uy, Vi) (VT (uy) — Vw;,)qo’(Tk(un) —w;l)hm (1) dxdt
T

=/ |<k}a(x,t,un,Vun).(VTk(un)—Vw;)qD/(Tk(un)—w;)hm(un)dxdt
Un|S

+/{| | k}a(x,t,un,wn)-(VTk(un)—w;)(p'(Tk(un)—w;‘,)hm(un)dxdt
Up|>
= u(x,t,un,Vun)o(VTk(un)—Vw;l)Q’(Tk(un)—wL)dxdt
Qr
—|—/ a(x,t,un,Vun)o(VTk(un)—Vw;l)q)’(Tk(un)—w;)hm(un)dxdt,
{lun|>k}

since m >k and h, (11,) =1 on {|u,| <k}, we deduce that
/Qa(x,t,un,Vun)-(VTk(un)—Vw;)qo’(Tk(un)—w;)hm(un)dxdt

:/QT (u(x,t,Tk(un),VTk(un)) —a(x,t,Tk(un),VTk<u)))
(VTi(tn) = VT (1)) @' (Tie(un) —w;,)dxdt
+ [ b Teloen), VTs(u))- (VTs(a) = VT (1)) ' (Teat) o) vl

+ a(xrter(”n)rVTk(un))'VTk(u)¢/(Tk(”n) —w) i () dxdt

I3
Qr
—/ a(x,t,uy, Vi) -Vw;q)’(Tk(un) —w;)hm (u,)dxdt
T
=K1+ Ky+K3+Kj.

Using (2.3), (3.20) and Lebesgue theorem we have a(x,t, Ty (u,), VTi(11)) converges to
a(x,t, Ty (1), VTi(u)) strongly in (L? (Qr))N and VTi(u,) converges to VTi(u) weakly
in (LP(Qr))V, then K, =¢(n). Using (3.20) and (3.28) we have
K3:/ a-VTi(u)dxdt+e(n,p).
T
For what concerns Ky can be written, since h, (11,) =0 on {|u,| >m+1}
K4:—/ a(x,t,TmH(un),VTmH(un))-Vw;q)’(Tk(un)—w;)hm(un)dxdt
T
:—/ a(x,t,Tk(un),VTk(un))-Vw;,q)’(Tk(un)—w;)hm(un)dxdt
{lun| <k}

- / a0t Ty (t0), Y Ty (1)) - Va0 9 (Ti (1) = ! Y (1) dxlt,
{k<[un|<m+1}
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and, as above, by letting n — oo

Ky=— a-Vuw',¢' (Ty(u)—w',)dxdt
4 /{Iu|<k}a Vw,¢'(Ty(u) —w,)dx

- /{ ey T (T0) 0 i ()t (),
so that, by letting y — oo
K4:—/ a-VTi(u)dxdt+e(n,p).
,
We conclude then that
/Q a(3, bt Vit) (VT (1) — Vel ) ' (T (1) = !V (10) dxlt

T
:/Q (@t Te(t), ¥ TicCwn)) —a (.8, Tatn), VTe(w))
T
X (VT (un) = V(1)) @' (Ti (1) —w), ) dxdt+¢(n, ). (3.32)
To deal with the third term of the left hand side of (3.29), observe that
'/ a(x,t,un,Vun)-Vun¢(6ﬁ’i)h;1(un)dxdt'
T
gq)(Zk)/ a(x,t,u,, Vi) -Vu,dxdt.
{m<|uy|<m+1}
Thanks to (3.21), we obtain
‘/ a(x,t,uy, V) -Vun¢(6ﬁ’i)h;1(un)dxdt‘ <e(n,m). (3.33)
T

We now turn to fourth term of the left hand side of (3.29), can be written

o, Vi) @(Ti(iy) —w! Y (1, )dxdt
‘/{wSk}g(x V) (T (1410) = 0y, ) o (14 ) dx '
S/{ \<k}L1<k)<L2(x’t)+’VTk(un)’p‘(P(Tk<Mn)—W;l)hm<un)dxdt

ng(k)/Q Lo(x,8) | (Ti(1) — !, dxdlt
L Lak)

/a(x,t,Tk<un),VTk<un))-VTk(un)\(p(Tkwn)—w;,)\dxdt, (3.34)

T

since L, (x,t) belong to L'(Qr) it is easy to see that

Ll(k)/QTLz(x,t)|(p(Tk(un)—w;)ydxdt:s(n,y).
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On the other hand, the second term of the right hand side of (3.34), write as

L1(k)/ a(x,t, T (un), V Tic(ttn)) -V Tic (it ) | @ Ti (1) — ', )| dxdlt

T

:Ll (k) / (a(x,t,Tk(Mn),VTk(“n)) _“(x't’Tk(u”)’ka(u)))

o T

(VTi(n) = VT (1)) | @ (Te(ttn) — ), ) | dxdlt

8 1 Ty 00), VT4 0)) (Vi) = V5 0)) Ty () — 0} et

+L17(k)/QTa(x,t,Tk(un),VTk(u)).VTk(u)ygo(Tk(un)—w;)ydxdt,

and, as above, by letting first n then finally u go to infinity, we can easily see, that each
one of last two integrals is of the form &(n, ). This implies that

‘/{un<k}g(x,t,un,Vun)(P(Tk(un)—w;)hm(un)dxdt‘
§L17<k)/T(H(X,t,Tk(un),VTk(un))—a(x,t,Tk(un),VTkw)))

(VT (ttn) = V(1)) |9 (Te(1tn) —w;,) [ dxedt e, ). (3.35)

Combining (3.29), (3.31), (3.32), (3.33) and (3.35), we get

/ . (a(x,t,Tk(un),VTk(un)) —a(x,t,Tk(un),VTk(u))>
_ Li(k)

(VT (un) —VTi(1)) (q)’(Tk(u) —w;) | ( Ty (14n) —w;)\) dxdt<e(n,p,im),

and so, thanks to (3.26), we have

/ (a(xlt/Tk(un)/VTk<un)) _a(xlt/Tk(un)/VTk<u))) ’ <VTk(un) - VTk(u)) dxdt
<e(n). (3.36)

Hence by passing to the limit sup over n, we get

limsup (a(x,t,Tk(un),VTk(un)) —a(x,Tk(un),VTk(u))> (VT (uy) —VTy(u))dxdt=0.

This implies that

Ty (1) = Tx(u), strongly in L”(O,T;Wg’p(ﬂ)) for all k. (3.37)
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Now, observe that for every c >0,
meas{(x,t)eQT: \Vun—Vu]>U}
gmeas{(x,t)EQT: |Vun]>k}+meas{(x,t)€QT: |u]>k}
+meas{(x,t)€QT: |VTk(un)—VTk(u)\>c7},

then as a consequence of (3.37) we have that Vu, converges to Vu in measure and there-
fore, always reasoning for a subsequence,

Vu,—Vu, ae. inQr, (3.38)
which implies
a(x,t, T (1), V(1)) = a(x,t, T (1), VTi(u)),  weakly in (L¥ (Qr))N. (3.39)

Step 3: Equi-integrability of H,, and g,.

We shall now prove that H,(x,t,Vu,) converges to H(x,t,Vu) and g, (x,t,u,, Vi)
converges to g(x,t,u,Vu) strongly in L' (Qr) by using Vitali’s theorem.

Since H,(x,t,Vu,) — H(x,t,Vu) a.e. Qr and g, (x,t,u,, Vu,) — g(x,t,u,Vu) a.e. Qr,
thanks to (2.7) and (2.9), it suffices to prove that H,(x,t,Vu,) and g,(x,t,u,, Vu,) are
uniformly equi-integrable in Qr. We will now prove that H,(x,Vu,) is uniformly equi-
integrable, we use Holder’s inequality and (3.12), we have

AuiKLVugyg<éhw%ﬂdxm)p(Ahﬁh%w)ﬂgxl<éhwnﬂdmﬂ>ﬂ (3.40)

which is small uniformly in # when the measure of E is small.
To prove the uniform equi-integrability of g, (x,t,u,, Vi, ). For any measurable subset
ECQrand m>0,

/]g(x,t,un,Vun)|dxdt
E

- .t /V dxdt+ i, ,V dxdt
Eﬂ{|un|§m}’g<x Uy un)‘ X Eﬂ{|un‘>m}‘g(x Un un)’ X

<Ly(m) [ [Lo(x,£) + | Vit ") ddlt+ 93,1, Vi) | dxdlt

En{|uy|<m} En{|uy|>m}

§L1(m)/ [Lo(x,t)+ |V Ty (1) |P] dxdt+ \g(x,t,u,, Vuy,)|dxdt
En{|uu|<m} En{|uy|>m}
—Kq+Ko. (3.41)

For fixed m, we get

Ky <Ly (m) /E (Lo (x,t) -+ |V Ty (1) ] dixdit,
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which is thus small uniformly in 7 for m fixed when the measure of E is small (recall that

T (1ty) tends to T, (u) strongly in LP(0,T; Wé’p (Q)))). We now discuss the behavior of the
second integral of the right hand side of (3.41), let 1, be a function such that

llJm(S)=0, if |s]§m—1,
Pm(s)=sign(s), if [s|>m, (3.42)
Pm(s)=1, if m—1<|s|<m.

We chooses ¢, (1,,) as a test function for m > 1 in (3.2), we obtain
T
{/ BZ(X,Mn)dX] +/ a(x,t,u,, Vi) Vi, (u,)dxdt
0 0o Jor
+/Q gn(x,t,un,Vun)lpm(un)dxdt+/Q Hy, (x,t, Vi) ¥ (1) dxdt
T T

T
= [ putat

where 3b (2,5)
n _ 4 n xls
Bj (x,r) —/0 3 Pm(s)ds,

which implies, since B! (x,r) >0 and using (2.5), Holder’s inequality

n(Xt Uy, Vuy)|dxdt
[N eI

1
S/E]Hn(x,t,Vun)]dxdt—l—HfHLp,(O’T;WW(Q))(/{ ]Vun|r’dxdt>ﬁ.

By (3.12), we have

m—1<|u,|<m}

lim sup/ |gn (x,t, 1, Vu,)|dxdt=0.
{Jun|>m—1}

m—)oone]N

Thus we proved that the second term of the right hand side of (3.41) is also small, uni-
formly in n and in E when m is sufficiently large. Which shows that g, (x,t,u,, Vu,) and
H,(x,t,Vuy,) are uniformly equi-integrable in Q7 as required, we conclude that

{Hn (x,t,Vuy) = H(x,t,Vu), strongly in L'(Qr), (3.43)

n(x, b1y, Vu,) — g(x,t,u,Vu), strongly in L'(Qr).
Step 4: In this step we prove that u satisfies (2.11).

Lemma 3.3. The limit u of the approximate solution u, of (3.2) satisfies

lim a(x,t,u,Vu)-Vudxdt=0.

m=r+e0J{m<|u|<m+1}
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Proof. Note that for any fixed m >0, one has

/ a(x,t,uy, Vi) -Vu,dxdt
{m<|uy|<m+1}%

= a(x,t,un, Vi) (VTyi1(uy)— VT, (u,))dxdt
Qr

. / a (2,8, Tovsr (10n), Y Ty (1)) -V Ty (10 ) dxdlt
T

- / a(x,t, Ty (1t ),V Ts (1)) -V Ty (11 dxdlt.

T

According to (3.37) and (3.39), one can pass to the limit as n — +oo for fixed m >0, to
obtain

lim a(x,t,uy, Vi) -Vu,dxdt
n—~+00 JIm<|u,|<m+1}

- / a(%,t, Tyt (1), Y Typs1 (1)) -V Tpppr (1) dxdlt
Qr

. / a (2, Tou (1), Tpa(10)) -V Ty (1) dxdt

Qr

a(x,t,u,Vu)-Vudxdt. (3.44)

/{m§|un§m+l}

Taking the limit as m— +oc0 in (3.44) and using the estimate (3.21), we show that u satisfies
(2.11) and the proof is complete. O

Step 5: In this step we prove that u satisfies (2.12) and (2.13).

Let S be a function in W?*(IR) such that S’ has a compact support. Let M be a positive
real number such that support of S’ is a subset of [—M, M]. Pointwise multiplication of
the approximate equation (3.2) by S’(u,,) leads to

dB%(x,
% —div (S’(un)a(x,t,un,Vun)> +8" (uy)a(x,t,uy, Vi) Vi,
+S(uy) (gn(x,t,un,Vun)—i—Hn(x,t,Vun)) =fS"(uy), inD'(Qr). (3.45)

Passing to the limit, as n tends to +oo, we have

e Since S is bounded and continuous, u, — u a.e. in Qr implies that B%(x,u,) con-
verges to Bs(x,u) a.e. in Qr and L™ weak”. Then 0B (x,1,) /0t converges to dBg(x,u) /ot
in D'(Qr) as n tends to +oco.

e Since supp(S’) C [-M, M], we have for n> M,

S (un)an (x,t,u,, Viiy) =S (un)a(x,t, Tng (1), VTap(uy)), a.e.in Qr.
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The pointwise convergence of u, to u and (3.39) as n tends to +-co and the bounded
character of S’ permit us to conclude that

S (ttn)an (.t 1t Vi) = 8 (w)a(x,t, T (), VTma(u), in (LP(Qr))Y, (3.46)

as n tends to +oo. S'(u)a(x,t, Ty (u), VTa(u)) has been denoted by S’ (u)a(x,t,u,Vu) in
Eq. (2.12).

e Regarding the ‘energy’ term, we have
S" (un)a(x,t,un, Vuy)Vu,=S"(uy)a(x,t, Tag(un), VTr (1)) VT (1), ace.in Qr.

The pointwise convergence of S'(u,) to S'(u) and (3.39) as n tends to +oo and the
bounded character of S” permit us to conclude that S” (uy,)ay, (x,t,u,, Vi, ) Vu, converges
to S (u)a(x,t, Tar(u),VTa(u))VTa(u) weakly in L' (Qr). Recall that

S"(u)a(x,t, Tas(u),VTa(u))VTr(u)=S"(u)a(x,t,u,Vu)Vu, ae.in Qr.
e Since supp(S’) C [-M, M|, by (3.43), we have

S’ (uy) (gn (x,t,uy,Vu,)+H, (x,t,Vun)> —S'(u) <g(x,t,u,Vu) —|—H(x,t,Vu)>

strongly in L'(Qr), as n tends to +oco.

As a consequence of the above convergence result, we are in a position to pass to the
limit as n tends to +co in equation (3.45) and to conclude that u satisfies (2.12).

It remains to show that Bs(x,u) satisfies the initial condition (2.13). To this end,
firstly remark that, S being bounded, B%(x,u,) is bounded in L*(Qr). Secondly, (3.45)
and the above considerations on the behavior of the terms of this equation show that
OB (x,u,) /0t is bounded in LY (0,T;W~"(Q)). As a consequence, an Aubin’s type
lemma (see, e.g, [29]) implies that BZ(x,u,) lies in a compact set of Co([o,T],LY(QY)). Tt
follows that on the one hand, B%(x,u,)(t=0) = B%(x,0) =0 converges to Bs(x,u)(t=0)
strongly in L'(Q)). On the other hand, the smoothness of S implies that Bs(x,u)(t=0)=0
in Q.

As a conclusion, steps 1-5 complete the proof of Theorem 3.1. O
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