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Abstract. We considered the Cauchy problem for the fractional wave-diffusion equa-
tion
D*u—Alu|" u+ (=A)P 2D [u u=h(x,t) [ulP + f(x,t)

with given initial data and where p>1, 1 <a <2, 0< <2, 0< v <1. Nonexistence
results and necessary conditions for global existence are established by means of the
test function method. This results extend previous works.
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1 Introduction

In [1], Kirane and Tatar consider the Cauchy problem of the hyperbolic fractional equa-
tion

ust— Au+DPu=h(x,t)|ul?, (1.1)
where p>1 and 0< <1, this equation arises in the modeling of fast wave propagation in
micro-inhomogeneous media see (see [2]). In [1], the authors established conditions on
the initial data and the function h(x,t) that are necessary for local and global existence. It
is shown that if

2p+p

l<p<ly-PtP_
<P=Ito N2
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(where p comes from the function /) then we have non-existence of global solutions.
Whenm=I1=1,a=2, =0, h=1 and y =1, this problem has been treated by a large
number of researchers. Then we obtain the wave equation with the linear damping u;. In
this case Todorova and Yordanov [3], Mitidieri and Pohozahev [4] and Zhang [5] showed
that the Fujita exponent is p. =1+2/N. This result has been extended to solutions of the
telegraph equation
D*u—Au+DPu=0,

by Cascaval et al. [6] this problem arises while studying some iterated Brownian motions
(see [7]). We point out here that fractional derivatives serve, among other things, to model
various anomalous damping such as noise attenuation and viscoelastic dissipations (see
[8-12]). Indeed it has been shown by experiments (see [13]) that experiment data fit very
well in the models involving fractional derivatives within a broad frequency range for
several materials. This materials include synthetic polymers, electrochemistry, glassy
materials and many other viscoelastic and hereditary mechanics.
In this paper, we consider the problem

{ D= Afu" N+ (= A) 2Dl =R )l + (), W

u(x,0)=uo(x) >0, u;(x,0)=ui(x)>0, xeRN,

We will generalize the results in [1] to problem (1.2) where 1<a<2,0<f<2and 0<y<1.
Nonexistence results as well as necessary conditions for local and global existence will
be established. In addition to this we can look at the equation in problem (1.2) as a
generalization of the fractional diffusion-wave equation

D*u=Au+h(x,t)|ul?, l<a<2. (1.3)

This eq. (1.3) is now a special case of the eq. (1.2), we can consider the eq. (1.2) as the
fractionally damped equation of (1.3). Eq. (1.3) serves as a model in the study of the
thermal diffusion in fractal media. See Saichev and Zaslavsky [14], Mainardi [10, 11],
Fujita [15] and references therein. Molz et al. in [16] discuss a physical interpretation
of the fractional derivative in a Levy diffusion process. Our argument is based on the
test-function method developed by Mitidieri and Pohozaev [4], Zhang [5] Kirane and
Tatar [1] and others. The necessary conditions results are inspired by some arguments
due to Baras and Kersner [17].

Now, we present two different definitions of fractional derivatives (see [13,18]).

We define the fractional derivative in the Caputo sense of power i by

1 t .
CDiu(t)::F(T_M)/O (t—7)"* 1) (1)dr, n—l<u<n.
The fractional derivative in the Riemann-Liouville sense is given by
REDRu(t):= L (i)”/t(t—r)”_y_lu(r)dr t>0.
+ T(n—u) dt’” Jo ’
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The relationship between the Caputo derivative and the (left-handed) Riemann-Liouville
derivative is given by the formula

k)Oth 1

; I'(1+ u) T(n—p

RLDV

[ roion

n—1_ (k) k—u
RLH v (o)t Ch
D+u(t)—k§:()7r<1+k_‘u)+ DY u(t).

For T >0, we define the right-handed Riemann-Liouville fractional derivative by

DEu(t):= 1“((;1):!) <%> /tT(T_t)n”H‘(T)dTI n—l<u<n.

We have also the formula integration by parts (see [13], p.46).

/f D8 (# )df:/oT (H(Dyrf)(dt,  0<a<l.

2 Main results

The function h(t,x) is assumed to be nonnegative and satisfies h(TR*/*,yT*/#) = R4%/% x
T*}#h(7,y) for some positive constants y, o, A will be determined later and for R and T
large.

Set p:= (40 /a)+(4A/u). Let us make clear first what we mean by a solution to prob-
lem (FDE). Qr here will denote the set Qr:=(0,T) xR, LI, C(QT,hdtdx) will denote the
space of all functions v: R} X R¥N — R such that [, [v|Phdtdx < oo for any compact K in
]R+ X IRN.

Definition 2.1. A function u is a local weak solution to (1.2) defined on Qr, 0 < T < 400, if
ueLl (Qr) such that

hup—i-/ x,if—l—/uD”f1 O-I-/ u; D1
[ ol [ ofGet)+ [ wopso0)+ [ Dy

:—/ uD":go—/ yu|m*1qu)+/ ' 'uDY (—A)F/2, 2.1)
Qr Qr

T
for any test function ¢ € Cif(lR” % [0,T]), such that ¢ >0, ¢(T,x)=¢:(T,x)=0.

Now, we are in position to announce our results.
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Theorem 2.1. Let p>1 be such that 1/(1—)>p>max(m,l) >1and fRNXm+f(t,x)dtdx>O.

If
1§NEJMH{P?%T_%+ (____1>]aiﬁp m)(p— D)L
o ()5 (650 )e (551

m )
o () (i ) (1) |

Then, problem (1.2) does not admit global nontrivial solutions in time.

Proof. The proof is by contradiction. So we assume that the solution is global.
Letde C(Z) (Ry), ®>0, ® decreasing such that

1, if 0<y<1,
@(y)zz{o M
, it y>2,

and 0 <P < 1. We choose

4 [
qo(x,t)::@( RL’ >,

where R is a positive real number. The test function ¢ is chosen so that
| ) pt gt <o, [ (hg)TH|AQ|TT <,
Qr Qr

| (h@)711(=8)P2D7 9|71 <.

T
In order to estimate the right hand side of (2.1) on Q1gs/., we write by using the e-Young
inequality

[, wiiDtel<e| juPho+C [ (hg)7DtglT. 22)
TR4/ & TR4/ % TR4/"‘
Similarly,
[, WlDT AP Pglse | ufhgrC [ (g)TIDT(=0) 7, 23)
R4/ TR4/ R4/zx
ullagl<e [ (uPho+Cef  (hp) 7 ag]eE 4
TRA/ & TR4/w TR4/"‘
Gathering up, (2.2)-(2.4), with € small enough, we infer that
/‘ ¢f+1/ D" 1 (/ 0D g 2.5)
QTR4/D£ R” TR4/DL

sg(/ (hg) 7D gI7 1+ [ (hg)7 ¥ Agl ™5t | (hg)PTIDY (~ >ﬁ/2¢|w>

TR4/ & Qrra/a Qrra/a
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for some positive constant C. Set Q:= {(7,y) € R x RN; "+ |y| <2} . Therefore, writ-
ing
4 4
o(tx) = (TRY,Riy) i=x(Ty),
t=RiT, x:R%y, dxdt:R%N+%dydT,

we have

Jo

/ (hg) m]Ago]P mdxdt<R Gt N+ e (-5t m)/ (hx)l_ﬁ]A)dﬁ,
Q o)

TR4/a
[ ()T (~a)P 2]
R4/«

< R-BEHr O IN (- )/ (hx)p%l;,Dz(_A)ﬁ/zM%.
0

() 71| Dfjp |7 cxdt < R INFEHRO0) [ (13t D ),

TR4/a

Now, we choose y so that

/A - A
(p—m)u_<ﬁﬂ+ w) p—l’
we get
== (%;(;p—_ri; —ﬁ) >0,  for B< ?;f’__ng.

Now taking ¢ small enough, we obtain the estimate

Js

where

p 4y(p—m)(p—1) 4 ( p >

w:=maxqy —4 + N+-—+ -

{ p—1" aR(p-—plp—m)] & P\ p-1

8 4 4 8 4 4
p _% Z\]—F %_{) (: l7 :> 17 ‘F'__Z\]_%'_'%_f) (: ____lz__:>j}
C(pemp o a p—m)"  (p—mp W p—1
In the estimate (2.6), we have to distinguish two cases:
Either w <0, thatis p<p,: In this case, passing to the limit as R— o0 in (2.6), we obtain

I / / holul? :/ h|ul? <0.
Rgr;o{ QTR4/a¢f+ Q (P’u‘ } IRNX]R+f+ RN xR ’u‘ B

This contradicts the requirement [p «r, S >0

bl < ([ 0007 (10507 +laxl7 =+ 107 (-2)2007) ), (29
Q

TR4/ &

TR4/ &
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Or w=0 (i. e. p=p,), in this case, we modify the test function by introducing a new

parameter 0 <S <R.
Ty i
A=\ SRy T R )

let us perform the change of variables t = (RS)*/#t, x = R*/#y. Moreover, we obtain via
(2.6)

/ hlul? <C. 2.7)
RN xR,

Observe that because of the convergence of the integral in (2.7) if
Crs= RA< P <or
RS — (x,t). _ﬁ—l_’x’ = s

then
lim h|u|f ¢ =0. (2.8)

R—00./Cgg

Using the estimates (2.1), (2.2) and (2.4), we may write

Js

fle+-2) [ Hulrg

T(RS)4/n T(RS)4/«
m 1_m
= - — —m
<etgs 125 | o ) (o)
Q] CRS Q]
4 ! o _
+C(e)s™# TR [ () DY (—-8) 2, 29)
1
where

Q1 ={(y,7): 1< +|y|¥ <2}.
Thus, passing to the limit in (2.9) as R — oo, and taking account of (2.8), we obtain

A
RN xR RN xRy

4 40

S S - =1 P
<C(e)s T [ () 7Dy 7
M
+C(s)s*—<33f>a+§*ﬁ%"/ (hx) 71D (—A)B/ 2|77, 2.10)

Then, taking the limit when S goes to infinity in (2.10) because the left hand side is inde-
pendent of S, we obtain u =0, which is contradiction with the fact that f]R NyR, f>0.The
proof is complete. O

Remark 2.1. Observe that when m=1=1, « =2, =0 and the critical exponent is p. =
1+ (p+27v)/(24+N—27). This in agreement with the one found in Kirane-Tatar [1].
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Remark 2.2. Whenm=I[=1,a—2, =0 and y — 1, the critical exponentis p.=1+2/N
(Todorova-Yordanov [3]).

Remark 2.3. Whenm=1I1=1,2a—1, =0 and y — 1 the critical exponent coincides with
with the well know Fujita exponent p. =142/N ( Fujita [19]).

3 Necessary conditions for local and global existence

In this section, we assume that inf;c g+ h(t,x) >0 and inf;cg+ f(t,x) > 0. Our first results in
this section are the following

Theorem 3.1. Let u be a local solution to (2.1) where T < +oc0, m, I >1 and p > max(m,l),

assume that fIRN ug > 0. Then, there exist constants Ky, K, and K3 such that

liminf (uo(x)min <( inf 1) 71", (inf 1) 77", ( inf h) ﬁ*) ) <K 7079,

|x|—>+oo telR 4 telRy telRy

liminf (ul(x)min (( inf )71, (inf B) 7L ( inf h)n”z*)) <K, T '

|X|%+OO telR 4 telR ¢ telRy

liminf(( inf f)rmn(( inf 1) 77, (inf h)77 L ( inf h)ﬁ1)> <KsT 71,

|x]—+4o00 \ t€IR; telR4 telR4 telR4

Proof. Let ®€ HP(Q)), >0, be such that—A®=k'®, in O={1<|x| <2}, ®=0in dQ and
(—A)B2d=kd, for some positive constants k, k’.
We consider

X tZ 29 P

By the definition of the weak solution, we have

+/ uoD* 1 O—I—/uD’f_l
/prf 0, 10 ¢(0) o @
<C. /Q (hg) 7 |D% |77 + /Q (hg) ™7 |Ag| 77 + /Q (hg) 71 |DY (—~A)F2971 ). (32)
Here Qr:={R<|x|<2R}, Q:=[0,T] x Qg. We set
A= [ (ng)" 77D 917,
Q
B= [ (h9) 7 8g|7,

C= /hqv_” A)F2DT |71
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It is clear, from our choice of ¢ that the requirements

¢(x,T) = ¢i(x,0) = :(x,T) =0, (3.3)
are satisfied. We remark from (3.3) that
RLDt\Tq’— CDt|T§" and RLDt|T P= f\}l@
Now, we estimate A, B and C in terms of T and R.

Let us making use the change of variables t =TT. Using this and the assumptions on
¢, we find

B= [ (hg)' 77 |ag|7"
Q
_ 2 1— P X
<CTR ¥ h rnd( =), 3.4
- ! Qr ’ (R> ( )
For the term A, it is easy to see that

A= [ (hg) "7 |D% gl

29(1—q)
_/ H- q(1——) ®

Now, we compute D* (1—2/T?)? and obtain

tZ 2q
4
o (1-2)
4 T o2 2q-1 o2 o2 2q-2 -
_m/t [(1_ﬁ) —2ﬁ(2q—1)(1—ﬁ> (c—t)' ~*do,

and set

q

t2 2q
o
o (1-2)

_4qT_4"7 T _ —a
I m/t (TZ—UZ)Zq 1(U—t)1 dU,

15—8‘7(?12‘_15_% / ' R(T2 r— tydo

Using the Euler’s change of variable

y= a—i:>(7 t=(T—t)y, O<y<1,
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we see that
T—0 , T?—0o? 1-y
T2 — 02 =(1—y?)(T—t)>+2t(1—y)(T—1).
Therefore
_ 4qT Y 1—at2q [ 29-1 29-1, 1«
1=~ gy (T=0" 7 [ =y (=) () 427y dy.
Observe that
(T—t)(1+y)+2t=(T+t)+y(T—t),
and

Y(T—t)<(T—t)<(T+t), for y<1, t>0.
Then applying the Binomial formula for non integer power to the term
(T=t)(A+y)+20)*",
we find that
—4qT 4

1
< ZCZQ 1 l ac+2q+k(T_|_t)2q k— l/ (1_y)2q—lyl—a+kdy’

where

c-1__ (29-1)(29-2)--(29—k)
k kx (k=1)x (k—2) x -+ x3x2x1’

Using the formula

1
/0 (1—T)ulr”1d*c:%, u, v>0, (3.5)
we obtain
_4‘7T M 2 1 yimer2 F(2q)r(2—a+k)
C a+2q+k T4t 29—k—1
Z (T+8) T(2q12—atk)
Similarly, for |

=SB P b (1= 219 2 (T0)-+y(T— ) 2T 2y,
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Developing in entire series

J= q(ztz 1 ZCZQ 2/ t—|— T t)y)Z(T_i_t)quka(T_t)k*ﬂé+2q

% <1 _y)Zq—Zyk—H—ady.

Now writing | as following

_8q(2q-1)T ¥R 252
J="ra—e BG

1
F2H(TH 1) 2127 K(T— )kt / (1— )22+ 2-egy
0

1
tZ(T—I—f)zq 2— k(T_t)k—ac+2q/ (1_y)2q—2yk+l—a¢dy
0

1
T2 T2 [y 2y ey,
The formula (3.5) yields

89(29—1)T % ¢ 292
J=——7+———).C
r(2—a) kg(:) k

o _ I(2g—1)r(3—a+k)
2g—-2—k(p_ p\k—a+29+1
+2t(T+t) (T—t) (72— th)
o _ [(2g—1)I'(4—a+k)
2g—2—k(_ p\k—a+2q+2
+(T+t) (T—t) (2043 —a+k)

o _ I(2g—1)T(2—a+k)
2 2g—-2—k(_ 1\k—a+2q
E(T+t) (T=4) I'(2g+1—a+k)

Consequently,
tZ 29
o
—4qT e A 1 yi-at2gtky 2k L (DI (2—a+7)
[Z_:C x(T+1) T(I+2—a+7)

‘1(211—1)T 4q & 2q-2 |2 2g-2—k(__ o\k—a+2g (2q—1)F(2—oc+k)
vy ,;,Ck E(T+)T AT =) T(2q+1—atk)

o _ I(2g—1)T(3—a+k)
292k (T _ p\k—a+2q+1
+2t(T+t) (T—t) T(24+2—atk)
o _ I(2g—1)T(4—a+k)
2g—2—k( _ s\k—a+2q+2
+(T+t) (T—t) (2743 —ath)
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By setting t =7T, we find

tZ 2q
o 1__
tT< T2>

_ 4T 291 1ot 2q+k 5 2k L(DI(2—a+r7)
TT(2—a) [ZC (1-7) x(1+7) F(l+2—a+r)

8‘1 2‘1 1) ¢ ~29-2 2q—2-k(q _ k—at2ql (29— DT (2—a+k)
;C [ (1+7) (1-7) I'(2g+1—a+k)

20— 1)T(3—a+k)

I'(2g+2—a+k)

T
+2T(1+T)2q 2— k(l T)k a+2q+1 (

o _ I(2g—1)I'(4—a+k)
14 7)29-2-k (1 _ 7 \k—a+29+2 ‘ _
+(1+7) (1=7) I'(2g+3—a+k) (36)
Thus
t2 q Cl
[ . < — .
HT (1 T2> —r(z—a)T ’ (37)
where C; is constant depending of 4 and «. Using (3.7) we gives
[ (ng)' 71D |7
Q
ap
T 7 . -2 rx\ [! 29(1—-2-)_29(1—-2)
<= —1 — — q —1 q 1 .
~T2—a) /QR(tlé‘{h) ’ q)(R)/o (I=o)™ e ride
Consequently,
Agcle‘f—fl/ (inf h) 7@, (3.8)
Qg tERL
where

Co= .
[(2—a)l(49(1-555) +2)
Similarly we compute D T1- %)zq:

2\ 1 T T2 _ g2\ % !
a—1 v _ _\1l-a
DHT <1 T2> 7r(2_“)/t (c—t) << e > do.

We set
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or
T= (Tt [ (T (1) (T +y(T—0) 5y~ dy.

t
Call the generalized binomial formula we may write
2q—1 Z CIZ(q—l (T_i_t)qulfk(T_ t)kyk+1f¢xdy < +oo0.

1
I=(T=2 [ (T=ty+H(1-y)

Then
I:(T_t)an+2iClchl(T+t)2q1k(T_t)k/ Y28 (1) 1qy
S (T—1)%" D‘thczq (T+40)217K(T /yk+1 *(1—y)¥~dy.
The formula (3.5) again, gives
(3.9)

a—1 tz
Dt\T < ﬁ)

_ 4qT 4 a2 O ok 2-1-k(p_ kL3 —0)T'(29)
“T2-a) ((T ) k;OCZq—1X<T+t) (T—1) T(k+3—a+2q)
B o0 4 F(k+2—0¢)F(2q)

_ n\2g—a+1 k 2q-1-k(T _p\k
FO= Y, Cog (T4 (T =0 F ) )

In particular we have
& ['(k+3—a)l'(29) (3.10)

4qT a+1
Z 20~ 1r (k+3—a+2q)

Diir'(0)
Substituting expression of D* !¢ in |, QulD”i Lo, we get

MlDoiil
Jmp

_ 4qT M X
“T(2-a) /QR””(’C)CD(E)
X/OT [(T_t)zanrZiCIz(q_l(T_I_t)Zq1k(T_t) /O yk+2 w(l y)Zq 1dy

] at

(T—)2~ (X—HtZCZq (T2 KT ) /yk+1 “(1-y)21dy
k=0
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Consequently,
C,T—4+2 x
a—1 3
— ). 3.11
/QulD P~ T—w) /QR””(’C)CD(R) 3-11)

It is easy to see that

—1

C= | (hg)77|(~a)P/*DI g7

Q
—1 4
2\ 29\ 71 2\ 29|p1
_ ﬁ,,/ _F Nipr (1 £
CR 7 <h(1 T2> ) ®(%)|Pr (15
Using (3.9), we find
_ T tz 2‘1(17%)
< ,BLI M 1 l—% f / - .
CSCRPETHE | (inf 1) cp(R)de - dt
Hence
< By 1—””/ S (X _
C<CsRPHT QR(térﬁih) = cp(R)dx, (3.12)
where
CaT(1+27'(1-55))?
Cs= .
F2+4g'(1—5))

Gathering the estimates (3.4), (3.8), (3.11) and (3.12), we obtain

ar QRtérr}zf flxt)® (1);) +C2THl/()R”O(x)q’(%)-I-CsT”Z/Q ul(x)q)(%)

[CJ 71 4 CsTR 77 + CeR™ ﬁilT_7+1]

telR 4

m 1 1_%1
x/()Rmax((térﬁ{h) (térﬁzfjl) L, (inf b)) )CD. (3.13)
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On the other hand, we have

/QRuo(x)CD(%)

> inf (uo(x)min(( inf h) ( inf h)ﬁ—ll( inf h)ﬁ—l))

\x\>R telR + tGIR+ tGIR+

></ max(( inf h)lfﬁ,( inf h)lfnfim,( inf h)l_ppl>q>(x
Qr

telRy telR, telRy R

Gt (%)

> inf <( inf f)min<( inf h)71°,(inf h)7 7, ( inf h)%l»

|x|>R \ t€IR; telR 4 telR4 telRy

></QRmax<( inf h)'~ ( inf h)'" =, (inf h)'" >¢(£), (3.14b)

telR ¢ telR telR

/(2Ru1(x)d><%)

> inf <u1(x)min<( inf h)p 1—1 ,(inf h)ﬁ—ll( inf h)ﬁ—l))

[x|>R teIR+ teIR4 teIR+

></QRmax<( inf h)'~ ( inf h)'" 77, (inf h)'” ><I>(£). (3.14¢)

telRy telR, telRy R

) ) (3.14a)

Combining the estimates (3.13), (3.14) and dividing the result by the term

1 17%1 m 1 17%1 E
/QRmax<( inf 1)F, (inf B) P, (inf B) >¢(R)>o,

telR telR telR

we obtain

GT inf <( inf f)min <( inf h)7 1", (inf h)7 " ( inf h)%l))

|x|>R \ telRy

[C4T - 1+C5TR P "'+C6R Bt 1T 7“}, (3.15a)

CoT~*"! inf (ug(x) <min<( inf h)rpl ,(inf h)ﬁ_l,( inf h)%1>)

|x|>R teIR+ teIR4 teIR+

[C4T P14 CsTR 77 + CeR PPITFTT } (3.15b)

C3T~**2 inf (ul(x)min<( inf h)r’%]_l,( inf h)ﬁ_l,( inf h)%1>)

|x|>R teIR+ teIR4 telR4

[C4T P14 CsTR 77 + CeR PPITFTT } (3.15¢)
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Now, passing to the limit as R — 40 in (3.15) yields

‘*x

liminf (uo(x)min (( inf h) ~1(inf h) o U (inf h)r- >> <C; 709, (3.16a)
|x|—+o00 telR 4 telR 4 telR 4
liminf <u1(x)(min<( inf h)ﬁ_gl_l,( inf h) e ' (inf h)if

‘X‘—)-ﬁ-oo tGIR+ tGIR+ tGIR+

- )) < CgT*(1-9-1 (3.16b)

|‘m

liminf< inf fm1n<( inf h)%l_l,( inf h) ol ,(inf h)v-

|x| =400 \ teIRT telR, teIR+ telR,

> ) <CoT™™.  (3.16c)

This completes the proof. O

Corollary 3.1. Assume that problem (2.1) has a nontrivial global weak solution. Then one at
least of the following is satisfied

liminf (uo(x)min<( inf h) 1, (inf h)ﬁfl,( inf h)ﬁpl_l>> =0,

|x|—=+c0 telRy telRy telRy

liminf <u1(x)(min (( inf h)7 1L (inf k)7L ( inf h)vpl1>> =0,

|x|—=+o0 telR telR 4 telR

|‘v::

liminf <( inf f)min ((ténsz) ,(tér]}{f+h) o1 (térl}if+h) )> =0.

[x|=+oo \ teIRT
Corollary 3.2. If one of the following limits is infinity
liminf <uo(X)min (( inf 1) 71, (inf B)7 L (inf h) %1) > ,

‘X‘—)-ﬁ-oo t€]R+ tG]R+ tGIR+

liminf (ul(x)min<( inf h)71 L, (inf k)7 (inf h)n"z—1>>,

‘x‘*)+00 telR telR4 telR

liminf <( inf f)mm<( inf )71, (inf )77, ( inf h)p”zl)),

|x|—+00 \ teIRT telR 4 telR telR 4
then problem (2.1) cannot have any local weak solution.

Corollary 3.3. If

‘X‘—)-ﬁ-oo t€]R+ tG]R+ tGIR+

A= lim inf <u0(x)min(( inf h)%_l,( inf h)#_l,( inf h) V’l) >0,
>

B= lim inf(ulmin<( inf )71, (inf h)7 L (inf h)ifl>) 0,

|x|—>+oo tGIR+ tGIR+ tG]R+

C= lim (inf fmin(( inf )77, (inf )77 L ( inf h)”z‘1>>>o,

|X|*>+OO tE]R+ tE[R+ tE[R+ tE]R+

then

Témin{ < T G g Cfp }
Aa(q-1) B~ atl+55 Cr1
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The next theorem give another necessary conditions for nonexistence of global weak
solution to (2.1).

Theorem 3.2. Suppose the problem (2.1) has a nontrivial global weak solution. Then, there are
positive constants Ky, Ko and K3 such that

liminf <yx12q<1—¢é>u0(x)min <( inf 1)7 1L, (inf )7L (inf h) %1)) <Ky,

‘X‘—)-ﬁ-oo tGIR+ tGIR+ tGIR+

_(a=1) r _r o
hminf(yxyZ”f“ K )ul(x)min<( inf 1)7 7L (inf )77 L (inf h) 7 1>>g1<2,
‘X‘H‘FOO tE]R+ tE[R+ tE]R+

provided that g >wa /7y, and

‘X‘H‘FOO tE]R+ tE]R+ tE[R+ tE]R+

liminf ( inf f(x,t)]x|min{%(B+1)} min (( inf 1)7 7L, (inf )77 L ( inf h) fz*) > <Ks.

Proof. In the relation

X
CZ/QR up(x)P (E>
<[C4T*(0) 4 CsR PR T* + CgR P T8—71]

></ max<( inf 1)1, (inf h)'"7, ( inf h)l‘%>q>, (3.17)
Qr

as y<a and a —yq <0, we have T*(1=4) < T*=7 for T >1. Then

Cz/QRuo(x)QD(%) (3.18)

g[(c4+C6R—ﬁq)T“—W+CSR—ZqT“]/ max(( inf h)'"7T,(inf h)'" 77, ( inf h)lﬁ)cb,
QR tG]R+ tG]R+ tGIR+

It is easy to see that the minimum attaint at

=+ 1
T—(2IZ%\" (C4R2‘7+C6R<2*ﬁ>f1) 8
C506

By substitution in (3.18), we find

X
C /Q Ruo(x)CI)(E) (3.19)
§C7R(%*”2q(c4+C6R‘5”’)%/ max(@“ﬁzf W7 (inf b)Y, (inf h)l—ff>d>,
el

Ogr telR telR4
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_(ra—a\ o (ra—a)
C7_< Csa > +C5( Csa ) '
Therefore,

2q(1—2) X
cz/QRyxy Wuo(x)@ (%)

§C7(C4+C6R_ﬁq) 7 /
Q

where

. 1--E . - . 1--2,
Rmax((térﬁ{h) P ’(tér[}Qf+h) P ’(tér[}Qf+h) P >CI>. (3.20)

We obtain from the definition of Qg ={x:R <|x|<2R},

: 29(1- %) P N R PR
l;ng(rxr g Mo(x)mm((tgl}{fﬁ)'g i )7 it )7 (321)
></ \x\zq(l%’)max<( inf h)'"7T,(inf )77, ( inf h)l—n”z>q>

Ogr telR4 telR4 telR

g(Kl—l-C(,R*ﬁ‘?)WLq/ yxy—2q<1—%>max<( inf 1) 77, (inf h)'" 7", ( inf h)l—%>q>.
QO

Now, dividing both sides of (3.21) by

P
—1

/ x| 72107 7) max (( inf 1), (inf h)'"F7, ( inf h)lp—) ®>0,
Qr

tE]R+ tG]R+ te]RJr
we find
EACRS R (Rt Diaalt L)
S(K1+C6R7'Bq)%7, (322)
Thus

liminf <]x]2q(1%l)uo(x)min<( inf h)ﬁ_ﬁlfl,( inf h)ﬁ*i’"fl,( inf h)ﬁpll)> <K. (3.23)

|x|——+o0 telRy telRy telRy

From (3.13), we may write

X
Cg/QRul (x)® <E>
< [(C4+C6R—ﬁq)T“—W—1+C5T“—1R—2ﬂ

. 1--£ . - . 1--2,
x/()Rmax<(térﬁ£+h) P ,(tér]}Qf+h) g ’(tér[}Qf+h) P >¢. (3.24)
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By taking

1
_ (g R (2-)7) %
T—< 1) > (C4aR*14+C4R )

the relation (3.24) gives us

X
Cg/QRul(x)@(E)

(a=1) (a—1)
g(K3+I<4R—ﬁL7)w—$R2‘7( w] -

></0Rmax<( inf h)'~ ( inf h)'" o ,(inf )"~ >¢(%)

Using the definition of Qg, we find

/OR ul(x)CD(%)

gy 1)
<(K3+K4R7P1) 7

(a—1)
></ \x\zq(wl_l)max<( inf 1) 71, (inf B) P, (inf h)lﬁ)cp(f). (3.25)
Qr

We use the estimate

/(2Ru1(x)d><%>

(x—1)
> inf <min<( inf 1)7 1, (inf h)7 L ( inf h)%*) |x|2‘7(1_7q])u1(x)>

[x|>R telR4 telR4 teIR+

2q(lto) - 1-:4 x
x/()R]x] @ max((térﬁih) 71, (inf h)'" 77, (inf h)'” ><I>(R).

telR telR

Dividing the both sides of (3.25) by

(a=1)
/ ‘x‘Zﬂl(w—ql—l)max<( inf h)l_%,( inf h)' ’H"'< inf h)1%>®<%>
Qg

and passing to the limit, we get

_ _(a=1)
liminf (min(( inf k)71, (inf k)7, (inf h)77 1>|x|2q<1 7 )ul(x)>§1<.

|x|—>+oo t€]R+ tG]R+ tG]R+

Similarly, by (3.17) we have

o, it fme ()

<[CaT 1 CsR 214+ CgR—PIT ] /

max<( inf h)lfﬁ,( inf h) = m,< inf h)lppz>q>_
Qr

telR telR telR
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Taking T=R gives

i x —aq -2 —(B+7)q
/(2R<tg1}zf+f(x't))q>(l{> <[C4R™™M+C5R™“14+C6R ]

X/ max<( inf 1) 71, inf W) inf h)lfz)cb
(O3

telR ¢ telR ¢ telR ¢

<KgR™min{m (1)} | max ( (inf 1) 771, inf B)'" 7, ( inf h)%'“z) .
Qg telR ¢ telR ¢ telR ¢

If follows from the definition of Qg = {x:R < |x| <2R} that

inf (( inf f(x t))\x\‘?mm{“ (ﬁ+v)}mm<< inf h)%*l,( inf h)ﬁfl,( inf h)p”,—1>>

|x|>R \ teIRy telR telRy telR

></ x| ~min{e B+ max ( (inf h)' 7T, (inf k)7, (Cinf h)' 70 @(f)
o telR | telR telR | R

<Ks / yxy—qmin{“iﬁﬂ)}max(( inf h)'"7T,(inf h)' 7, (inf B)' ”1)@. (3.26)
Qg telR telR4 telR 4

The conclusion follows by dividing both sides of (3.26) by

/ ]x]qmi“{“’(ﬁ+7)}max(( inf )77, (inf h)' P, (inf B) )q>>o
Qr

and by passing to the limit when R — 4-co. O
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