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Abstract. In this note, a logarithmic improved regularity criteria for the micropolar
fluid equations are established in terms of the velocity field or the pressure in the ho-
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1 Introduction

In this paper, we consider the following Cauchy problem for the incompressible microp-
olar fluid equations :

o+ (u-V)u—Au+Vr—Vxw=0,
oiw—Aw—Vdivw+2w+u-Vw—V xu=0,
V-u=0,

u(x,0)=up(x), w(x,0)=wo(x),

(1.1)

where u = u(x,t) € R?, w = w(x,t) €R® and 7 = 7(x,t) denote the unknown velocity
vector field, the micro-rotational velocity and the unknown scalar pressure of the fluid at
the point (x,t) € R3x (0,T), respectively, while uo, wy are given initial data with V-u=0
in the sense of distributions.

The global regularity of the weak solution in the 3D case is still a big open problem.
Therefore it is interesting problem on the regularity criterion of the weak solutions under
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assumption of certain growth conditions on the velocity or on the pressure. As for the ve-
locity regularity, Dong and Chen [1] (see also [2]) proved the regularity of weak solutions
under the velocity condition

. 2 3 3 2
VueLi(0,T;B), (R%)), Sty=2 <pEe rg?p.

As for the pressure criterion, Yuan [3] studied the regularity of weak solutions in Lorentz

spaces
2

TeLI(0,T;LPS(RY),  for aJr%:z, §<p<oo
or 2 3
Vrell(0,T;LP°(R?)),  for 5+?:3’ 1<p<oo.

Zhang et al [4] recently improved the regularity from Lorentz to Besov spaces

neLq(O,T;B;,oo(lR3)), %4—%:2—14, 2i+r<p<oo, —1<r<1.

The aim of the present study is to investigate Logarithmically improved regularity
criterion for the micropolar fluid equations in terms of the gradient of velocity and pres-
sure in Besov spaces.

2 Preliminaries and main result

We recall the definition and some properties of the space we are going to use.

Definition 2.1 ( [5]). Let {@;};ez be the Littlewood-Paley dyadic decomposition of unity that
satisfies ¢ € C§°(B2\B1/2), @;(¢) = @(277¢) and Y ez 9;(5) =1 for any ¢ #0, where B is the
ball in R3 centered at the origin with radius R > 0. The homogeneous Besov space is defined by
B, ,={feS'/P: HfHB;'7 < oo} with norm
1
q q
LP>

for seR, 1< p,q<oo, where S’ is the space of tempered distributions and P is the space of
polynomials.

1l = <_ZZH21'S¢j*f
j€

It is easy to see the inequality
1ALy <Cllflsmo<CIfll 0
00,00 00,2

holds for f € BMO, where BMO is the space of the bounded mean oscillations.
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In the above estimates, we have used an interpolation inequality [6]:

2
£ 1[ze < ClIAN 211 Bamo- 1)
We will also use the following inequality, which is established in [7]
Lf -V Al < CUAATY A ll o for1<r<co. (22)

Now, we recall the following lemma due to Kozono-Ogawa-Taniuchi [8].

Lemma 2.1. Let s >5/2. Then There exists a constant C such that the following estimate
1
IVl <CA+IVle 2 (A+]fll)) 2.3)

holds for all f € H® (R).
Our main result now read as follows:

Theorem 2.1. Suppose T >0, (ug,wp) € L2(R3)NL*(IR®) and V-ug =0 in the sense of distri-
butions. Assume that (u,w) is a weak solution of the 3D micropolar fluid flows (1.1) on (0,T). If
either

T IVullgo
: _dt<co 2.4)
0 2
(1+1n<e+uvuuggm))
or
T 7] 5o,
dt < oo, (2.5)

N|—

0 (1_|_1n(€+ ||7THB£,’O/00))

then the weak solution (u,w) is regular on (0,T).

3 Proof of Theorem 2.1

As to LP —theory for the Navier-Stokes equations established by Kato [9] and Giga [10], it
is sufficient to show the L*—norm of the solution is bounded up to time T under (2.4). If
(2.4) holds, one can deduce that for any small € >0, there exists T, < T such that

/T IVu(t)lgg,
T, (Hln(eJrWu(t)HBgom))

dt<e.

1
2

Multiply both sides of the first equation in (1.1) by u |u ]2 , and integrate over IR3. After
suitable integration by parts we obtain

1 2
I I+ 1l 2+ 5 [T PO

4dt

g'/ Ve (uf?u)dx +/ ] |u 2|V dx. (3.1)
R3 R3
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Similarly, for the second equation of (1.1), we get

1d v v 2 1 Vlwl? 2
Tl Vel ol O+ 5| Vel © | 5 [Viwl o)
+/ dive| dx+2/ | dxg/ | |w[?| Veo|dx. (3.2)
RR3 R3 RR3

Combining (3.1) and (3.2) together, it follows that

i%(Hu(t)yﬁ4+uw(t)ui4)+H\VuHu!( R ROl

2
) +/ dive| dx—|-2/ w[*dx
Lz JRs R3

Vel (022 [Vl ¢
2
S‘/IRSVN.(‘M’ u)dx

=A1+Ar+ As. (33)

+ [ ol luP[Vuldx [ fulw]|Veoldx
R3 R3

Due to Holder’s inequality and Young inequality, A, can be estimated as

A< ol ulll 2 Ml Pl 12 < 5 1l 22+ 5 (H ||L4+HWHL4) (34)

Similarly, we can bound

As< 2 el Vet 3 (uliao+ @] 35)

Let us now estimate the integral A;. Before turning to estimate A;, we recall the well-
known equality given by taking Vdiv on both sides of the first equation in (1.1) for
smooth (u,w, ), one can obtain

Zaa uu]

i,j=1
The Calderén-Zygmund inequality implies
IVl <Cllful[Vulll,  1<q<oo.
Now, by the Holder inequality and (2.2), we have
3 3 4
Ar< |V llullzs < Clllul [Vl s [[ell s < CHV 2| ano [l 1s- (3.6)

Then, due to (3.3)-(3.6) and the above equality, we derive

4 4 4 4 4
3o (M) I+ o (8 ) < UVl o Il +C (s + o 1),
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which implies by Lemma 2.1,

4 4
3o (Ol 15 <CUTullpygo lllfeC (el
|Vullgo

Nl—

(1+ln(e—|—HVuHBo ))

<1+ln(e+||VuHBo ))

xind (14l ) b +C (il +lwll). 62)

Since it is well known that the Sobolev space H* (IR®) with s >5/2 is continuously em-
bedded into L* (R3) this yields

T (el + o))

V]| g A
<C ’ T (1+ln(e+”u”Hs))||MHL4+C<H1"H%4+HWH%‘I)
(1+1n(e+||w|\33m))
Ve g
<c = (LIn(ey() s+ C ([l + ol

(1+In(e+ | Vullg, ) )
where we have used the fact that L C BY, , and where y(t) is defined by

y(t)= sup ||u(T,.)| g forall T, <t<T.

T, <1<t
Applying Gronwall’s inequality on (3.7) for the interval [T.,t], one has
[u(B)[I7s+leo(t) [ 7e <Coexp(Ce(1+In(e+y(t))))
<Coexp(2Celn(e+y(t)))
<Co(e+y(t))*, (3.8)

where Cy= Hu(-,T*)H‘iz-i- ||w(-,T*)||%2
Next, multiplying the first equation of (1.1) by —Au, after integration by parts and
taking the divergence free property into account, we have

2 2
Sl B+ N Au(e) 3= [ 9 A < 1| o 6]
6 e 1 By
<Clullfl|aullfs < 5 I Au() 22+ Clluc) |12,

where we used

1 4
IV Al <CIA IAfI -
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Integrating the above inequality over (T4, t), we have

sup ||Vu(1)|[7. < Cle+y(1)).

T.<t<t

Then we go to the estimate for H® norm. Taking the operation A® = (—A)*/? on both
sides to the first equation of (1.1), then multiplying them by A°u, after integrating over
R3, we have (since V-u =0)

1d
EEHAsu(t)H%z-l—||AS+1u(t)||22:—/le\s(u-Vu)Asudx
:—/S[As(u-Vu)—u-ASVu]-Asudx:H.
R

In what follows, we will use the following inequality due to Kato and Ponce [11]:

1A% (f) = Al <C([[ag]| L IVl + 1Al liglie),  B9)

fora>1,and 1/p=1/p1+1/91=1/p2+1/g>. Hence Il can be estimated as

@

1 2 s—3)s
< |A Ul +ClIVul, T [[A%

=, (3.10)

where we used (3.9) with a=s, p=3/2, p1=q1 =p2=¢2=3, and the following inequalities

1
252

253
IVul|ps SCIIVull 5 [|A%ul| 5,

and
s 21 s+1 22;1
[A%u][s <Cl|Vul[ 5 |AT ul| 3

If we use the existing estimate (3.8) for Top <t < T, (3.10) reduces to

1 s (2s—3)s
1< 5|4l + CoCle-y ()T )

Combining (3.8) and (3.10), we easily get

5 (25—3)s
(o) < Cocey() 21 EF)

(3.11)
Choose € to be sufficiently small, then applying Gronwall’s inequality to (3.11) yields

sup [|A*u(t)|7. <C.

T.<t<t
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We assume that the condition (2.5) holds true. We start from (3.3), we have
4 4 2 1 20|17
12w <>||L4+||w<t>||L4)+|||w||ur(t>|\Lz+5HV|u| ||,
2
IVellel O+ |[ViePm |+ [ ldivoPdc2 [ ol
2 R3 R3

s‘/ V- (Juf?u)dx
R3

+/ \wHu\z\Vu]dx-l—/ ] [w]?|Vew| dx
R3 R3
=B1+ A+ As;. (312)

Let us now estimate the integral By. The Cauchy inequality implies that

B = ‘/ V- (Ju*u)dx
R3

:'/]Rsn-divﬂulzu)dx

1
<2 [l [Vl < a4 3 ||l 613

Let us estimate the integral = || ru ||%2 on the right-hand side of (3.13). Before turning
to estimate I, we recall the well-known inequality given by

72lls < CllullZas, 1<g<co.
Now, by the Holder inequality and (2.1), we have
2 2 4
[=Cllrl[zallullzs < Cllztllpao ]l s-

The estimates for A; and A3z do not change.
Then, due to (3.4), (3.5), (3.12), (3.13) and the above equality, we derive

4 4 | 4 4
12 (@ I+l ®lE ) < Climllgao lullia+C (lullt+llwlts),
which implies by Lemma 2.1 that

()1 + o811 )

1d
4dt

4 4 4
<C (14117l gy In? (1417 o) ) el (Hll g+ ol )
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75 by .
<c = (Tt 7)) X (1|77 o) [l

(1+mn(e+ |7l )’
0 (lullte )

N

Il
<C (LIt )+ C (lull s+l 1)
(1+In(e+ Il )
I7ellag,, -
<C p (In e+ ull ) +C ([l + ol ) (3.14)

(1+1n(e+|\n||3&m))
where we used

2 2
Il s <C|[ 1P|, SClull 1l es < Clullye

Hs-1

Using the same calculations as that in Theorem 2.1 and due to the Gronwall inequality, it
follows from (3.14) that
sup [[A%u()|f<C.

T.<t<t

This completes the proof of Theorem 2.1.
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