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Abstract. In this paper, we are concerned with the existence of nodal type bound state
for the following stationary nonlinear Schrédinger equation

—Au(x)+V()u(x)=|ulP"'u, xeRN,N>3,

where 1< p <(N+2)/(N—2) and the potential V(x) is a positive radial function and
may decay to zero at infinity. Under appropriate assumptions on the decay rate of
V(x), Souplet and Zhang [1] proved the above equation has a positive bound state. In
this paper, we construct a nodal solution with precisely two nodal domains and prove
that the above equation has a nodal type bound state under the same conditions on
V(x) asin [1].
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1 Introduction

In this paper, we consider the time-independent nonlinear Schrodinger equation
—Au(x)+V(x)u(x)=|ul’1u, xeRN, N>3, (1.1)

where 1 <p < (N+2)/(N—2). We assume that V(x) satisfies the following conditions:

(V1) V(x) is a radially symmetric and locally Holder continuous function.
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(V2) Thereexista, A>0and a€[0,2(N—1)(p—1)/(p+3)) such that

a
— < <A. .
TSV sA (12)

We call a function u a bound state of (1.1) if u€ H'(RN)\ {0} and satisfies

/ VuVo+V (x)uvdx :/
RN

. lulP~luvdx  forallve CF(RYN). (1.3)
R

Furthermore, a function ug is called a nodal type bound state of (1.1) if ug is a bound state
of (1.1) and ug #0, where u] (x) =max{uo(x),0} and u, (x) =min{uo(x),0}.

In the past two decays, much attention has been paid to the existence of bound states
for problem (1.1) under the assumption that lim,|_, .V (x) > 0. For example, if V(x)
satisfies

(V3) there exists V>0 such that V(x) >V} for all x e RN, and
(V4) lim V(x)=o0, Rabinowitz [3] proved that (1.1) has a bound state by a variant

|x|—+c0
version of mountain pass theorem. If V(x) satisfies (V3) and
(V5) lim V(x)= sup V(x)<+oo.

[x|=+c0 xeRN
Li, et al. [4] proved that there is a ground state, that is the least energy solution among
all bound states, for problem (1.1). When V(x) may change sign in RN and satisfies
lim |, 1o V(x) >0, Ding and Szulkin [5] showed the existence of bound states for prob-
lem (1.1). Under the conditions (V3) and (V4), Bartsch, et al. [2] proved the existence of
nodal type bound states for problem (1.1).

In order to find the bound states of (1.1), ones usually use variational method to look

for the nonzero critical points of the energy functional given by

1 1
1(u>=§/RN(rwyZ+V(x)u2)dx—m/RNyu|p+1dx, ueHy, (14)

where
HV:{uEDl'Z(]RN):/NV(x)uzdx<oo}
R

with the norm

||u||HV:(/RNHwa(x)uz]dx) fV(x)>0 onRY,

and otherwise, if V(x) changes sign in RN, Hy is substituted by Hy+. We note that Hy
or Hy+ is a subspace of H'(RY) if V(x) satisfies lim |, 10V (x) >0. So, in this case the
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nonzero critical point of (1.4) must be the bound state of (1.1). Then it is natural to ask
whether there is a bound state for problem (1.1) if V(x) satisfies lim|,|_, oV (x)=0.

By using a dynamical approach, Souplet and Zhang [1] proved (1.1) has a positive
bound state under the conditions (V1) and (V2). In [6], Ambrosetti, et al. studied the
existence and concentration behavior of ground states for problem (1.1) with vanishing
potential in more general case. After the work of [6], there are many papers on the exis-
tence of bound states, ground states as well as semi-classical states (Where —A is replaced
by —€?A for € >0 small) for problem (1.1) with decaying potentials. See [7-14]. The con-
dition that the decaying rate of V is not more than 2 plays an important role in getting
bound states of (1.1) among these papers. So, Ambrosetti and Malchiodi [15] posed an
open question concerning the existence of bound states for (1.1) with fast decaying po-
tentials. Recently, Cao and Peng [16] and Ba, Deng and Peng [17] made much progress in
this open question and proved the existence of multi-peak bound states for (1.1) even if
V has a compact support. In all the above mentioned papers, most of them are devoted
to studying the positive solution of (1.1). To the authors’ knowledge, there are few results
on the existence of nodal solution for problem (1.1) with decaying potentials.

In this paper, inspired by [2], we construct a nodal solution with precisely two nodal
domains, and prove further that this nodal solution has the same exponential decay as in
[11]. Thus, we finally get a nodal type bound state under the same conditions on V (x)
as in [1]. Our result in this paper, for one thing, obtains a nodal solution of problem (1.1)
under the same assumptions on V(x) as those in [1]. For another, it is different from
the result of [2], since the potential V(x) under our conditions may not have the positive
lower bound.

The main result of this paper is the following

Theorem 1.1. Suppose that (V1) and (V2) hold. Then problem (1.1) has a nodal type bound state.

2 Preliminary results
Let
DA(RN) = {ue DY*(RN): u(x)=u(lx|)},
H={ueD(RV): /RNV(|x|)u2dx<oo}.
Then (H,(,)) is a real Hilbert space with the scalar product given by
<u,v>:/1RNVqu—|—V(]x])uvdx, Vu veH.
The norm of H is defined by

lull=( [ IVulP+V(laldnt,  Vuen.
R
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By [14, Theorem1], we have the following

Proposition 2.1. Suppose that (V1) and (V2) hold. Then for p € (1,(N+2)/(N—2)), the
embedding H— LPT1(RN) is compact.

We define the energy functional I: H — R by

2/ (V24 V(|x])u?)dx— 1/ lu|P+1dx. 2.1)

Then any nonzero critical point of I is a nontrivial weak solution of problem (1.1). More-
over, by elliptic regularity theory we know that if u € H satisfies (1.3), then u must be a
classical solution of problem (1.1).

Now, let u € H be a nontrivial weak solution of problem (1.1). The set () is said to be
a nodal domain of u if () is an open and connected subset of RN such that u has fixed sign
in Q and u(y) =0 when y € 9Q).

We denote the characteristic function of (2 by xq. By [18, Lemma2], we have the
following

Proposition 2.2. Let u € H be a nontrivial weak solution of problem (1.1) and ()1, Oy, -+, Q)
are nodal domains of u. Then uxq,y,...u0, € H.

3 Proof of the main theorem

Let
M={ueH: u*£0, (I'(u),u™)y=(I'(u),u")=0},

where u™ (x) =max{u(x),0} and u~ (x) =min{u(x),0}.

Remark 3.1. (i) Obviously, M contains all nodal solutions of problem (1.1). (ii) M #@.
Indeed, we can choose two functions ¢1, ¢, € CP(RYN), such that g1 > (#)0, g2 < (#)0,

and supp@i[(suppgr =

Let u=t1¢1+t2¢2, where t1, t >0 will be decided later. By the construction of ¢, @2,
we have u™ =t;¢1, u™ =t ¢, and

(I'(u),u™) =(I'(hp1+t22), trp1) = (I'(t191), 1 1)

Similarly, (I'(u),u™) = (I'(t22),t2¢2).
Notice that

(I'(hg) )= [ 9D+ V(D) ey Pdx— [ (o))" dx

-1
([ e+ (aDlpfas—t [l ar).
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Then (I'(t191),t191) =0 if we choose

1
o (Sl VPV () g PA\ T
Jrn ‘q)l‘pﬂdx

Similarly, there exists t >0 such that (I'(t2¢2),t2¢2) =0. By the definition of M, we have

ue M. Hence M #£g.
Define the metric d on M by

d(u,v)=llu—0|, Yu,veH.
Then we have the following
Proposition 3.1. If (V1), and (V2) hold, then (M, d) is a complete metric space.

Proof. First we claim that there exists # >0 such that
/N]ui\p“dxzy, VueM. (3.1)
R
Indeed, for u € M, we have
0:<1’(u),ui>:/ |Vui|2+V(|x|)yuiyzdx—/ P d .
RN RN
Then by Proposition 2.1, we get (3.1). Let {u, } C M satisfy

d(uy,uy)—0, asn, m— —+oo.

Then {u,} is a Cauchy sequence in H. By the completeness of H, there exists 1 € H such
that
|ty —ul| =0, as n— +oo.

Then by Proposition 2.1, we get
|ty —ul|pi1 —0, as n— +-oo.

This implies
e —u™ || pi1 0, |1, =™ || ps1 —0. (3.2)

From (3.1) we see that u™ #0.
To complete the proof of this proposition, we need only to show that

(I'(u),u™) =(I'(u),u) =0.
Since I € C'(H,R) and u, Lou strongly in H, we have

17" (1a) = 1" () || -1 =0,
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where H~! denotes the dual space of H. Thus, we deduce that

(L (o) g ) [ =T () = T (o)1) | VT () = I () [ g [l |
<C|I' () =1 ()] -1 = 0. (3.3)

On the other hand, by u;" ™ u™ weakly in H, we have
(I (u) ) = (1 (), ™). (3.4)

Combining (3.3) and (3.4), for the unique of the limit, we get (I'(u),u™) =0. Similarly we
can prove that (I'(1),u~) =0. Hence, we see that u € M and complete the proof of this
proposition. O

Define
ci=inf{I(u):ue M}.

Now, we follow the argument of [19] to show that c; is achieved by some u € M and u is
a nodal solution of problem (1.1).

Lemma 3.1. If (V1), and (V2) hold, then cy is achieved by some u € M. Moreover, u is a nodal
solution with precisely two nodal domains of problem (1.1).

Proof. By Proposition 3.1 we know that (M, d) is a complete metric space. It is easy to
check that I is bounded from below on M. Then by Ekeland’s variational principle, there
exists a minimizing sequence {u, } C M such that

C1§1(un)§cl+%, (3.5)
1(0)21(%)—%”0-%”, VoeM. (3.6)

From u, € M, we have (I'(u,),u,)=0. Thus, for n large enough, we get

112 1) = (3= 7 ) Il
So, {u, } is bounded in H. Now we will prove that
I'(uy) >0 in H L (3.7)
For each 1 and ¢ € H, we define the functions k1 : R — R by

hni(t,s,l):/IRN|V(un+t(p+suf{+lu;)ilzdx—l-/IRN V(|x)|(un+to+su, +1u, ) |>dx

—/N](un—l—tgo—l—su,j—l—lu;)i]pﬂdx. (3.8)
R
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Then we see that /" are of class C! and 4,5 (0,0,0) =0. Moreover, let
v=u,+to+su; +lu,,

we have that

+
oy (0,0,0)22/ (Vv*Vui+V(|x|)v+u7f)dx—(p+1)/ loT|Pufdx. (3.9)
ds RN RN
This implies
M (0,0,0)=(1— )/ P+ d (3.10)
os - P RN " ' '

Similarly, we can deduce that

oy .

S-(00,0)=(1=p) [ Juy 7 d. (3.11)
+ —

agf (0,0,0)=0, ags (0,0,0)=0. (3.12)

Combining (3.1), (3.10) and (3.11), we get

oh;
ds

oh,;
al

(0,0,0) <0,

(0,0,0) <0. (3.13)

Thus, by the implicit function theorem, there exits 6, > 0 and functions s,(t), I,(t) €
C'((—=6n,61),R) such that s,(0)=1,(0) =0 and

BE(tsn(8),1,(8) =0, YV te(—8y, o). (3.14)
This implies that
Op=un+te+s,(t)uf +1,(Hu, €M,  VteE(—=6y, oy). (3.15)

We claim that the sequence {s;,(0) } is bounded.
In fact, from (3.14) we have

oh;;
ot
Then (3.12) implies

oh;
0s

oht

/
(0,0,0)s,,(0) + =,

(0,0,0)+

(0,0,0)1,(0) =0.

)
o (0) = —2-000) _ = [2fen (Vi Vot V([xDui g)dx—(p+1) fu i 9]
! I (0,0,0) (1=p) Jgw | [P1dx

Thus it follows from (3.1) and ||u,|| < C that |s/,(0)| < C. Similarly, we can also deduce
that the sequence {I;,(0) } is bounded.
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By (3.6) and (3.15) we get
_ -1 _
I(un+te+s,(t)u) +1y(£)uy, ) —I(uy) > 7||tq)+sn(t)u;+ln(t)un .
Letting t—0" and t—0~, we have
/ -1 / + ! —

(I (), @) 2 —= | @+5, ()t +1, (0)uy [, (3.16)
1 _

(I'(un), @) < — |9+, (0)u +1,(0)usy || (3.17)

Since the sequences {s,,(0)} and {I;,(0)} are bounded, combining (3.16) and (3.17) we
have
(I'(un), ) 0, VocH.

Thus, (3.7) holds. Then by Proposition 2.1, there exists u € H such that
u, —u strongly in H, I(u)=c and  I'(u)=0.

From (3.1) we know that u® #0. Hence, u is a nodal solution of problem (1.1).
Next, motivated by [2] we prove that u has precisely two nodal domains. Setting

c=inf{I(u): ue N}, N={ueH\{0}: (I'(u),u)=0}.

Similar to the proof of (3.1) we have ¢ > 0. If () is a nodal domain of u, by Proposition 2.2
we get uxn € H and

(I'(uxa),uxa) = (I'(u),uxa) =0.
So, I(uxqa)>¢>0.
Suppose by contradiction that u has three nodal domains (23, (), Q)3 such that

u>0 on () and u<0 on ().
Then by Proposition 2.2 we have uxn,u0, € H. Noting that
(uxoun,) " =uxa, and  (uxoun,)” =uxa,,
we see that uxn,un, € M. Hence, we get a contradiction as
c1<c1+e<I(uxo,un,)+I(uxa,) <I(u)=c;.
This completes the proof of this lemma. O

Lemma 3.2. Suppose that (V1), (V2) hold and let u be the nodal solution of problem (1.1) given
by Lemma 3.1. Then there exist C, €, R >0 such that

u(x)| < Cexp{—elx|="},  VI|x|>R, (3.18)
where a € [0, 2(N—1)(p—1)/(p+3)) is given by (V2).
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Proof. By Lemma 3.1, we know that u(|x|) has precisely two nodal domains. That is,
letting r = |x|, then {r € [0,4-o0) : u(r) # 0} has two connected components. Thus, there
exists Rg > 0 such that u(|x|) on the interval [Ro,+o0) has fixed sign. We may as well
assume that u(|x|) >0 for |x| > Ro.

Since u € H, by (V2) and similar to the proof of (3.3) in [1], there exist C; >0 and
¥=N-—1—a/2 such that

0<u(lx])<Cilx|"2, V¥ |x|>Rq. (3.19)
By (V2), there exists C, > 0 such that
V(6)>Colx, Vx| Ro. (3.20)

Noting that /2> «/(p—1), then combining (1.1), (3.19) and (3.20), we can find R; > Ry
such that

—Au(x)+ %V(x)u(x)

() (u())P 1= 3V ()| <u Gl

<0, for |x| > R;y. (3.21)

2(p=1)

—Cax[™]

Let w(x) =exp{—e|x|"2*}, where ¢ >0 will be determined later. Then we have

2—-a\* - 2—a  a2—4
—Aw(x) =—¢ (Ta> |x| "‘w(x)-l-e[N-T‘X-l—m4

] x| 72" 2w (x).

This and (3.20) imply that, for |x| > Ry,

—Aw(x)-l—%V(x)w(x)
—a\? —a  a’— 2a
> [%—62 <2T> ] |x| " *w(x)+¢ [NZT—I— ) 4} 1] 2w(x). (3.22)

We choose € >0 small enough such that

_C2 2 2—IX 2
C3= 5 € < 5 > >0.

Note that 2— (2—a) /2> «. Then there exists R, > R such that

2— 2_4
C3|x|*”‘+e I:N~Ta+a 1

a2
|x| 7 7°>0, v |x|>Ry.
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This and (3.22) imply that

—Aw(x)—l—%V(x)w(x)EO, for |x| > R,. (3.23)

Setting R=max{R1,R>}, we have from (3.21) and (3.23) that

—Au(x)-l—%V(x)u(x)S—Aw(x)-l-%V(x)w(x), for |x| >R. (3.24)
We can choose C >0 such that u(x) <Cw(x) for |x| =R. Then by the comparison theorem
we know that (3.18) holds. O

Proof of Theorem 1.1: Noting that2(N—1)(p—1)/(p+3)<2for 1<p<(N+2)/(N-2),
then from (3.18) we have u € L2(RY). Hence, by Lemmas 3.1 and 3.2 we see that problem
(1.1) has a nodal type bound state. O
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