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Abstract. We establish sufficient conditions under which the quasilinear equation

—div(|Vu|"2Vu) +V(x)|u|"*u= f(x,;l) +eh(x) inR",
x

has at least two nontrivial weak solutions in W' (IR") when & > 0 is small enough,
0<pB<n, V is a continuous potential, f(x,u) behaves like exp{7|u|"/("=1)} as |u| — oo
for some 7y >0 and / #0 belongs to the dual space of W' (R").
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1 Introduction and main results

Let W (IR") be the usual Sobolev space in R" (1 >2) with the norm

1/n
Julhwns = ([ (7" ) )

In this paper, we consider the quasilinear differential equation

fxu)
|x|P

—Au+V () Ju|"2u= +eh(x) inR", (1.1)
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where —A,u=—div(|Vu|"2Vu), V is a continuous potential, & # 0 belongs to the dual
space of W (R"), 0 < B <n and f(x,u) behaves like exp{y|u|"/ "=V} as |u| — oo.

This kind of elliptic problems involving exponential critical growth has been exten-
sively studied by many authors. To get a solution, Moser-Trudinger type inequality and
critical point theory are two fundamental tools. For the homogeneous and nonsingular
case, that is when =0 and =0, the existence result in a bounded domain was obtained
in [1,2]. When the domain is the whole space, the problem was studied in [3-5]. We can
also consider the problem in a Riemannian manifold. For this case one can refer to [6-8]
and the references therein. Because of the variational structure of this kind of equations,
usually there are both minimum type and mountain-pass type solutions. A nature ques-
tion is that whether these two types of solutions are different. When n=2 and =0,
do O, Medeiros and Severo [9] proved that these are two distinct solutions. For general
dimensional case, the same authors got the result in [10]. In our paper, the nonlinearity of
Eq. (1.1) becomes singular. In [11], do O proved that there are two distinct solutions for
this singular equation when n =2. Then relevant issues about the general dimensional
case should be asked. Our main theorem is to give sufficient conditions under which
there are still two solutions to (1.1).

To present our results, we assume the following conditions on the nonlinearity f(x,s):

(H;) There exist constants wg,bq,b; > 0 such that for all (x,s) e R" xR,

£ ()] < brs"~ 4z {exp{aols|™ "V}~ By a(ao,s) |,
where

n—2
By a(o,s) =Y, (ag|s|™/"~1)) /ml.
m=0

(Hz) There exist constants p >n and C, such that

f(s)>CpsP!  foralls>0,

_ o\ (pn)/n (n=1)(p—n)/n
o (57) (oiw)
p (n—B)ay

(e (VU +V (x)um)dx) "
AR 1) Y
ue ulP
(Jier i)

where

(H3) There exists y > n such that for all x € R" and s >0,

0<uF(x,s) Ey/osf(x,t)dt <sf(x,s).
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(H4) There exist constants Ry, My > 0 such that for all x € R" and s > Ry,

F(x,s) <Myf(x,s).

(Hs) f(x,s)>0forall (x,s) e R”"xR" and f(x,s) =0 for all x e R" and s <0.
Throughout this paper we also assume the following hypotheses on V:

(V1) V(x)>Vp>0.
(V2) The functionV~'(x) belongs to L'/ ("~1)(R").

Define a function space

Eé{uewl'n(lR”):/

R”

V(x)|uy"dx<oo}

with the norm y
n
Jull 2{ [, (Val + Vol f

Moreover denote the dual space of E by E*. Under our assumptions on V, for any 4 >1,
the embeddings from E into W'"*(IR") and L7(IR") are continuous and compact(cf. [12]).
For any 0 < B <n, we define a singular eigenvalue by

n
AgE inf % (1.2)
ucE,u#0 fmn%dx

Furthermore, we assume

nF(x,s)
sI"

(Hg) limsup

s—0F

< Ag uniformly with respect to x € R".

Problem (1.1) is closely related to Moser-Trudinger type inequalities (see, e.g., [13—
15]). Here we need the following result of Adimurth and Yang which is a singular Moser-
Trudinger type inequality in the whole space R".

Theorem A ( [16, Theorem 1.1]) Forall a <(1—B/n)a, and 0<p<n,

n/(n—1) —B
sup / exp{au] [5} "_2<a’u)dx<oo, (1.3)
WEWL (R, | y1,, <17 R” x|

where ay, = nw,l/_ (1" -1, wy,_1 is the area of the unit sphere S"~1. Furthermore this inequality is

sharp: when o> (1—B/n)way, the integrals in (1.3) are still finite, but the supremum is infinity.

Another key ingredient in our arguments is a singular version of Lion’s inequality in
R".
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Theorem 1.1. Let {uy} be a sequence in E such that ||uy||=1, uy —u in E, upy —u in L"(R"),
and Vuy(x)— Vu(x) for almost every x€R". Then for any p<(1—B/n)a, (1—||u|") "1/ =1,

exp{plux"”’ "V} = Bu_o(p,ur)

dx < +4o0.
R~ |_x|/S

sup

Combining the above inequalities, we can prove the following multiplicity result.

Theorem 1.2. Assume (V1),(Va) and (Hq)-(Hg). Then there exists €1 >0 such that for each
0<e<ey, Eq. (1.1) has at least two nontrivial solutions.

Remark 1.1. After this paper was finished, we know from Yang that he had obtained
similar results [17,18]. Although the methods are both in the framework of variation,
but there are differences between the assumptions on the nonlinearity f(x,.) in these two
papers. In fact, the assumption (Hs) in [18] and our assumption (H;) can not cover each
other. When n =2, for some constant p > 2, consider the example in [11]:

0 s€(—00,0),
fo(s)=3 CpsP~'42s(e¥ —1) se[0,1],
Cps”‘l-l-(e—l)((Zs—l)eSz‘s-l-s) s€(1,400).

It is obvious that assumptions (Hy), (Hz) and (Hs) are satisfied by fy. Since

0 s€(—00,0),
s CP P 52 2
:/fo(t)dt: —LsP e’ —1—s s€[0,1],
0
psp-l—(e 1)( sy (52—1)/2)—1 s€(1,+),
we have oF
lim 02<S) =0,
s—0t S

which implies (Hg). For (H3), if 0<s<1 and 2 <3 <min{4,p}, then

u1Fo(s) :%CPS” (e —1—5%)

0 2m -1)
SCPS”+;412—<C s”—i- Z
i m (m—1)!
=Cp sr’+’“ 2 2—_sf0()
m= 1m'

When 1<s< 0, straightforward computations show that there exists some constant i, >2

such that
o< d(2bo(s)) < d(Sfo(S)),
ds ds

uaFo(1)<fo(1)  and
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which implies that
12Fy(s) <sfo(s) for 1 <s<oo.

Thus the assumption(Hs) is satisfied for g =min{p,pu2} >2. (Hy) can be checked by
similar computations and we omit them here. But at the same time we have

lim sfy (s)e’s2 =0.

s—+00

Thus fy(s) can not satisfy the assumption (Hs) in [18].

2 Preliminaries

For readers’ convenience, we first list some lemmas indicating the geometric conditions
of the mountain-pass theorem for the functional

_HuH”_/ Flxu)
Je,p(u) = » T dx—e ]Rnhudx. (2.1)

For proofs, one can refer to [16] (see earlier work [10] for the case B=0).

Lemma 2.1. ([16, Lemma 4.1]) If (H3) and (Hy) are satisfied, then for any nonnegative, com-
pactly supported function u€ W (R")\ {0}, there holds Je g(tu) — —co as t — oo.

Lemma 2.2. ([16, Lemma 4.2]) If (H; ) and (Hg) are satisfied, then there exists €1 >0 such that
for 0<e<ey, there exist pe,re >0 such that Je g(u) > pe for all u with ||u|| =r.. Furthermore, re
can be chosen such that r. — 0 as € — 0.

Lemma 2.3. ([16, Lemma 4.3]) Assume (Hy) and h#0. Then there exist T>0 and v € W"
with ||v|| =1 such that ] g(tv) <0 for all 0 <t <. In particular,

inf ]61‘3(1/[) <0.

l[ull <z
Next we analyze the compactness of Palais-Smale sequences of ] g.

Lemma 2.4. ([16, Lemma 4.6]) Assume (Hy) and (Hs). If {uy} is a Palais-Smale sequence for
Je,p such that

liminf ||u ||/ 1) < (1—5> iy
n—00 n xQ

then {uy} has a subsequence which converges strongly to a weak solution of (1.1).

Lemma 2.5. For € small enough, Eq. (1.1) has a minimum type solution ug with Je g(1o)=co<0,
where ¢ is defined by
—oco<cp= inf ]ehg(u) <0. (2.2)

Jul| <re
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Proof. By Lemma 2.2, we can choose € sufficiently small such that

<r€)n/(n—l) < (1_ﬁ> &n

n) g

Since Bre is a complete, convex and ]8,5 is of class C! and bounded below on Bre, by
Ekeland variational principle, there exists a sequence {uy} in B,_such that

]e,/g(uk)—>C0: inf ]e,/g(uk) and ||]é,ﬁ(uk)||E* —0.

flull<re

Observing that

7
nj) &g

/0 < /0 < (1) 2

by Lemma 2.4, there exists a subsequence of {u} which converges strongly to a solution
ug of (1.1). It is obviously that J¢ g(uo) = co <0. O

Lemma 2.6. ( [16, Lemma 4.4]) Assume (H1) and (H3). Let {uy} C E be an arbitrary Palais-
Smale sequence. Then there exist a subsequence of {uy}, still denoted by {uy}, and u € E such

" Fomw) |
X, U X, U 1 ron
L — L in L, (R"),
Vug(x) — Vu(x) for almost every x €R",
| Vug|"2Vu — |Vu|"2Vu in (L (=1D(R"))".

Furthermore, u is a weak solution of (1.1).

Lemma 2.7. Assume (H1)-(Hg). Then for sufficiently small €, the problem (1.1) has a mountain-
pass type solution vy.

Proof. We know from the previous lemmas that ] g satisfies the mountain-pass condi-
tions except the Palais-Smale condition. Thus, there exists a sequence {vx} in E such
that

g —0,

]e,/g(vk)—>C1>0 and H]e/:,‘B(vk)

where ¢1 > p. >0 is the mountain-pass level. Then by Lemma 2.6, there exists vy such that
vr — v in E and vg is a weak solution of (1.1). O

To get some more precise information of the minimax level obtained by the mountain-
pass theorem, we have

Lemma 2.8. If (Hy) satisfied, then there exist a constant ey >0 and a function u, € E which
satisfies ||u,|| =S, such that for Me(t):[0,4-c0) — R which is given by

_ n F(t”p)
Me(t) == | —/Rn Xt [ ey
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we have

_ \n—1 n—1
Tf&‘Me(tk% <z—z> for all € <ey.

Proof. Choose a bounded sequence of functions {uy} C E such that

uk”
/”|\x\’ﬁ dr=1 and |ugl|—5,.

Then we can assume that

Up—Up in E,
U —> 1y in LY(R") for all g€ [1,+00),
ur(x) = up(x) almost everywhere.

These imply that

p p
/ 4 dx—)/ 1] dx=1.
TlF T e TP

On the other hand, we have

U, || <liminf ||u]| =S,.
| pH_llgg} g | p

Thus we get ||up||=S,. By (Hz) and [, |up|?/|x|Pdx=1, we have

t” tP ub
Me(t) <= lu||"~C /—pdx—l—etHhH(Wl,n)*

p o !
tnSn C i t|h
_z P p?—l—e H H(Wl,n)* upH
/(p—n)
(p—n)S,"
< +etol| [l - [lupll,
/(p—n) P
np ol

where ¢ is a constant which belongs to [0,+c0) and is independent of the choice of €. By
choosing € small enough, we get the desired results from (H;) immediately. O

Remark 2.1. By Lemmas 2.2 and 2.8, we can conclude that for € sufficiently small

_p\yn—-1 n—1
0<er<err BN (1)

n" )
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3 Proof of the main results

For simplicity, we define
n—2
Ry 2(a,s) =exp{as"/ ("D} — Y ag |s|"™/ (=1 /.
m=0

Lemma 3.1. Let « >0 and r>1. Then for any B >r there exists a positive constant C which only
depends on « such that for all s € R™

(Ry—2(a,s))" <CRy,_2(aB,s).
Proof. By using L'Hospital’s rule (n—1) times, we get

n/(n-1)
lim Ry—2(w,s) lim 1 exp{as } _ 1 ‘
s—0Ry_2(ap,s) saO‘B”_l exp{aﬁs”/(”—l)} ‘B”_l

Then we can conclude that

_(Ru—a(ws))"
ll—% Ry—2(aB,s)

| 1 Rua(ws) 1
B r—1 ’n-2\&, —0. =
_llgs(Rn,z(a,s)) Ry 2(af5) =0 g 0.

On the other hand, we also have

. (Ry2(a,8))
Slgl;lo Rn—Z(‘X,B/S)

exp{msn/(n—l)} {1 —anz(t)é,s)/exp{lxsn/(n—l)}}
=lim _
S—r00 eXP{W,BSﬂ/(Hfl)} 1—Bn—Z(lXﬁ,S)/exp{aﬁsn/(nfl)}

Thus we complete the proof of the lemma. O

Proof of Theorem 1.1. Notice that uy — u in L"(R"), Vuy — Vu almost everywhere, and
|lu || =1, we obtain from Brezis-Lieb Lemma (cf. [19]) that

lug—u||" =1—]|ul|" +o(1). (3.1)

Then for k large enough, we have

pli—ul 0V < (18}, 62)

We claim that for every x € R", we have

i ()07 < (L) e () = () [ 0D - Claa () /0 (33)
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for some constant C depending only on 7 and 77, where € is a small positive number to be
chosen later. In fact, define a set S by

SE{xeR": lug(x) —u(x)|>2|u(x)|}.
For xS, the inequality in the claim is obvious. For x€ S

‘uk(X)’ﬂ/(n—l):’uk<x)—u(x)_|_u<x)‘n/(n—l)
_ Wi w0
=i (x) —u(x) "/ (=D (1+—(x)|)

|ug (x) —u
g () —u ()" Y4/ (n=1)(3/2)Y 7V () | (x) ()| /D)
< (1) | (x) = (2) [ (=D 4 (3 /2)/ (=12 =1 020 (g ) TH O gy (g 1/ (D),

where we use the mean value theorem at the first inequality and Young’s inequality at
the second inequality. By a straightforward calculation, we get

/ Rn—Z(p/uk) dx
n ’x’.B

(n=1)/n
Rn2(P,((1+17)’uk_u|n/(n—l)+C|u’n/(n—1)) )
S/ dx
! |x[P
< 1P {pa(14n) fu—u" D} = By o((1+1)p, (e — 1)
e ElL
+, rexp{pCrlu["/ "V} — B, 2(Cp,u)
" |x[P
1/ Ry- z(pq(1+n)lluk—u|\”/” 2 (uk—u)/Huk_uH)
qJ/Re ’x’ﬁ
n—2 m—l_ m m _ m?’l/(?’l—l)
N i e T

m!|x|P

dx

dx

dx

+/ %exp{pCr]u\”/(”*l)}—Bn_z(a,u)
n ‘x‘ﬁ

where 1/g+1/r=1. At the first inequality of the above computations, we use (3.3) and
the fact that R, 5(«,s) is increasing in s"/("~1). The second inequality is from Young’s
inequality and the fact that for any a,b >0 and m € N, (a+b)" >a™+b". Combining
(3.2) and the embedding E—+ L7, we conclude that the second term on the right hand side
of (3.4) is finite. From (3.2) again, we can choose g, r and 7 such that

pa(Ln) e —u D < (1—§> .

dx, (3.4)
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Then Theorem 1.1 follows from (3.4) and Theorem A. 0

Proof of Theorem 1.2. Recall that 1y and vy are the two solutions got in Lemma 2.5 and
2.7. From the constructions of uy and vy, we have that there are two sequences {1} and
{vx} in E such that

U — U and U — 0o,
Je(ug) >co<0  and  Je(vx) = c1>0,
Je(u)ug—0 and  J{(ox)vx —0.

We will show a contradiction under the assumption that 1y =vy.

Here we claim that F(vy)/|x|f — F(ug)/|x|? in L'(IR"). To this end, we only need to
show that f(vg)/|x|f — f(up)/|x|f in L}(R"). Then the dominated convergence theorem
implies the claim immediately. Since f(x,s) >0, it is sufficient to prove that

fim [ L) g [ fo) 4
n—oo JIRn ‘x‘,B R" ‘x‘ﬁ

Let M denotes a constant to be determined later. We have

f(xlvk) dx f(XIMO)dx‘

R~ |x|/g R~ |x|/S

- S 4 f(x,u0) ‘ f(x,0) F(x,u0)
_/vk|<M T /|uo|<M RISEE +/vk|>M7’XI5 dx—l—/|u0|>M T 39)

Since {vy} is a Palais-Smale sequence, we have

1 F(x,
EHka”—/]Rn (‘z‘zk)dx—/nehvkdx%cl, (3.6)
|Je(ok), @) | <wllgll  forall p€E, (3.7)

where 7 —0 as k— co. Multiplying (3.6) by u and subtracting (3.7) with ¢ =v;, we obtain
from (H3) that

(1) lloell" <1+ ol

This implies that {vy} is a bounded sequence and thus

FO00% 4 < (3.8)
R |x|P

Since ug and f(x,19)/|x|f are in L'(IR"), for any 6 >0, we can choose some M sufficiently
large, for example, M > C/é, where C is the constant in (3.8), such that

/ flxho) 4 5 (3.9)
[uo|>M ‘x‘ﬁ
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From (3.8), we also have

f(x,vx) 1 f(x, 0 ) vk
dx<— 2 Pdx<d. 3.10
/|vk|zM P TS Mo (10

By (Hj), for x € {x € R": |vx| < M}, there exists a constant C; depending on M such
that |f(x,0r)| < Ci|og|" 1. Since we have |x| P|og|" ! — |x|P|ug|" ! strongly in L'(R")
and v, — ug almost everywhere in IR”, the Lebesgue’s dominated convergence theorem

implies that
Jim floo) 4 / flxuo) 4 (3.11)
k=00 /|| <M ’X’ﬁ |1o| <M ’x’ﬁ

Combining (3.5)-(3.11), we get our claim proved. Let

Wi = %k and wo=
okl

Uuop
lim [|o, ||
k—oc0

We have ||wi|| =1 and wy — wyp in E. In particular ||wy|| <1. To proceed, we distinguish
two cases:
Case 1. |wp||=1. In this case, we have

Jm [foe[ = [luoll.
— 0

Therefore, vy — up in E. Combining the fact that

F(ur) ., F(uo)

N in L' (R"),
xp O LR

we have
Je,(0x) = Je,p(1i0) = co,

which is a contradiction with our assumption.

Case 2. ||wp|| < 1. Since

_pyn—1 n—1 _ p\n—1 n—1

we can choose some g > 1 sufficiently close to 1 and 6 >0 such that

n/(n—1)
wollod @D < (1—B/n o [|ok | s
q 0” kH —( p )(Tl(Cl—]e,ﬁ(”O)))l/(n_l)

Notice that

lim [Jog || (1= [wo[") = Tim [Jog[|" —[|uo[|" =n (1 —Je 6 (110)),
k—o00 k—oo
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where we have used vy — ug in E, vp — ug in L"(IR") and F(x,v;)/|x|? — F(x,uq)/|x|? in
L'(IR"™), we get for k sufficiently large,

n/(n— :B Xy
oo 1><(1—— -
n) (1—||wol")t/ (=1

Then it follows from Lemma 2.6 and Theorem 1.1 that

/ Ru—2(qeo|og ||/ =Y, wy)
n ’x’.B

Therefore by (H;) and Lemma 3.1 we have

dx <C.

f(x,v1) (v —uo) dx'

R" |x|P
S/ blel(vk_uO)dx-i—/ ban—z(Déo,Uk)(vk—Mo)dx
n |x|P n |x|P

1/q
Rn_zwaouvkuﬂ“ﬂ1>,wk>dx>

<Cllv— Cllvg— /
< Hvk MOHLH- Hvk Mo”m( y |x|‘15

<Cl|vx—uo||Lr — 0.

From this convergence and J,(vx) (vx—up) —0, we get
/M\Vvk]”’ZVvk(Vvk—Vuo)dx—i-/M\vk\”’zvk(vk—uo)dxéo.
Moreover, since vy — up, we have
/M\Vuo\”_ZVuo(Vvk—Vuo)dx%O and /M]u()]”_zuo(vk—uo)dxéo.

Using the inequality (|a|"~2a— |b|"~2b)(a—b) >2%""|a—b|", Va,b € R", it follows that

/ |Vvk—Vuo]”dx+/ |og —uo|"dx

M M
<C /M(mkyﬂwk— Vito|"2Vitg ) (Vitg — Vitg)dix
+c/M(|vk|n*2zzk—yu0|n*2u0)(vk—uo)dx—>o.

Therefore we get vy — 1 in E. This implies J.(vx) — Je(140) = co, which is still a contradic-
tion and the proof is finished. 0
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