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1 Introduction

We consider the two-layer quasigeostrophic flow model ([1], p. 423; [2], p. 87):

aaitl +1(1,q1+By) =vA% 1+ f(x,y) + Wi (t,x,y), (1.1a)
%-ﬁ—](#)zﬂz-l—ﬁy) = VA’ — AP +Wa(t,x,y), (1.1b)

where potential vorticities g1 (x,y,t), g2(x,y,t) for the top layer and the bottom layer are
defined via stream functions 1 (x,y,t), P2(x,y,t), respectively,

m =01 —F- ({1 —¢2),
qZ:All)z—F'<l/)2—lI)1). (12)
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Here (x,y) € O:=(0,L) x (0,L) € R?, L is the characteristic scale for horizontal length of
the flows; F is positive defined by (see also [2], p.87)

2
p_fo_po (1.3)
ghp2—p1

g is the gravitational acceleration, & is the depth of layers with the assumption that the
depth of top and bottom layers is equal, p; and p, are the densities (o, > p1) of top and
bottom layers, respectively; pg is the characteristic scale for density of the flows, fo+ By
(with fo,B8 constants) is the Coriolis parameter and f is the meridional gradient of the
Coriolis parameter; v >0 is the viscosity. Note that r = fydr / (4h) is the Ekman constant
([3], p-29). Here 6r=+/2v/ fy is the Ekman layer thickness ([1], p.188). Moreover, J(h,g)=
hygy —hygx is the Jacobi operator and A =09y, 49y, is the Laplace operator in IR?. Finally,
f(x,y) is the mean (deterministic) wind forcing, two-sided Wiener processes Wi (f) and
W, (t), which describe the fluctuating part of the external wind forcing in the fluid, either
are mutual independent or Wy (t) = W,(t). In this paper, we consider the case when the
covariance operators Q1 and Q of the Wiener processes Wi (t) and W(t) have a finite
trace, respectively.

The two-layer quasigeostrophic flow model has been used as a theoretical and nu-
merical model to understand basic mechanisms in large scale geophysical flows, such
as baroclinic effects [1], wind-driven circulation [4, 5], the Gulf Stream [6], fluid stabil-
ity [7] and subtropical gyres [3, 8]. Recently Salmon [9] introduced a generalized two-
layer ocean flow model.

We assume Dirichlet boundary conditions for ¥ = (11, ¢):

1IJ|aO:AlIJ|aO:0. (1.4)

We also assume an appropriate initial condition ¢(x,y,0) =0 (x,y).

The stochastically forced quasigeostrophic model has been used to investigate various
phenomena in geophysical flows [10-15]. This stochastic model has also be investigated
in the context of stochastic dynamical systems [16-20].

For this stochastic two-layer model, following [16], we can establish the well-posedness
and the existence of pullback attractors. The purpose of this paper is to establish the syn-
chronization for the stochastic two-layer model.

In this paper, we first recall some basic facts about random dynamical systems in
Section 2. In Section 3, we establish the well-posedness of the stochastic two-layer quasi-
geostrophic model by transforming it into a coupled system of random partial differential
equations. In Section 4, we show the existence of pullback attractors for the random two-
layer model. In Section 5, we establish the synchronization for the random two-layer
model. In Section 6, the main results concerning stochastic two-layer quasigeostrophic
model are established.
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2 Random dynamical systems

In order to investigate the long time dynamics of the two-layer fluid system (1.1), we
need some appropriate concepts and tools from the theory of random dynamical systems.
For detailed presentation of random dynamical systems we refer to the monograph by
Arnold [21] and references [16,24].

A random dynamical system (RDS) consists of two components. The first compo-
nent is a metric dynamical system (Q,F,IP,0) as a model for a noise, where (QQ,F,P) is a
probability space and 6 is a (F ® B(R),F)-measurable flow which satisfies

0p=id, O =000, =:0;0,

for t,7 € R. The measure P is supposed to be ergodic with respect to 6, i.e., 6;[P =P
for all t € R. The second component of a random dynamical system is a (B(RT)®F®
B(H),B(H))-measurable mapping ¢ satisfying the cocycle property

p(t+T1,w0,x)=@(t,0rw,(T,w,x)), ¢(0,w,x)=x, VYx€H,

where the phase space H is a separable metric space. We will denote this random dy-
namical system by symbol ¢.

We can associate a metric dynamical system 6 with the Wiener process W as follows.
Let U be a separable Hilbert space. We consider the probability space

(co(m,u),B(co(nz,u)),n?),

where Cy(IR,U) is the Fréchet space of continuous functions on R which are zero at zero
and B(Cp(R,U)) is the corresponding Borel o-algebra. The Wiener process W can be
interpreted in the canonical sense W(-,w)=w(-). The flow 6; is given by

Orw=w(-+t)—w(t), for weCo(R,U). (2.1)

The flow 6; is called the Wiener shift. The measure IP which is ergodic with respect to 6; is
called the Wiener measure.

A closed set B(w), depending on w, in a separable Hilbert space H is called random
if the distance mapping w — sup, g, ||*—y|/n is a random variable for any y € H. In
addition, we will assume that B(w) is forward invariant:

¢(t,w,B(w)) C B(6iw), t>0.

In the following we also need the concept of tempered random variables. A random variable
x is called tempered if t — |x(6;w)| is subexponentially growing:

+
limsup log” |x(61cw)| =0 as.

t—+oo |t|



18 Y. Han / J. Partial Diff. Eq., 24 (2011), pp. 15-36

(see Arnold [21]). A random set { B(w)} is said to be tempered if there exists a vo € H such
that B(w) C {ve H: dist(v,v0) <r(w)} for all w € 3, where the random variable r(w) >0
is tempered. We denote by B the collection of all tempered random set { B(w)}.

Below we need the concept of a random (global) pullback attractor for RDSs (see,
e.g., [21,22]), which extends the corresponding definition of a global universal attractor
in autonomous systems [23].

Definition 2.1. Let (0,¢) be a RDS with the phase space H. A random closed set { A(w)} from
B is said to be a random pullback attractor for (6,¢) in B if

(i) A(w) is a forward invariant set,

(i) {A(w)} is pullback attracting in B, i.e.,

lim distH{qo(t,G_tw,B(O_tw)),A(w)}:0, we,

t—+o0

for all {B(w)} € B, where disty (A, B) =supdisty(a, B).
acA

The following result [22,24] ensures the existence of a random attractor for a RDS.

Theorem 2.1. Let (6,¢) be a RDS on Q) x H such that ¢(t,w,-): H— H is a compact operator
for each fixed t >0 and P-a.e. w € Q. If there exists a tempered random set {D(w)} and T =
T({B(w)},w) >0 such that

@ (t,0_tw,B(0_4w)) CD(w), Vt>T, P-ae.w€e(),

for every tempered random set {B(w)}, then the RDS (6,¢) has a random pullback attractor
{A(w)} with the component subsets defined for P-a.e. w € Q by

Alw)= ms>0Utzs§0(f,thw, D(B,tw)),

The family {D(w)} ia called a pullback absorbing random set for the RDS.

3 Well-posedness of the random two-layer fluid system

Following [16], the well-posedness of the random two-layer fluid system can be estab-
lished. Here we introduce the outline.

Let (+,+)o and ||-||o denote the standard scalar product and norm in L?, respectively.
We also denote L?=L? x L? and H® = H® x H*. We work on the phase space H™! with the
scalar product

(2.0)« = V1,V )o+(Vpo, Vipy )o+F (1 — 2,8, — $,)o,
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where 9= (q1,92), 7= (41,9,) and ¥ = (1,12) € H}, ¥ = (¥, ,). The relation between g
(resp. 7) and ¢ (resp. ¥) is defined by (1.2). The norm induced by this scalar product

9112 = (4,0)« = I V1[5 + | V2 ll§+Fllpr — 213 (3.1)

is equivalent to the usual norm on H™1.
To treat the nonlinearity in the two-layer fluid model we need the following lemma.

Lemma 3.1. ([16]) The Jacobian operator has the following properties:

J(wo)=—](wu),  (J(u,0),0)=0, (3.2)
(J(u,0),w)o = (J(v,w),u)o, (3.3)

for w,v,w in H}. Moreover, the following estimates hold:
(T (u,0), )0l <collAvllo- [ Vullo-1Aullo, w0 H2NHY; (3.42)
|(J(w,0),w)ol <cr|Aullo- | A0flo - [w]lo, uw,v€ H*NHy,we L% (3.4b)
[ (,0), w0l <1 [Vulo-[acllo-[Veollo,  wweHLoeHNH, — (35)

1/2

where ¢y =coA{ ' %, co is a constant.

We introduce two Ornstein-Uhlenbeck processes #1(x,y,t,w) and 12(x,y,t,w) in 12
which are defined by the solutions of the following linear stochastic partial differential
equations

d .
% =v(k+1)An; + Wi, (3.6a)
d .

—aﬂtz IV(k+1)A772+W2, (3.6b)

with Dirichlet boundary condition 71 |y0 =#2|30 =0 and with some initial condition 7,
1120 € H', where k>0 is a free control parameter and W; (j=1,2) are Wiener processes in
L?. We suppose that the covariance operators Q; (j=1,2) of these Wiener processes have
finite traces. These processes #; and 77, can be written in the form

m(tw):= ( /_t ooS(t—s)dwl(s))(w), (3.72)
12 (tw) = (/_:OS(t—s)dWZ(s)>(w), (3.7b)

where S(r) = eV**1)A  As mentioned in Section 2 such a Wiener process generates a
metric dynamical systems denoted by (Q),F,IP,0) where 0 is the Wiener shift introduced
in (2.1). It is well known that these equations have two stationary solutions which are
generated by two Gaussian random variables #; and 7, in H}. In particular, the mapping

t—>77j(9tw)€L120C(—oo,oo;Hé), j:1,2



20 Y. Han / J. Partial Diff. Eq., 24 (2011), pp. 15-36

solves Eq. (3.6). Moreover, we can assume that the random variables #; and the processes
(t,w) —y;j(0iw) (j=1,2) are defined for all w € Q) what follows by a perfection argument
for Ornstein-Uhlenbeck processes in Hilbert spaces, see Chueshov and Scheutzov [25]
Proposition 3.1. For moments of 77; (j=1,2) we obtain due to [26]:

Eln (0= [ m{(-a)st-nQis (t-)}dr

Ot _ (i troQ
— Ae 2V(k+l)/\](t r)dr Q L0i) = 0 , (38&)
]._El/oo J ( 19j (Pf> 2v(k+1)
troQ1 \"
2n < 0 1
Bl ()1 <G i) (3.5)

2 troQ2 2n o troQ2 \"
Bl =5y ElROI<c( gy ) - neN G0 vteR. (359

We introduce new variables [16]

Jii=q1—11, Ga:=q2—12, P1:=91+&, Y=+, (3.9)

where the stationary processes 71 and 7, solve the problem (3.6) and &1 and & are defined
such that the elliptic equations (1.2) keep the same form

1 =01 —F-($1— 1),
Go=A0P,—F- (P —1).

The processes ¢ and ¢, are solutions of the linear elliptic equations

Ag —F-(81—C2)=—m, (3.10a)
Al —F-(82—C1)=—112, (3.10b)
¢1lo0 =620 =0. (3.10¢)
By simple calculations we have the estimates
161+ G2llss2 < |lm+m2lls, 0<s<1, (3.11a)
1
V&= VEa+Flig G2l < gz llm—nall, (3.11b)
1
1AG1 — A& |[5+F(VE — V|5 < iF IV (1 —m2) |13, (3.11¢)
A& o+ 18&lo <2(llm1llo+I721l0), (3.11d)
IVAG lo+11VAG o <2(IIVillo+ [ Vir2llo)- (3.11e)

Using (3.10) we have
— VA & —v(k+1) Ay = —vE (A& — A&) —vkAyy,
—VAE, —v(k+1)Anp = —vF (A& — A& —vkAn,.
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Thus we finally get the coupled system of random partial differential equations (for con-
venience, we drop the tilde)

% + (1 — &1, g1 +11+ By) = VAP Py + f—VE(AG — A& —vkAny, (3.12a)

% +J (2 —Co,q2+12+By) = VA2¢2 — APy +1AE —VF (A — AGy ) —vkAnn,  (3.12b)

with the Dirichlet boundary condition (1.4) and the coupling condition

q1=0¢1—F-(p1—12), (3.13a)
G2=AP2—F-(p2—11), (3.13b)
and with initial data
q(x,y,0) = (qo1 (x,y) =111 (x,,0,w0), 402 — 112 (x,y,0,w0)) €H ", (3.14a)
¥(x,,0) = (Yo1 (x,y) +&1(x,y,0,w) Yoo+ &2 (x,y,0,w)) €H', (3.14b)

where 771 and 7, are the stationary solutions to (3.6) and ¢; and ¢ solve (3.10) in HZOH(%.

For the rest of this paper, we work on this coupled system (3.12). As in [16,28], using
the Galerkin method and the compactness argument we can prove the following asser-
tion on the well-posedness of problems (3.12) and (3.13).

Theorem 3.1. (Well-posedness) Let go € H™! and f € L2. Then for P-a.e. w € Q) and for all
T >0, the systems (3.12) and (3.13) have an unique solution {q(t),(t)} such that

g€ C([0,00);H )NL2 (0,00;L2)NL2 (T,00;H}).

loc loc

The function  associated to q by (3.13) satisfies

€ C([0,00);Hy) ML, (0,00, H*NHG) NL7 (T,oo;H3ﬁ {¥],0=29, :0}).

loc loc

The solution depends continuously on the initial condition go € H™ 1.

By the uniqueness assertion of the last theorem the solution of (3.12) t—¢(t) generates
a random dynamical system (6,¢) on QxH™!, where Q) = Cy(R,H™!). Moreover, the
mapping ¢: H™! — H~! which maps go to ¢(t,w,q0) =4q(t) is continuous.

Let o1 = o2, Py = (o1, P02), and ¢(t) = (1 (t),12(t)) be the solution of system (3.12)

with initial data {9 =,,. By the Theorem 3.1 (3.12) also generates two RDSs (8, ¢1r) and
(6,¢92F) on Q) x H(% as follows: mapping ¢1r: Hé — Hé which maps g to

e1r(t,w,Ppo1) =1 (t),

and mapping @or: Hé — Hé which maps ¢, to

Par(t,w,Pop) =1Pa(t).
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Here the mappings ¢1r and ¢,r are continuous, Q=Cy (R, H}). We investigate the asymp-
totic behavior of the above RDSs (0,¢1r) and (0, ¢2r) as F — oo at the level of pullback
attractors.

Now using inverse transformation we define the cocycles ¢, ¢, and ¢, for problem
(1.1) by the formulas

P(tw,) =Ry, (0w) o (tw,Rm(w)-),
F1p(tw, ) =R, (6iw) o i (W, Ry (w)-),
Par(tw, ) =Ry (Biw) 0 gor (1w, Ru(w) ),
where R, (w):H ' —=H™!, R,y (w): Hé —>H3 and R (w): Hé —>H3 are random mappings
of the form
Ru(w)U=U-(p,m12), U=(Up,U)eH,
Ry (w)V=V+E, VeH;,
R (w)V=V+e&, VeH..
It is clear that R,;(w) maps tempered random sets in H™! into tempered sets in H™!,
and Ry;1(w) and R (w) map tempered random sets in H} into tempered sets in H].
Therefore all statements concerning the RDSs (6,9), (6,¢,5) and (6,9,) can be easily re-

formulated as statements concerning the RDSs (6, ¢), (6, ¢1r) and (6, ¢2r). In our further
considerations we deal with the RDSs (6,¢), (6,91r) and (6, ¢2F).

4 Pullback attractors of the random two-layer fluid system

In this section we prove the existence of random pullback attractors for the RDSs (6,¢),
(6,¢91r) and (6, por) by continuing the line of research introduced in [16].

We first construct an absorbing forward invariant set for the random dynamical sys-
tem generated by (3.12).

Theorem 4.1. For P-a.e. w € Q), there exist a compact random set { B(w)} in the space H™!, and
compact random sets {Byp(w)} and {Byp(w)} in H} such that

¢(t,w,B(w)) C B(biw), for t>0, (4.1a)
¢(t,w,q(w)) €B(biw), for t>to(w,q), (4.1b)
¢1r(t,w,Bip(w)) CBip(Oiw), for t>0, (4.2a)
p1r(t,w,P1(w)) € Bip(6rw),  for t>t(w,yn), (4.2b)
@2r(t,w,Bop(w)) C Bap(Oiw), for >0, (4.3a)
@2r(t,w, Po(w)) € Bap(Biw),  for t>t(w,q2), (4.3b)

where the RDSs (6,¢), (0,¢1r) and (0, ¢1r) are generated by (3.12), q is a random variable with
values in H™, 1 and 1, are random variables with values in H}.
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By using Theorem 2.1 and 4.1, we obtain the following theorem which is the main
result of this section.

Theorem 4.2. (I) In the space H™! the RDS (0, ) generated by (3.12) has a compact pullback
attractor {A(w)} for P-a.e. w € Q. Moreover, there exists a tempered random variable R(w),
which doesn’t depend on F, such that

A(w)C {geB ™ |lg2<R(w) }. (4.4)

(I) In the space H} the RDSs (6,¢1r) and (0,¢1r) generated by (3.12) possess compact
pullback attractors { A1p(w)} and { Axp(w)} for P-a.e. w € Q), respectively. Moreover,

Arp(w) C {1 € Hy: [V [§ < R(w)}, (4.5)

Azp(@) C {2 € Hy: [ V[ < R(w) }- (4.6)

We now divide the proof of Theorem 4.1 into some lemmas. We start with the follow-
ing lemma.

Lemma 4.1. Let q(t) be the solution of (3.12). Then q(t) satisfies the following inequality

d
a1 +v (12 )13+ a92(1)7)
<do (I @) 3+ 1lm2(80) 1) - (IV 913+ Vg2 B) +m(Brc0),

where
m(w)=d([[m (@) |1+ [lr2() 1) +da ([l () 5+ 72(w)15) +4da

and constants dy, d1, do and d3 are independent of F.
Proof. Taking the scalar product (3.12) with (¢1,¢») and integration by parts, we have

%%{||V1/J1(t)|\%+HVt,bz(t)||%+F||1P1(t)—llfz(t)”%}

+o{ a1 (0)13)+1A9(6) 3} +71 T2 (1)1
I—/O{I(th+171+[3y)1/)1+](Cz,qz+n2+/3y)1p2}dxdy—r(Agz,lpz)o_(f,¢1)0_
+VF(A51 —Atfz,llJl - ¢2)0+Uk(A171,1p1)0 +Vk(Aﬂ2,1P2)0. 4.7)

We know that

VF(AG1 —AG2, 1 —2)o+vk(An1,p1)o+vk(Ana,2)o—1(A%2,92)0
=VF (81— G2, Ap1 — A2 )o+vk(171,A¢1 )0 +vk (172,892 )0 —7(82,A¢2 )0

1% 1,2
<g{ Il Iavalp} - 12{vPle -Gl Bl S lel3 ), a
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/ { (G1,m+By)P +I(§2/772+ﬁ]/)¢’2}dm]/— (f,¥1)o

12
<+ 193+ {213 -+ 2122 B+ 120 I3 -+ N Blrl-+1£13 )
1

<s{lIagal3-+11ay2 3} + 22{zﬂu@au%+ﬁ2n¢2u%+|\¢1\|%|\m|\%+\|¢z|\§\|nzu%+|\f|\%}, (49)
L@ 8901+ (G2, Ap2) g hdxdy
= [ {7tere0) 891+ T (42,22) 892 fdxdy
<cL1ap B +1ap2 3} + {160 BIVen 13+ 122 31 9 92l3), (4.10)

F [ {1@uaa—nir+ (ot —p2)y2 fdxdy
:P/O J(81=G2,92) (Y1 —p2)dxdy < F||S1 = G2l [ Vo[ [[p1 — o[ 1
C
<g {1891 13+1182 13} += Fle —&3 Vo2 3 (4.11)
Putting (4.7)—(4.11) and (3.11) together, we complete the proof of the lemma. O

If k is chosen large enough then particular moments of 7; and 7, are small. Especially
we can formulate:

Lemma 4.2. Let Wy and W, be Wiener processes in L* with finite trace of the covariances Q1 and
Q», respectively. Then under assumptions

2dag (troQq +troQ>)

8do (troQ1+1troQ2)
< .
) 1, (4.12)

1,
< All/z(k—i—l)z -

the random variable

Ro(w)i= | exp{ “rtet [ (I (6@ + In2(6v0) e bn(o.eo)de

— 00

is finite and tempered, where ag =14-2F / A1. Moreover

2 (A 2dp (troQ1+1troQ2) \ 2
)t <ean () (G -G

=

where
dy=Cl Ly (troQ1+troQ2)? | 1 da(troQ1 +1troQ2)
v2(k+1)2 4 v(k+1)

is an estimate for (Em?)1/2 (the constants Cg,Cy are defined in (3.8)).

+d3
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The proof of this lemma can be found in Chueshov et. al [16] for an Ornstein-Uhlenbeck
process in another Hilbert space. However the argument given there is of a general na-
ture.

We now construct some sets satisfying (4.1a), (4.2a) and (4.3a), respectively.

Lemma 4.3. Let R(w):=aRo(w) for some a >1 and Ry as in Lemma 4.2. Provided condi-
tions (4.12) hold, then the closed H~'~ball B(0,R(w)'/?) fulfills (4.1a), and the closed H}-balls
B(0,R(w)'/?) fulfill (4.2a) and (4.3a).

Proof. Using Lemma 4.1 we have

SO < (=20t @) -+ o Bro) 1) ) ) o)

Let g0=¢(0) and p(t,w, ||g0||?) be the solution of the one dimensional random affine equa-
tion

do(t) vA
fc)l(t ) +a—19:do(H’?l(Gtw)H%—i—H772(9tw)H%>p—|-m(9tw), (4.13a)

0
(0,w,[I90112) = llq0[l3- (4.13b)

A comparison argument gives that

lp(t.w,q0)lI2= lla(DIIZ <p(t.w,llq0]2)-

Here ¢ is the dynamical system introduced in Section 3: ¢(t,w,qo) =q(t), where g(t) is
the solution to (3.12) with the initial data go. Eq. (4.13) has the stationary solution given
by p(t,w,Ro(w))=Ro(6:w). This can be checked by the variation of constants formula. It
follows from (3.8) that for a sufficient small € >0,

, VA1 —¢ VAL —¢
IE/O do (|11 (8-) [T +112(6-0) [|7)dT < ;0 £ ;0 =0

for large ¢ > 0. Thus this solution is exponentially attracting:

Ro(01)— p(t0,l90]2) | = p(t0, Ro (@) —p(t, o 2)
<exp{ [ (ol 6+ Ia(6rco) )~ 22 ) f (R(@)-+ ol) .

This completes the proof of lemma. 4

It remains to prove the existence of compact sets B(w) satisfying (4.1a), Bip(w) satis-
fying (4.2a) and Byr(w) satisfying (4.3a).
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Lemma 4.4. Let the random variable R(w) be defined in Lemma 4.3.
(I) The set

B(w):=¢(1,0_1w,B(0,R(6_1w)?))
is a compact absorbing forward invariant random set in H™! for P-a.e. w € Q). Moreover,

wessup{ |69 [§+11892 1 : (91,92) €B(w) }, (4.14)

is a tempered random variable (1 and , are defined by (3.13)).
(II) The sets

Blp<w) = q011:<1,9,1a],B(0,R<9,1a)) %)),

and

Bor(w) := @or(1,0_1w,B(0,R(6_1w)?))
are compact absorbing forward invariant random sets in H} for P-a.e. w € Q).

Proof. The regularity assertion of Theorem 3.1 and some standard techniques (see Bernier
[28]) imply that the sets B(w) C H™! are compact. Since R is a random variable, the ball
B(0,R'/?) is a random set. The continuity of ¢(t,w,-) allows us to conclude that B is a
random set. The construction of B ensures that the set is absorbing and forward invariant.
The temperedness of (4.14) can be proved in the same way as in [16].

Similarly, we can prove that Bir(w) and Bjp(w) are compact random sets in H}. [

Putting the above four lemmas together gives Theorem 4.1.

5 Synchronization

We show that dynamics (6, ¢1r) and (6, ¢2r) on both layers synchronize to a synchronized
model. To this end, we need a few estimates.

Lemma 5.1. Suppose that there exists a constant Cy such that E||o; — o2 ||5 < Co/F. For any
time interval [0, T, we have that

lim sup E|1(-,t)—a(-,1)[5=0, (5.1)

F_>°°0§t§T

T
sup E([ V1 H3+1V92(018)+E [ (1891(5) 3+ 18%2()[F) ds <Ki, ¥T€[0,00), (52

0<t<T

where constant Ky is independent of F defined in (1.3).
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Proof. Using Lemma 4.1, we have
EIV1 (DIF+EI V(- 8) 13+ FE 1 () —a(-, 1)}
0B [ (1891 6) G+ Iaa()]3) ds
<Cao | E ([72(010) B+ 72(000) IF) E ([ V1 [3+ [V ) i
+B [ m(8o)ds+ 2B (|94 3+ 1V peel) + o 53)

where ’ 1
Co= 5 E(lm (O)[3+1172(0) [3)+ 55 Ell: 0) =2 0)[[3+2Co.

By the Gronwall inequality, we have

sup | Vi1 (- 1) [§+EI V2 (-, 1)I3

0<t<T

_ T
< (2B V901 3+ 1V goal )+ Co+E | m(61c0)ds)

T 2 2
<exp{ CadolE | (s (60 [+ 1a(000) )t} 54

Estimates (5.3) and (5.4) imply that

T
sup FlEHl/Jl(vf)—ll)z(vf)H%Jrv]E/O (A1 () 15+ 1 A2(s) [15)ds

0<t<T

. T
< (201 Vg0 3+ 902l}) +Co+E | m(Biw)ds)
T
< { CatoE | (I (00) 13+ 12 (60) )

T
X exp (CzdolE/O (171 (8:c0) |3+ |72 (Brcw) H%)dt) +1}. (5.5)
Consequently, estimates (5.4) and (5.5) imply (5.1) and (5.2) . O

We claim that the following SPDE is the synchronized model for the two-layer QG
dynamics (1.1): the synchronized vorticity g and the corresponding streamfunction u
satisfy the following system

r Wl -I-Wz
2 2

in the spatial domain O with the Dirichlet boundary condition and initial condition:

q:Au, (56)

2 1
571 (wq+By) =vA?u—SAut 2 f(xy,t)+

U] y0= 2015, =0, u(x,y,0) =uo(x,y). (5.7)
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Let 17(x,y,t,w) be the Ornstein-Uhlenbeck process which is defined by the solution of the
following linear stochastic partial differential equation

0 Wi +W.
a_Z:v(k+1)A17+ 12 2, ’7‘ao

=0, (5.8)

with some initial condition 779 € L2, where k>0 is a free control parameter. Let the process
¢(x,y,t,w) be the solution of the linear elliptic equation

Ai=—n,  Eloo=0. (5.9)
Then 17=1 (171 +1). Using the same change of unknown variable as in Section 3
g:=q—1, u:=u+g,
Eq. (5.6) is transformed into the following random PDE
d
gy ut ) (=G, Aut+py)

:VAzu—%A(u—g)—l—%f(x,y,t)—vkmy, (5.10)
in the spatial domain O with the Dirichlet boundary condition and an appropriate initial
condition:

U|yo =01l =0,  u(xy,0)=uo(x,y)+¢(x,y,0). (5.11)

The same argument as in Section 3 allows us to prove that problem (5.10) and (5.11) is
well-posed and generates a RDS (6,¢*) in H}. The same argument as in Section 4 allows
us to prove that RDS (6,¢*) possesses a compact pullback attractor { A®(w)}. Thus we
obtain the following theorem.

Theorem 5.1. (Well-posedness, RDS, pullback attractor, limiting model)
(I) Let ug€H} and f € L*. Then for all w € QY and for all T>0, the systems (5.10) and (5.11)
have an unique solution u(t) such that

loc loc

ueC([0,00);Hy) ML}, (0,00;H*NHy) ML}, (T,00,H> N {ut |,y = Au| ;. =0}).

The solution depends continuously on the initial condition ug € H.
(II) In the space H}, problem (5.10) and (5.11) generates a RDS (6,9 possessing a compact
pullback attractor {A®(w)}. Here o> (t,w,ug) =u(t).

We note that the synchronized QG model (5.6) has the following property.
Lemma 5.2. (I) Let u(t) be the solution of (5.10). Then u(t) satisfies the following inequality

T
sup IE||Vu(-,t)H%+IE/ 1Au(s)|3ds<Ci, VT e[0,00), (5.12)
0<t<T 0
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where Cq is a constant.
(IT) Let u(t) and u(t) be the solution of (5.10) with initial data Uy and iy, respectively. Then
the following inequality holds:

sup E|[V{ir—i}(-)[[§ <e“TE|V{m—io}|§,  VT€[0,00), (5.13)

0<t<T
where Cy is a constant.
Proof. The estimate (5.12) can be proved by the same argument as in the proof of estimate

(5.2). Let v=u—1u. Then v satisfies the following equation

%Av-l-](v,Aﬁ-i—iy+,By)—|-](ﬁ—<§,Av):vsz—gAv, (5.14)
in the spatial domain O with the Dirichlet boundary condition and an appropriate initial
condition:
v|ao = Av|ao =0, v(x,y,0)=1u(x,y)—1p(x,y,0). (5.15)
Taking the scalar product (5.14) with v and integration by parts we have
1d
2dt
I—/Of(ﬁ—élv)Avdxdyé IV (@ =)l 1Vol[ 4] Av]o

.
IVo(B)[5+vlav()5+5 Vot

1 3
<C[[V(#=8)[[1s[[Vollg | Avllg
1% ~
<5 1A0]§+ClIV @T=E) 7] Voll5. (5.16)

By using estimates (5.12), (5.16) and Gronwall inequality, we obtain estimate (5.13). O

Lemma 5.3. Let &y and & be the solution of (3.10), & be the solution of (5.9). Then we have the
following estimate

EIV (& -8B+ EIV (@803
<=l —m)C0IE Vi) 5.17)

Proof. From (3.10) and (5.9), we get the following system of random partial differential
equations

A(G1—8)—F(61—G2) =
A(G2—8)—F(&2—C1) =

(m2—m),

(1 —12)- (5.18)

NI =N =
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Taking the scalar product (5.18) with ({1 —¢&,¢> —¢), and integration by parts we have

IV (@ =OIE+ 1V (E2= &) I5+FlIg1 2213

1 1
=5 (n—1m2,81-8) <Fl§1=&lli+ 1z Im —mllf (5.19)

This estimate (5.19) implies (5.17). O

Let uy = ¢ —u and up = ¢, —u be the differences in the streamfunctions, between the
top layer of (3.12) and the synchronized model (5.10), and between the bottom layer and
the synchronized model, respectively. By (3.12) and (5.10), we get the following coupled
system of random partial differential equations

%(Aul—F(ul—uz)) +](Ll1—(§1—(§),6]1+771 +,B]/) +](u—§,Au1—F(ul—uz)—l-m—n)

=vA?uy + %A(u—é) + % —VF (A& —AG) —vkA(n1—1), (5.20a)

%(Auz—F(uz—ul)) +J(uz—(G2—8),q2+m2+By) +](u—E,Auz—F(up —u1) +12—1)
=UAN?uy —rA(up — &+ &) — %A(u—é) — g —VF(A& — A& —vkA (2 —17), (5.20b)

with the Dirichlet boundary condition and initial data

]y =0u1],0=0,  uz|;o=A0u],,=0, (5.21a)
31 (x,y,O) = l/)01 <x/y) —Up <X,y) +Cl (x/ylolw) - C(x/]//O/W)/ (521b)
uz(x,y,O) = l/)oz(x,y) - ”0<x1y) ‘1‘62(3@%0/6‘)) _C(x/ylolw)/ (521C)

where 771 and 7, are the stationary solutions to (3.6), 7 is the stationary solutions to (5.8),
¢1 and & solve (3.10) in HzﬂHé, and ¢ solves (5.9) in HZOH(%.

Theorem 5.2. (Limit transition on finite time intervals) Assume that both models start at
the same initial data Yo =po2 =uo. Then we have the following convergence results on any finite
time interval [0,T]:

lim sup lE(HVul(~,t)H%—|—HVuz(-,t)H%> =0, (5.22)

F_>°°0§t§T

;gm(uvmﬁ)uﬂsz<~,T)Hg):o, VT €[0,00), (5.23)
T

lim E (HAul(s)H%—i—HAuz(s)H%>ds:O, VT € [0,00), (5.24)

F—o0 0

where F is defined in (1.3). That is, as the layer depth h— 0 or as density gradient across the two
layers pp —p1 — 0, the two-layer model (3.12) synchronizes to the averaged model (5.10) on finite
time intervals.
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Proof. Taking the scalar product (5.20) with (u1,u;) and integration by parts we have
2SIV B+ 1V 0) 3+l () — 2 (1)]3}
o{ A (1) 3+ 1w ()| } 11| V()3
z—/o{](él—C,q1+171+ﬁy)u1+](Cz—g’,qz+iyz+ﬁy)uz
—|—](u—C,ul)Am+I(u—C,M2)AM2+%](M—§/u1—“2)<’71—WZ)}dxdy
+ (VFA<§1 —¢2) _J;/“l —u2)0+%vk(A(m —12), 41— 12)o

= 2 (A=) —2)o (A2~ &), 2o (5.25)
Employing estimates (3.11), (5.1), (5.2), (5.12) and (5.17), we know that

]E<1/FA(§1—52)—]§C,M1—M2> —rE(A(G2—¢),u2)0
0
=E <VFA(51—52)—]§C/1P1—1P2) +1E(V(2—¢),Vua)o
0
—0, as F—oo, (5.26)
t(1 r
]E/O {Evk(A(m—nz),u1—u2)0—§(A(u—§),u1—uz)o}ds
t
ZIE/O {—%Vk(v(’h—Wz)rv(llh—¢2))0—%(A(u—s’)ﬂﬁl—%)o}ds
—0, as F—oo, Vtel0,T], (5.27)
t
E [ [ U@ —gmtm+py)un+(Ga—eaatnat+pyuz)
t
ZIE/O /O{](Cl—CIAllfl+'71+/3y)u1+](§2—§/A1P2+772+[3y)uz+F](Cl—Czlu2)(¢1—¢2)}

t
<E [ {I9(@=2)lluslI Vs | 891 +71+Byll
V(2= sVl 18-+ 12+ By lo-+ Fll s — o[ Vo2 14|V (91 =) ks

t : )
sna/o {Kzllv(él—é)lléIIA(Cl—C)Ilé||w1|\L4||A¢1+,71+ﬁyHO

+Ka|| V(& — )12 A& =) 12 11V 8l | Apa + 72+ By lo

3 1
+I<3F||Cl—Cz||oHVuz||L4IIA(¢1—¢2)||3Ht/fl—thHa‘}ds
—0, as Fooo, Vte[0T] (5.28)
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t
B[ [ 31u=E ) (n—n)dxdyds
tr1
zlE/O /Oi](u—é’,l,bl—1P2)(771—’72)dXdyd5
1 t
<3E /0 71 = 12llo |V (u—=&) || ]|V (91 — 92) | adls

K t 3 1
< [ —nalloll Y (u=)lls (o1 =) I 191 — il ds
—0, as F—oo, YVt el0T], (5.29)

/{] —&,uq)Aug+J(u—&,up)Aup pdxdy
<V (=) s { | Ve st o+ | Va2 Avtz o}
SKzHVW—?)HH{Hvul\\éHAulHéJrHvquéHAqué}
<2 {183+ s 3+ Kl V (=) { [V 3+ Vuali3}, (530)

where constants K, K3 and Ky are independent of F. Then, Ve >0, 3F > 1, such that
VF > Fy, we have that

t
[V (53 + [ Vua()B+E | {11801 () -+ | 8ua(s) |7 s
' 2 2
<e+KoE [ {[|Vu 3+ VualB}ds,  veloT,
where constant K5 is independent of F. By Gronwall inequality, we obtain that

T
sup B[y (5)]3+[Vuz(D3+E [ {11801 (5) -+ | aua(s) |3 s

0<t<T
<eefsT,  Ye>0, F>F. (5.31)
Estimate (5.31) implies (5.22), (5.23) and (5.24). The proof of this Theorem is therefore
complete. O

We are now ready to present our main conclusion on synchronization.

Theorem 5.3. (Synchronization) Assume that Wy =Wj. Let { A1p(w)} and { Axp(w) } be the
global random pullback attractor for the RDSs (6,¢1r) and (6, ¢ar) generated by (3.12), respec-
tively. Then

lim sup{distHé (1, A%(w)): g1 € Alp(w)} —0, (5.32)
lim sup{disthﬂ (2, A®(w)): Yo € Agp w)} 0. (5.33)
Here { A% (w)} is the random pullback attractor for the RDS (0,¢>) generated by (5.10).
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Proof. We continue the line of research introduced in [24]. W; =W, implies that metric
dynamical systems 60 are same in RDSs (6, ¢1r), (6, p2r) and (6,¢%).

Assume that (5.32) does not hold for some w € Q). Then there exists a sequence {F, }
with F, — oo and a sequence ¢, € A1, (w) such that

distyy (P10, A¥(w)) 26>0,  Vn=12,--. (5.34)

By the invariance property of the attractor A, (w), for every t > 0 there exists v}, €
Aqp, (0_tw) such that Y1, = ¢1f, (t,0_w,v!,). Since A1r, (w) is compact and estimate (4.5)
holds, we can assume that there exist i;, and v} in Hé such that

lim [V (10— g1)0=0,  lim V(0 ~0)o=0. (535)

Therefore, if we show that 11, € A®(w), then we obtain a contradiction to (5.34).
From Lemma 5.2, Theorem 5.2 and (5.35), it follows that

E[[V (¢1n— 9% (t,0-1w,2%)) |lo
SIEHV(QI)an<t,9_tw,U;) - q)oo(tlg—tw/v;)) ”0
+E[|V (9% (t,0_1w,0}) — 9™ (t,0_1w,0%)) |0 —0 asn—o0.

Then .= ¢*(t,0_;w,v'). However, it follows from (4.5) and (5.35) that v, € By(w), where

Bo(w) = {11 € H}: | V1§ <R(w) }.

Thus we have that
i € 9% (,0_4w,By(w)) for every t>0.

Since ¢ (t,6_;w,By(w)) — A®(w) as t— oo, this implies that . € A% (w). This contradic-
tion to (5.34) implies (5.32). Moreover, (5.33) can be proved by the same argument. O

6 Conclusions

Now we conclude this paper by stating our main results concerning stochastic two-layer
quasi-geostrophic model (1.1). By using inverse transformation we define the cocycle ¢~
for (5.6) by the formula

7 (tLw,) = (RY) (Biw) o 9™ (t,w, R (w)-),

where the RDS (6,9%) is generated by (5.10), R (w): H} — H} is a random mapping of
the form
RY(w)U=U+¢  U€EH].

All statements concerning RDSs (6,9), (6,9,5), (6,9,z) and (6,9*) can be easily reformu-
lated as statements concerning the RDSs (0,¢), (6, ¢1r), (6,¢2r) and (0,9%), respectively.
From Theorems 3.1, 4.2, 5.1, 5.2 and 5.3, we obtain the following theorem:



34 Y. Han / J. Partial Diff. Eq., 24 (2011), pp. 15-36

Theorem 6.1. (Well-posedness, pullback attractor and synchronization)
1. Let qoeH ' and f € L. Then for P-a.e. w € Q) and for all T>0, the system (1.1)— (1.4)
has a unique solution {q(t),y(t)} such that
g€ C([O,oo);Hfl) NL? (0,00;Lz) NL? (T,OO,'H(l)) .

loc loc

The function 1 associated to q by (1.2) satisfies

€ C([0,00);HY) NLF, (0,00, H*NHG) NLF, . (7,00, H*N{|a0 = Ap|ao =0}).
The solution depends continuously on the initial condition qo € H™1.

2. Problem (1.1)~(1.4) generates a RDS (0,9) in space H™! with the metric dynamical
system 0 generated by the Wiener process W= (W1, Wa) in

(CoRH™),B(Co(RH),P),

and the cocycle @ defined by the formula @(t,w,q0) =q(t).

3. Let ()= (p1(t),p2(t)) be the unique solution of problem (1.1)—(1.4) with initial data
o= (Yo1,%0 ). Then problem (1.1)- (1.4) generates a RDS (6,9,r) in space H} with the metric
dynamical system 0 generated by the Wiener process Wy in (Co(R,H}),B(Co(R,H})),P) and
the cocycle @, defined by the formula @ (t,w,Po1) =1 (t).

4. Let p(t)= (P1(t),92(t)) be the unique solution of problem (1.1)—(1.4) with initial data
o= (o2, $02). Then problem (1.1)- (1.4) generates a RDS (0,9,y) in space H} with the metric
dynamical system 0 generated by the Wiener process Wy in (Co(R,H}),B(Co(R,H})),P) and
the cocycle @, defined by the formula @, (t,w,Po2) = (t).

5. Let ug€ H} and f € L. Then for P-a.e. w € Q) and for all T >0, the system (5.6) and
(5.7) has a unique solution u(t) such that

ueC([0,00);HY)NLZ (0,00, H*NHY)NL? (7,00, H>N{1t|30 = Au|y0 =0}).
The solution depends continuously on the initial condition ug € H}.

6. Problem (5.6) and (5.7) generates a RDS (0,9*) in space H} with the metric dynamical
system 0 generated by the Wiener process (Wy1+W,)/2 in (Co(R,H}),B(Co(R,H})),P) and
the cocycle 9> defined by the formula 9 (t,w,ug) = u(t).

7. Assume that both models (1.1) and (5.6) start at the same initial data Py = Pop = up.
Then we have the following convergence results on any finite time interval [0,T]:

im sup E([|[V{p1—u}(,)5+V{p2—u}(-1)|5)

1
FﬁwOStST

0.

8. The RDS (0,9) has a compact pullback attractor { A(w)} in phase space H™" for P-a.e.
w € Q). The RDSs (0,9,r), (0,9,5) and (6,9%) have compact pullback attractors {A1p(w)},

{Azr(w)} and {A” (w)} in phase space H} for P-a.e. w € Q), respectively.



Synchronization of Stochastic Two-Layer Geophysical Flows 35

9. Assume that Wy = Ws. Then attractors { A1p(w)} and {Axr(w)} are upper semicontin-
uous as F — oo in the sense that

lim  sup inf [|[V(yp1—u)|lo=0, Vwe,
()

Foyeo P1€ALP(w) u€A

lim  sup inf ||[V(¢2—u)]o=0, VYwe.
® " (w)

Acknowledgments

I would like to thank Professors Jingiao Duan of Illinois Institute of Technology, USA,
Peter E. Kloeden of University of Frankfurt, Germany and Stefan Siegmund of Technical
University of Dresden, Germany for proposing this research project and for some valu-
able discussions.

References

1] Pedlosky J. Geophysical Fluid Dynamics. New-York, Berlin: Springer Verlag, 1987.

2] Salmon R., Lectures on Geophysical Fluid Dynamics, Oxford: Oxford Univ., Press, 1998.

3] Pedlosky J., Ocean Circulation Theory, New-York, Berlin: Springer Verlag, 1996.

4] Berloff P. and McWilliams ]. C., Large-scale, low-frequency variability in wind-driven ocean

gyres, |. Phys Oceanogr, 1999, 29: 1925-1949.

[5] Berloff P. and Meacham S. P., On the stability of equivalent-barotropic and baroclinic models
of the wind-driven circulation, Technical report, 1999, Preprint.

[6] Huang R. X. and Stommel H., Cross sections of a two-layer inertial gulf stream, J. Phys
Oceanography, 1990, 20: 907-910.

[7] Benilov E. S., On the stability of large-amplitude geostrophic flows in a two-layer fluid: the
case of “strong” beta-effect. . Fluid Mech., 1995, 284: 137-158.

[8] Ozgokmen T., Emergence of inertial gyres in a two-layer quasigeostrophic ocean model, J.
Phys Oceanography, 1998, 28: 461-484.

[9] Salmon R., Generalized two-layer models of ocean circulation, | Marine Research, 1994, 52:
865-908.

[10] Brannan].R., Duan J. and Wanner T., Dissipative quasigeostrophic dynamics under random
forcing, . Math. Anal. Appl., 1998, 228: 221-233.

[11] DelSole T. and Farrell B. F, A stochastically excited linear system as a model for quasi-
geostrophic turbulence: Analytic results for one- and two-layer fluids, J. Atmos Sci., 1995, 52:
2531-2547.

[12] Griffa A. and Castellari S., Nonlinear general circulation of an ocean model driven by wind
with a stochastic component, | Marine Research, 1991, 49: 53-73.

[13] Holloway G., Ocean circulation: Flow in probability under statistical dynamical forcing.
In Molchanov S, Woyczynski W, editors, Stochastic Models in Geosystems, New York:
Springer, 1996.

[14] Miiller P, Stochastic forcing of quasi-geostrophic eddies, In Adler R J, Miiller P, Rozovskii B.

editors, Stochastic Modelling in Physical Oceanography, Birkhaduser, 1996: 381-396.

—_———_——



36 Y. Han / J. Partial Diff. Eq., 24 (2011), pp. 15-36

[15] Samelson R. M., Stochastically forced current fluctuations in vertical shear and over topog-
raphy, J. Geophys Res., 1989, 94: 8207-8215.

[16] Chueshov 1., Duan J., and Schmalfuf} B., Probabilistic dynamics of two-Layer geophysical
flows, Stochastics and Dynamics, 2001, 1: 451-476.

[17] Du A., Duan J., and Gao H., Small probability events for two-layer geophysical flows under
uncertainty, preprint, 2008.

[18] Duan J. and Goldys B., Ergodicity of stochastically forced large scale geophysical flows,
International | Math Math Sci, 2001, 28: 313-320.

[19] Duan]., Kloeden P. E., and Schmalfuf B., Exponential stability of the quasigeostropic flows
under random perturbation, Progress in Probability, 2001, 49: 241-256.

[20] Duan J. and Kloeden P. E., Dissipative quasigeostrophic motion under temporally almost-
periodic forcing, J. Math. Anal. Appl., 1999, 236: 74-85.

[21] Arnold L., Random Dynamical Systems, New York: Springer, 1998.

[22] Crauel H., Debussche A., and Flandoli F.,, Random attractors, |. Dynam Differential Equations,
1995, 9: 307-341.

[23] Temam R., Infinite—-Dimensional Dynamical Systems in Mechanics and Physics, Berlin—
Heidelberg—New York: Springer—Verlag, second edition, 1997.

[24] Caraballo T., Chueshov I., and Kloeden P. E., Synchronization of a stochastic reaction-
diffusion system on a thin two-layer domain, SIAM | Math Anal, 2006, to appear.

[25] Chueshov L. D., and Scheutzow M., Inertial manifolds and forms for stochastically perturbed
retarded semilinear parabolic equations, ] Dynamics and Differential Equations, 2001, 13: 355
380.

[26] Da Prato G. and Zabczyk J., Stochastic Equations in Infinite Dimension, Cambridge Univer-
sity Press, 1992.

[27] Arnold L., Hasselmann's program visited: The analysis of stochasticity in deterministic cli-
mate models, In J.-S. von Storch and P. Imkeller, editors, Stochastic climate models, Boston:
Birkhiuser, 2001.

[28] Bernier C., Existence of attractor for the quasi-geostrophic approximation of the navier-
stokes equations and estimate of its dimension, Advances in Mathematical Sciences and Ap-
plications, 1994, 4: 465-489.

[29] Bernier-Kazantsev C. and Chueshov I. D., The finiteness of determining degrees of freedom
for the quasi-geostropic multi-layer ocean model, Nonlinear Analysis, 2000, 42: 1499-1512.

[30] Chin T. M., Milliff R. F, and Large W. G., Basin-scale, high wavenumber sea surface wind
fields from multiresolution analysis of scatterometer data, | Atmos Oceanic Technol, 1998,
15:741-763.

[31] Constantin P. and Foias C., Navier-Stokes Equations, Chicago: Univ. of Chicago Press, 1988.

[32] Dymnikov V. and Kazantsev E., On the genetic “memory” of chaotic attractor of the
barotropic ocean model, In Predictability of atmospheric and oceanic circulations, Nancy, 1997:
25-36. French-Russian A. M. Liapunov Institute in Computer Science and Applied Mathe-
matics (INRIA - Moscow State University).

[33] Hasselmann K., Stochastic climate models, Part I, Tellus, 1976, 28: 473-485.

[34] Ladyzhenskaya O., A dynamical system generated by the Navier-Stokes equations, Journal
of Soviet Mathematics, 1975, 3: 458-479.

[35] Milliff R. F. and Morzel J., The global distribution of the time-average wind stress curl from
nscat, J. Atmos Sci., 2001, 58: 109-131.

[36] Washington W. M. and Parkinson C. L., An Introduction to Three-Dimensional Climate
Modeling, Oxford: Oxford Univ Press, 1986.



