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Abstract. Let u € C(R,H!) be the solution to the initial value problem for a 2D semi-
linear Schrédinger equation with exponential type nonlinearity, given in [1]. We prove
that the L" norms of u decay as t — %00, provided that r>2.
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1 Introduction

In this work, we study some asymptotic properties of solution to the following initial
value Schrodinger equation

i0pu—+Ayu=f(u), in Ry xR2, (1.1)

with data
up:=u(0,.) € H'(R?), (1.2)

where u:=u(t,x) is a complex-valued function of (t,x) € R x R?, and
f(u)::u(e4”‘“‘2—1>. (1.3)

Two important conserved quantities of (1.1) are the mass and the Hamiltonian. The mass
is defined by

M(u(8)) = [[u(8) 2 g (14)
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and the Hamiltonian is defined by
1 2
H(u(8)) = | Vit(8) B oy + 2 0P — 1l (8) P 3 e 15)

We know [1] that the Cauchy problem (1.1)-(1.2) has a unique solution u in the space
C(R,HY(R?))NL# (CY2(IR?)). Moreover, u satisfies conservation of the mass and the

loc
Hamiltonian. Our aim, in this paper, is to prove some asymptotic properties of such

solution.
Before going further, let recall some historic facts about well-posedness of the mono-
mial defocusing semilinear Schrodinger equation

O+ Au=ulPtu, p>1, u:(-TT*)xR?—=C. (1.6)

A solution u to (1.6) satisfies conservation of the mass and the Hamiltonian

2
Hp(u(t));:||Vu(t)|\iz(mz)+mfw|uyp+1(t,x)dx.
Moreover, for any A >0,
up: (=T*A2,T*A?) xR = C,
(£,%) — ATP (A2t A 1)

is a solution to (1.6). Note also that for s.:=d/2—2/(p—1), the H*(RY) norm is relevant
in the well-posedness theory of (1.6) because it is invariant under the mapping

FO) AT (A 1x),  A>0.

We refer to Eq. (1.6) with the notation NLS, (R%) and we limit our discussion to the
case 0<s.<1.If s, >1, (1.6) is locally well-posed in H?, for s >s,.
1. NLS,(R?) local well-posedness in H*(IR?). It is known (see, e.g., [2-4]) that

(@) If s>s., then (1.6) is locally well-posed in H®, with an existence interval depending
only upon ||ug||gs.

(b) For s=sc, (1.6) is locally well-posed in H®, with an existence interval depending
upon e'2u.

(c) If s<sc, then (1.6) is ill-posed in H* (see, e.g., [5-9]).

So, it is naturel to refer to H* as the critical regularity for (1.6). 2. NLS,(R?) global
well-posedness .
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(a) The energy subcritical case s; < 1. Using local well-posedness and conservation
laws, we obtain global well-posedness of (1.6) in H!. It is expected that the local
H?¢ solutions of (1.6) extend to global solutions. For certain choice of p,d, there are
results (see for instance [10-14]) which show that H® initial data evolve into global
solutions of (1.6) for s€ (3, 4,1) with s, <3, s <1 such that 5, ; is close to 1 and away
from s.. For all problems with 0<s. <1, global well-posedness in the scale invariant
space H® is unknown but conjured to hold. Moreover, the solutions scatter when
p>p.:=1+4/d[4,15].

(b) The energy critical case s =1. Since the local existence interval does not depend
only on ||ug|| g1, an iteration of the local well-posedness theory fails to prove global
well-posedness. But using new ideas of Bourgain in [11] (see also [16]) (which
treated the radial case in dimension 3) and a new interaction Morawetz inequal-
ity [13], the energy critical case of (1.6) is now completely resolved [17-19]. Fi-
nite energy initial data ug evolve into global solution u with finite space-time size
||u ||L£2(2+d)]/(d—2) < oo and scatter.

X

(c) The energy supercritical case s. > 1. Global well-posedness for the defocusing en-
ergy supercritical NLS, (IRY) is an outstanding open problem (see [5,7,9] for some
partial results).

3. The two space dimensions case. The initial value problem NLS,(R?) is energy
subcritical for all p > 1. So it is natural to consider problems with exponential non-
linearities, which have several applications, as for example the self trapped beams in
plasma [20]. Cazenave considered in [21] the Schrodinger equation with decreasing
exponential nonlinearity and showed global well-posedness and scattering. With in-
creasing exponentials the situation is more complicated because there’s no a priori L*
control of the nonlinear term. Moreover, the two dimensional case is interesting be-
cause of its relation to the critical Moser-Trudinger inequalities (see [22,23]). The two
dimensional Schrodinger problems with exponential growth nonlinearities was studied,
for small Cauchy data, by Nakamura and Ozawa in [24]. They proved global well-
posedness and scattering. Later on, Colliander-Ibrahim-Majdoub-Masmoudi considered
the Schrodinger Cau-chy problem (1.1)—(1.2).

Definition 1.1. The Cauchy problem (1.1)—(1.2) is said to be subcritical if
H (uo) <1.
1t is critical if H(uo) =1 and supercritical if H(ug) > 1.

They obtained [1] global well-posedness in the energy space for both subcritical and
critical cases. In the supercritical case, they obtained an instability result (similar results
was proved for the wave equation [25, 26]). Recently, subtracting the cubic term of the
nonlinearity (1.3), Iborahim-Majdoub-Masmoudi-Nakanishi proved in [27] scattering for

|2

iatu+Axu:u(e4”|” —1—47‘(\u]2), on R; x R2 (1.7)
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in the subcritical case (H(up) <1). They used a new interaction Morawetz estimate
proved independently by Colliander et al. and Planchon-Vega [28,29]. The critical case
(H(up) =1) is an open problem (similar results was proved for the wave equation [30,
31]).

In the light of [1,27], we consider the Schrédinger equation (1.1), in both subcritical
and critical cases (H (1) <1) and we show decay of solution in L"(IR?) norm for 2 <r < co.

Remark 1.2. We mention that

1. In order to prove scattering, the authors in [27] have subtracted the cubic part from
the nonlinearity to avoid the critical exponent p..

2. For p,=1+4/d, a complete scattering theory is available in the conformal space of
functions f € H'(IRY) such that [|x|?|f(x)|?dx < co (see [32-34]).

3. The scattering result proved in [27] implies that, for any »>2, we have the following
decay result

tim (1) g =0, (1.9

where u € C(R,H'(IR?)) is the solution to (1.7)—(1.2).

4. In [27], scattering was established only in the subcritical case (H(ug) < 1) and for
Eq. (1.7).

5. Using the same estimates as in this paper, it is easier to prove the same decay result
in the case of (1.7).

6. Recently, extending previous results obtained in [4,15], Viscigilia [35] proved a simi-
lar result of decay for the solution to the Cauchy problem associated to a Schrodinger
equation with a monomial type nonlinearity.

1.1 Main result

Our main result can be stated as follows.

Theorem 1.3. Let ug € H'(R?) such that H(ug) <1 and u € C(R,H'(IR?)) be the solution to
(1.1)~(1.2). Thus

1. If limsup, ., [[Vu(t)[|12(r2) <1, then

}LTOH“U)HU(RZ):O/ for every 2 <r < co.

2. If limsup, , | Vu(t) || 22y =1, then

litmianu(t)HU(RZ):O, for every 2 <r < co.
— 00

Moreover for any sequence of positive real numbers (t,) tending to infinity, there exist a
subsequence denoted (s,,) and a sequence of positive real numbers (r,), such that

nli_r)rgorn:O and nli_r}r;oHu(sn—l-rn)HU(Rz):O.
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Remark 1.4. Consequently, if H(u) <1, then

}Lr?o]]u(t)]]Lr(Rz)zo, for every 2 <r < co.

1.2 Tools

In what follows, we collect some estimates needed in the sequel. We say that a couple
(g,r) is Schrodinger admissible (for short S-admissible), if

2<g,r<oo, (q,r)#(2,00) and 1—1—1 = 1
q r 2

In order to control the solution of (1.1), we will use the following Strichartz estimate [36].

Proposition 1.5. (Strichartz estimate) Let I C R be a time slab, to € I and (q,r), («,B) two

S-admissimble pairs. Then, a constant C exists such that, for any u € C(I,H'(IR?)), we have

ol ey < € (o o ey lidstu - Bt v o) (1)
In particular we have the following energy estimate.

Proposition 1.6. (Energy estimate) With the same hypothesis we have

sup||u(t,.)|| (R2) < C(Hu(to,.) HHl(]RZ)+ Hl'atu-l-AquLl(I,Hl(]Rz))). (1.10)

tel

In order to control the nonlinear part of the energy in L} (H.), we will use the follow-
ing Moser-Trudinder inequality [22,37,38].

Proposition 1.7. (Moser-Trudinger inequality) Let a € (0,477), a constant C, exists such that
for all ue H' (IR?) satisfying ||V u12(r2) <1, we have

Klu(0)f _ 2
/IRZ (c 1) dx < Col 132 g (1.11)

Moreover, (1.11) is false if a > 47r.

Remark 1.8. a=47 becomes admissible if we take ||| ;1 (gz) <1 rather than || Vu| 2 (o) <
1. In this case

K:= sup /(64”‘“(x)|2—1)dx<oo, (1.12)
HMHHI(]R2>§1 R?

and this is false for a >47t. See [23] for more details.

Thanks to the following L™ logarithmic estimate, coupled with the previous inequal-
ities, we will be able to control [|e*™ —1]| [Lr2-



42 T. Saanouni / J. Partial Diff. Eq., 24 (2011), pp. 37-54

Proposition 1.9. (Log estimate) Let f€]0,1[. Forany A > 55 and any 0 <y <1, a constant
C, exists such that, for any function u € H'(R?) NCP(IR?), we have

8P1|u]| cp (2
2 2 CP(R?)
1o (2 <A||u||y10g(Cﬁiyﬁuuuy , (1.13)
where
%= 1V el 2 oy 12 1172 ey (1.14)

Recall that CP(IR?) denotes the space of B-Holder continuous functions endowed with

the norm
u(x)—u(y)|

([l cp gy := [[u4]] Lo (2) +sUp x—y|P

X7y

We refer to [40] for the proof of this Proposition and for more details. We just point out
that the condition A >1/(27t8) in (1.13) is optimal.
Finally, we recall the following abstract result.

Lemma 1.10. (Bootstrap Lemma) Let T >0 and X € C([0,T],R+.) such that
X <a+bX®, on [0,T],

where a, b>0,0>1,a< (1—-1/6)(6b) "'/ and X(0) < (6b)~/ =1, Then

0
< .
X<— 1" on [0,T]

We mention that C denotes an absolute positive constant which may vary from line
to line. If A and B are nonnegative real numbers, A < B means that A <CB. Moreover,
we denotefor 1 <r<ooand 1<s,T < o0,

+o0 1
= ([ e Bdt) alwi= ([ IOl o)

This paper is organized as follows. The next section is devoted to give some technical
results. In the last section we prove our main result.

[

2 Preliminary results

In this section, we give some technical Lemmas needed to prove our main result about
decay of solution to the Shrodinger equation (1.1).

For any time slab I C R and any ¢ € H!(R?), we denote

[ullgrry = Nutll oo (1, mr (m2)y + e Lo 1w (r2))
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and the Hamiltonian
1 2
H(9):= 9 9lRagrey + 516197 ~ 147l g2 s caey

For small time, we have the following uniforme estimate.

Lemma 2.1. Let 0 <y <1, (¢,) a sequence of H'(R?) satisfying sup,, || ¢ g (r2) < oo and
H(¢,) <1. We denote by u, the solution in C(R,H'(IR?)) to (1.1) with data ¢,,. Assume that
for some Ty >0,

sup [ Vits () iz <1, VP[0T

Then there exist T >0 and a constant C (1) such that
sup (nllsiiom) ) <COn)
Proof. Using Strichartz estimate (1.9) we have
lunlsio,r) SC (Il pallen ey + 1LF )y 1 oy )
S () 1y (11 w2y

ST () [ nagrey) IV F () |y 12 (m2))- 1)

Let >0, there exists a positive real number C, such that

Hf(un) HLITLZ <Cq¢|luy (647‘[(1+5)‘un|2 _1)

e47r(1+e) lun|?> 1 ‘

Lir?

SCSH“WHL%L‘I

4

L34
2
SCgHManl(o T)H€47T(l+€)‘“"| —1‘ 4. (2.2)
’ L314
T
For e small enough and T <Tj,
2 2 1
He47r(1+e)\un| _1‘ ; < Hel67r(1+e)|un\ 1 21 \
4 4
L7 L L%
1
< e47r(1+8)|un‘2_1 1 e37r(1+8)\|un|\%oo .
LyL! L3
2
SJ e?’n(l""‘g)H”nHLoo L%‘ (23)
T

In fact, using Moser-Trudinger inequality (1.11) for (1+¢)5? <1 and t < T, we obtain

2( lun(0)]y?
47t (1+e)|un(t 64”(1+5)’7( ) -1

e P11 ey =

L1(IR?)
Sletn ()72 re) S 19l T2 ey S 1.
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For any A > 1 and 3 €]0,1], by the logarithmic inequality (1.13), we have

Sremuly <c+2 2 [lmall 1) 3(1+e)Anun[;
P‘ H”nHy

<(c+2y /5|l
< V(’?2+MV)H Ie

) 3(14-¢) (7> 4+Mp?) A

) 3(1+e) (2 +Mp)Am

S(1+llwall g : 2.4)
where M:=sup,, ||, [|?,. Taking ¢,y close to zero, A close to 1/ 7 and choosing suitably 7,
there exists a nonnegative real r such that

4(14¢) (PP + M)A <r<A4. (2.5)
Then, using (2.4), for some real number a satisfying 1/r=1/4+1/a, we have

3(1+ Z :
& g)nnun\lL?HL% S+l gy Il

T
3r

<(Ti+Ti )T
(17T el

3 3r &
STé+Ta ””n“;l(olT)- (2.6)
Plugging the estimates (2.2)-(2.3)-(2.6) together, we obtain for small T,
1 nlliye S (THTE g ) ) s o 27)

In what follows, we control || f(un) |1 1 For any £>0, we have

IV f (n) HL]TLQ S H Vu, <e47r(1+8)|un\2 _ 1)

Lir2

2
SVt g a7 0F 1 o

2
Slltnllsr o7yl 1||

Arguing as previously, we obtain

19 £ ) 1S (T3 T8 il & ) 510

Thus, by (2.1),

3 3r 3r
lunllsior) S 14+ (T3 +TF ftall & o)) litallsi o1
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Let X (T):=[[unl|s1(o,r)+1. For small T, we have

v 3r
X (T) ST+ (T TE [l 1 7)) X (T)
3r

N y
S14+T% (1+ lwallsi o)) * Xa(T)
S14+TH X, (T)'FF.

Taking account of Lemma 1.10, the previous inequality and (2.5), we obtain, for small
time T,

sup (lltalls:o1) ) SCOn)-
n
The proof of Lemma 2.1 is achieved. O

Our next preliminary result is the following

Lemma 2.2. Let (¢,) a sequence of H' (R?) such that sup,, || ¢l i (r2) <00, H(@y) <1and ¢,
converging weakly to ¢ in H'(IR?). Then,

H(p)<1.

Proof. We denote by

F(x):= A 4?1,

1 1
bn.—E/RZF(%(X))dx, b~—E/RzF(9”("))dx'
an =V oul7>g2), a:= [V ollLa ge)-

It follows that

Since @, converges weakly to ¢ in H, then, up to subsequence extraction, ¢, converges
to ¢ in L? . Hence, ¢, converges almost everywhere to ¢. Then, with Fatou Lemma, we
have

b <liminf b,,.

n—oo

Thanks to the previous inequality with the fact that a, +b, = H(¢,) <1, we have

limsup a, <1—liminf b, <1-0.
n—oo n—oo

Let ¢ € L*(R?) such that ||p[|;2(g2) = 1. By duality argument

’ <v§0n/1/]>L2(IRz) ’ S \/E
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Taking the limit as n tends to infinity, we obtain

| <V€’)r¢>L2(1R2) > <limsup a,,

n—oo
which implies that
a= sup | (Vo,0)12(r2) |2 <limsup a,.
H‘PHLZ(]RZ):l n—co
Thus H(¢) <1. The proof of Lemma 2.2 is achieved. O

Using Lemmas 2.1-2.2, we obtain the following result.

Lemma 2.3. Let x € CP(R?) to be a cut-off function, 0<n <1 and (¢,) a sequence in H' (R?)
satisfying sup, || @n || r2) <00, H(pn) <1and ¢, — ¢ in H'(R?). Let u, (respectively u) to
be the solution in C(IR,H') to (1.1) with initial data ¢, (respectively ¢). Assume that for some
T>0,sup, ||V ()| 22y <1, Vte[0,T]. Then, for every e >0, there exist T, >0 and n, €N
such that

| x(up—u) HL%(;LZ <e, Vn>n,.

Remark 2.4. Note that the existence of u € C(R,H!) in Lemma 2.3 is guaranteed by
Lemma 2.2.

Proof of Lemma 2.3. Let v, := xu, and v:= xu. We compute
1010y +Avy = AxX1Un +2V XV +xf(1n), 0,(0)=x@n,

and
100+ Av=Axu+2VxVu+xf(u), v(0)=xe.

With the integral formula, we obtain

v (t,%) =€”Ax¢n+i/ ellt=)a (Axun+2VXVun+Xf(un))dS/
0

and
, t
v(t,x):ezqu)-l—i/ el(t’s)A(Axu+2VxVu+xf(u)>ds.
0

We denote w,, :=v, —v, z,, :=u, —u. By Strichartz estimate

lwn o2 SHx(@n = @) 2 (re) +[[Ax20 [l 112
+2(VxVzal 2+ X (f () = £ ()] 12 2:8)

Thanks to Rellich Theorem, up to subsequence extraction, we have

lim [|x (¢n— )| 12(r2) =0. (2.9)

n—oo
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Moreover, by Holder inequality

1A%zl 12+ 21 VT2l 12 <N (180 g0+ 20 V1)

<NT(|Iax ey +20 VAl we ) ST, @210)

where N:= ||| poopr +sup,, ||ty || peopi-
Using a convexity argument, for any & >0, there exists C; > 0 such that

|f(21)—f(22)| <C; ’Zl_Zz| Z ( arr(1+e)|zi]? )

i=1,2

Since ||wy || 44 < NT'4, we have for any & >0,

2 2
() = FOu) gz Sllwall g (Nt HME ) o o fet0rokal g o )
T

<T <He4n1+e )ul* _ 1” +||e47r1+e)\un\2_1” s > (2.11)
L34

~

Arguing as previously and using (2.6) with Lemma 2.1, there exist some positive real
numbers a,r,a >0 satisfying 1/r=1/4+1/a and
3

2 3 3r s
He47r (14¢) |un] 1” Ti+Tia Hun H541(0,T) ST (2.12)

3 L4
Moreover, using a continuity argument with the fact that
IV(0) || 2 g2y < liminf [ Vit (0)[] 2(w2) <77,

there exist a positive time denoted also T > 0 and a real number 0 <7; <1 such that

sup || Vu(t) || ;2(r2) <11- So, arguing as previously, there exists a real number, denoted also
[0,7]
« >0, such that

el s, ST T )3 ST (2.13)

As a consequence of (2.11)-(2.12)-(2.13),
[ (f () = fF @)1 2 ST, >0, (2.14)
The proof of Lemma 2.3 is achieved thanks to (2.8)-(2.9)-(2.10)-(2.14). O

We conclude this section with the following result.
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Lemma 2.5. Let ug € H! such that H(uo) <1 and u € C(R,H') be the solution to (1.1) with
initial data ug. Take (t,) a sequence of positive real numbers tending to infinity. Then, there are
two possible cases:

1. There exist two real numbers T >0 and 0 <n <1, such that

sup [|[Vu(t,+t)|[2re) <1, Vt€[0,T]. (2.15)
n
2. There exist a subsequence denoted by (s, ) and sequence of positive real numbers (ry,) such
that
nli_I)IgOTn =0 and nh_r}r;OHVu(sn +rn)||L2(]R2) =1. (216)

Proof. We proceed by contradiction. Assume that (2.15) is false. Then, there exists a
sequence (r,,) of positive real numbers such that

1 1
O<rp§; and 1—5<supHVu(tn—i—rp)HLz(Rz)gl, Vp>1.
n

If there exist infinitely many p such that
sup [|[Vu(ty+7p) 2oy = | V(b () +7p) I 12(r2),
n

then
h;nHVu(tn(p)+1’p)HL2(]Rz) =1 (2.17)
Now, if [{n(p),p>1}| < oo, we have

sup[|[Vu(typy+rp)llemey < sup  [[Vu(t)[|2re) <1.
p [0,1+maxt,, )]

This contradicts (2.17). So, up to subsequence extraction, we have

1
1—§<HVu(sp—I—rp)HLz(IRz)gl, Vp>1.

In particular, we have (2.16).
Now, assume that there exist infinitely many p such that sup,, || Vu(t,+7p)12(r2) is
not atteigned. So, up to extraction of (r,), for any p there exist infinitely many # such that

1
sup || Vu(ty, +1’p) ||L2(IR2) —|Vu(t, +1’p) HLZ(]RZ) < —2p.
m

Thus, for any p there exist infinity many # such that

1
1= <IVultatry)llizme <1.
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So, there exists an increasing integer function ¢, such that
1
1— ; < HVu(tq,p(n) —|—7’p) HLZ(]RZ) <1, VP >1,VneN.
Then .
1— E < HVu(t%(p) -|-Tp) HLZ(IRZ) <1, Vp >1.
Finally, for some subsequence of (t,) denoted by (s, ), we have
The proof of Lemma 2.5 is finished. O

Now, we are ready to prove of the main result of this paper.

3 Proof of Theorem 1.3

By an interpolation argument it is sufficiant to prove Theorem 1.3 for r =3. We recall the
following Gagliardo-Nirenberg inequality

2 (8) sy < Cl) ey (P 1) 2y ) ) (3.1)
where Q,(x) denotes the square centered at x whose edge has length a.

First case: limsup||Vu(t)[;2(r2) <1.
t—roc0
We proceed by contradiction. Assume that there exist a sequence (t,) of positive real

numbers and ¢ > 0 such that lim,,_,of;, = 0 and
()|l 3 r2) > € VnelN. (3.2)

By (3.2) and (3.1), there exist a sequence (x,,) in R? and a positive real number denoted
also by £> 0 such that
u(tn)liz(0y(x,)) =8 VnEN. (3.3)

Let @, (x):=u(t,,x+x,). Using the conservation laws, we obtain sup,, || ¢, || g1 <oo. Then,
up to a subsequence extraction, there exists ¢ € H' such that ¢, converges weakly to ¢ in
H'. By Rellich Theorem, up to a subsequence extraction, we have

lim [[9n —@ll12(g, (0)) =0- (34)

Now, (3.3) implies that, ||x||12(o,(0)) > & So, using (3.4), there exists a positive real num-
ber denoted also £ >0 such that

@ll2(0,(0)) > & (3.5)
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We denote by i1 € C(IR,H!) the solution of (1.1) with data ¢. Take a cut-off functin x €
C5*(R?) satisfying 0< x <1, x=1 on Q1(0) and supp(x) C Q»(0). Using (3.5) with a
continuity argument, there exists T >0 such that

£
> —. .
nf (8 e 2 5 6)

Since H(¢,) = H(u) <1, there exists a unique u, € C(IR,H!), solution to (1.1) with data
¢@n. Moreover,
un(t,x)=u(t+t,,x+x,).

Using Lemma 2.5, there exist two real numbers 0 <7 <1 and T >0, such that

sup||Vun(t)HL2(1R2) <, Vte[0,T]. (3.7)
n
Now, by Lemma 2.3 and (3.7), there is a positive time denoted also T and 1, €N such that

€
HX(“n_ﬁ)HU;’L;SZ, Vn > ne. (3.8)
Hence, for all t € [0,T] and n > n,,

_ _ €
et ()] 2 r2y 2 X () [ 2 ey = 12t =20 (8) [ 12 2) 2 - (3.9)

By the proprieties of x and the last inequality, for all t € [0,T] and n>n,,

€
ot t) | 2 Qaea)) = 1t () 12000 2 7 (3.10)
This implies that
€
Hu(t) HLZ(Qz(xn)) > Z’ Vte [tn,tn -+ T], Vn>ne. (3.11)
Since, by Holder inequality, we have
() Nl 220 o)) SN 1280 ()
then, there exists a real number « >0 such that
()18 (Qu(xn)) =& VEE [t tn+T], Vn>ne. (3.12)
Moreover, as lim;, o t, =0, we can suppose that t, 1 —t, > T for n >n,. Therefore
lulifee= [ llw(o) m>2/ 14,
n>ne
>y / (0 dt> ¥ a*T=co. (3.13)

n>ne n>ne
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This obviously contradicts the fact that u belongs to L{L8. Hence
i [Ju(£) [ 2 (r2) =0 (3.14)

Second case: limsup||Vu(t)|;2(g2)=1.
t—o0
Let (t,) be a sequence of real numbers such that lim,,_,t, =00. If we are in the case (2.15),

the same arguments can be applied.
Assume that we are in the case (2.16). Recall that by Lemma 2.5 there exist (s,) a
susequence of (,) and a sequence of positive real numbers (r,,) such that

limr,=0 and nli_r)rgo||Vu(sn+rn)HL2(R2):1.

n—oo

We denote y,, :=s,, +r,. We shall prove, by contradiction, that
Tim () 15y =01
Assume that there exists a positive real number & >0 and a subsequence such that
[ (yn)[113(m2) > &, VnelN. (3.15)

By (3.1), there exist a sequence (x,) in R? and a positive real number denoted also by
£>0, such that
()2 ey =6 VnEN.

Take ¢, (x):=u(yy,x+xy,). Then
Hq)nHLZ(Ql(O))ZEI VneN. (3.16)

A staight forward computation leads to

H(gn)=H(u)=1,  lim [[Vou|[;2re) =1, (3.17)
where
H(pn) =19 905+ 3= IF (o) s
IV By + 3 [, (719 F 1=l ).
It follows that

JEIC}OHF(%) HLl(IRZ) =0.
Using the inequality x* <F(x), we obtain

lim [| g4 =0. (3.18)
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This implies that
Tim [[9n [ 2(g, (0)) =0
which contradicts (3.16). Finally

Jim 151 15y =0

This completes the proof of Theorem 1.3. ]
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