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1 Introduction

In recent years, there has been extensive study on a priori estimates for partial differ-
ential operators by using singular integral theory (see [1-3]). For example, authors in
[4-7] proved Morrey estimates for nondivergence elliptic operators with discontinuous
coefficients on Euclidean spaces. Bramanti and Brandolini proved Schauder estimates
for parabolic operators of Hormander type in [8] and L’-estimates for hypoelliptic oper-
ators of Hormander type in [9], respectively. The LF-estimates and Morrey estimates for
ultraparabolic operator of Kolmogorov-Fokker-Planck type

q N
L= a;j(x,)x,0x,+ Y x;bijox;—0, (x,t) RN (1.1)
ij=1 ij=1

were considered in [10] and [11], respectively, where the coefficients a;; € VMONL*®(Q),
{bij} is a constant real matrix with a suitable upper triangular structure. The class of
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operators (1.1) contains prototypes of the Fokker-Planck operators describing Brownian
motions of a particle in fluid, as well as Kolmogorov operators depicting systems with
2n degrees of freedom (see [12]).

Let a;; = d;j, X; =9y, and Xo= ij-:lxibijaxj —0¢. Then (1.1) becomes a hypoelliptic
operator
q
L= X7+Xo,
ij=1

where Xo,X1,, X, satisfy the Hormander condition, i.e., the Lie algebra generated at
every point by the fields Xy, Xy,--+,X; is RN+, In [12], the LP-estimate for the following
operator on homogeneous groups

q
L= Z Lli]'XZ'X]' +ap X,
ij=1

was proved, where ag, a;; € VMONL*(Q)) and vector fields Xo, Xi, ---, X, satisfy the
Hormander condition.

The aim of this paper is to establish Morrey estimates for nondivergence parabolic
operators with discontinuous coefficients and lower order terms on homogeneous groups

H= Za,] XX—|—Zb 2)X;+c(z)—9;, z=(xt)eRNT, (1.2)
i,j=1 i=1

where Xy,---,X; are the first layer of the basis of vector fields of homogeneous groups,
the coefficients a;;,b;,c satisfy the following several assumptions:

e (H1) uniform ellipticity condition: a;;(z) € L®(€)), QCRN*! and there exists >0
such that

Z:g] < EaZ] glg] < .uzg] ’ gl/ ,gq) eRY.

e (H2) very weak regularity condition: a;(z) € VMO(Q) (the function space of
“Vanishing Mean Oscillation” (see Defmltlon 2.3 below)).

e (H3) the coefficients b;(z) and c(z) are measurable functions in (),

b(2) 192, p+A<Q+2, o(2)e L%, 2p+A<Q+2,
’ LPY,  p+A>Q+2, LP,  2p+A>Q+2.

Let

H= Zau )XiX;—0;. (1.3)
i,j=1
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It is known that under condition (H1), for any fixed zo € RN*1, the “frozen” operator

q
Ho=Y_ aij(z0)XiX;— 0y, (1.4)
=1

is hypoelliptic and homogeneous of degree 2 about the dilation in (2.4) below.

For an open set ) in RN*! and p € (1,00), the Sobolev-Morrey space and the Sobolev-
Morrey norm are defined by

SPAOH) = {fe LPMQ):cf biXif XiX;f,01f € LP'A(Q),i,jzl,-«-,q},

and

g
A llseram = Y IXiXifllpna+110:f1lpaa, (1.5)
=1

respectively, where we denote LP*(Q)) and |||, 1,0 by Morrey space and Morrey norm,
respectively, see Section 2.

We will prove a priori estimates in SP*(Q,H) for solutions to the equation Hf = F
when conditions (H1)-(H3) are fulfilled. The main result is the following.

Theorem 1.1. Assume (H1)-(H3) hold. If ' cC Q C RNT! (Q,Q) are bounded open sets),
Fe LPMQ),p e (1,+),A € (0,Q0+2) (Q is the homogeneous dimension of the homogeneous
group), then

[1fllso (0 S C (IS lpan+fllpan), ¥fesP (@), (16)

where the constant C depends only on p,A,u,Q, QY and the “VMO moduli” 1, of the coefficients
a;; (see Definition 2.3).

Remark 1.1. If f is independent of ¢, then from Theorem 1.1 we immediately obtain a
local estimate in SP*(Q),H) for degenerate elliptic operators with lower order terms. If
let LP(Q)) = LP?(Q)), then we easily get the LP-estimate for operator H in (1.2) from the
proof of Theorem 1.1.

The paper is organized as follows: In Section 2 we introduce the definitions of BMO,
VMO and Morrey space on homogeneous groups. In Section 3, by the properties of the
fundamental solutions on homogeneous groups, the solution of (1.1) can be reformulated
as the singular integrals and their commutators with BMO functions. In Section 4 we
prove the Morrey boundedness of the singular integrals and their commutators above
using the content of Section 3. In Section 5 we establish the Morrey estimate of X;X; f and
d:f, and then complete the proof of Theorem 1.1.
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2 Notations and several lemmas

We start by introducing some notations on homogeneous groups, refer to [12] and [13]
for more properties.

Let “-” be an assigned Lie group law on RY, for which the identity is the origin.
Suppose RY is endowed with a homogeneous structure by the following dilations

S(A)(x) =6(A) (-, xn) = (A" xy, -+, AN ay), 2.1)

where a; <--- <ay are strictly positive integers, A >0. We call G = (RY,+,6(A)) a homo-
geneous group. We denote by Q =4 +---4ay the homogeneous dimension of G.

Definition 2.1. For any x € G\{0}, define the homogeneous norm ||x||; of x as follows: ||x||; =
o1 if and only if lé(pl]) (x)| =1, where |-| denotes the Euclidean norm, and ||0||; =0.

Since (1.2) involves t, we introduce two geometric structures on RN*L e, group law

",

o” and dilation transform (D(A)),~. For every z=(x,t), 1= (y,s) € RN*! with x,y e RN
and t,s€ R, let

zon=(x,t)o(y,s)=(x-y,t+s). (2.2)

Then (RN*1,0) is a (noncommutative) group with neutral element (0,0); the inverse of
an element z= (x,t) e RN*! is

zl=(x,t) t=(x"1t7h). (2.3)

The other geometric structure is a group of dilations on RN*1, denoted by (D(A))~0:

DA (x,8) = (6(A)x, A" t) = (A% xy, - AN xy, A'H). (2.4)

Then (RN*1,0,D(A)) also constitute a homogeneous group G x R. We denote by Q+2
the homogeneous dimension of RN*1 =G x R, where Q is the homogeneous dimension
of G.

Definition 2.2. (see [14]) For any z € RN*1\{0}, define the homogeneous norm of z as ||z||:
2l =p if and only if [D(L) (x)| =1 and |jo]| =0.

Proposition 2.1. The norm ||-|| has the following properties:
(i) ||D(A)z|| = Al|z|| for every ze RN+1, A >0;
(i) The set {z€ RN*1: ||z||=1} is the Euclidean unit sphere 1 1;
(iii) Let us define
11Dl =1]xll2+ ¢,

where

N
el =" x[1/%,  (x,t) eR™L
j=1
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Then |||-||| satisfies (i) above, and

1
N+1

[zl <[[[z[I] < (N+1)[z]].

Proof. (i) and (ii) follow immediately from (2.4) and Definition 2.2; (iii) can be proved by
using Definition 2.1 and an argument similar to that in [10, Proposition 1.3]. O

In view of Proposition 2.1, it is natural to define the “quasidistance” d on RN "1

d(z,n)=|ln~"ozll.

For every z€ RNT! and r > 0, we define the balls with respect to d as
B(z,r):=B,(z)= {17 eRN 1 d(z,1) <r}.

Note that |B(z,7)| = |B(0,r)| = |B(0,1)|r2*2. It means that the Lebesgue measure dz is a
doubling measure with respect to 4, that is,

|B(z,2r)| <C|B(z,r)|, forevery ze RN"!and r>0.

Then the space (RN*1,dz,d) is a space of homogeneous type.
Next, we will give the definitions of BMO, VMO and Morrey space on homogeneous
spaces.

Definition 2.3. (see [10]) For a measurable function f € L} (RN™1), define

1 (R) =sup o [ 1f(2)—fo |

r<R

where .
= z)dz.
fBr ’Br’ Brf( )

Then f € BMO(RN*Y) (bounded mean oscillation) if

£ !ZS%pnf(R) <+oo,

while f € VMO(RNTY) (vanishing mean oscillation) if

Il{lir});yf(R)zo.

For a given domain Q) C RN"!, the spaces BMO(Q)) and VMO(Q) are defined as
Definition 2.3, just taking B,N() instead of B,.
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Definition 2.4. We say that a measurable function f € L}, (RNT1) belongs to the Morrey space
LPARNH), p e (1,4+00),A € (0,Q+2), if the following norm:

1 %
Il i= (sup [ 17217 ) @9

is finite. Similarly, the space LP*(Q)) and the norm || f||, 1. are defined by taking B,NQY instead
of B, in (2.5). When A=0, LP* coincides with the Lebesgue space LP and (2.5) gives rise to the

norm ||f||p0:=1[fl]p-

3 Fundamental solutions for the frozen operator and
representation formulas

For any given zg €RN*1 the frozen operator in (1.4) has a fundamental solution (see [13]).
Let us denote it by I'(zp;-) which depends on the frozen coefficients a;;(zo). For any
i,j=1,---,q,let

FZ‘]'(ZQ,'Z):XZ'X]'[F(Z(),")](Z). (31)

Lemma 3.1. ([13, 15]) For every fixed zo € RN*!, we have

(i) T(zo;+) € C®(RNTI\{0}) and T (z¢;-) is D(A)-homogeneous of degree —Q;

(ii) Tjj(z0;-) € C*(RNT\{0}) and Tj;(zo;-) is D(A)-homogeneous of degree —(Q+2);

(iii) Fori,j=1,---,q and every test function f€Cg*(RNTY), there exist constants a;;(zo) such
that

iXjf(z)=—P.V. /RN+1 Tij(zo;n™ " oz) Hof (17)d+aij(z0) Hof (2). (3.2)

Lemma 3.2. (Cutoff functions) For every 0<7y<r, z=(x,t) ERN 11, there exists p€C (RN 11)
with the following properties:

(1) 0< ¢ <1, ¢=1o0n B,(z), and suppp C B,(z);

(ii) There exists a constant C such that

C
D*pl= Y XiXjgl< =y [l <

1<i,j<q

(r=7)*
We will write B, (z) < ¢ < B,(z) as ¢ satisfies the above two properties.

Proof. B, < ¢ < B, implies B, < ¢ < B for every 0 <’ <. Without loss of generality, we
can assume 7 >r /2. Choose a function f:[0,00) — [0,1] satisfying:

f=1in[0,9]; f=1 in][r,o]; f€C®(0,00),
O] <—*%  for k>1.

(r—7)k
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Let ¢(y,5) =f(d((x,t),(y,5)))- Then
Xip(y,s)=f"(d((xt),(y,5))) Xi(d((x,t), () (y);
XiXjp(y,s)=f"(d((x1),(y,5)) Xi(d((x,t),(-,8))) (¥) X; (d((x,1),(-,8))) (v)

+1(@d((x,1),(y,5)) XiX;(d((x,1),(-,8))) (y)-

From Definitions 2.1 and 2.2, we get the relation between the quasidistance d on RN*!
and the quasidistance d; on RN:

d((x,t),(y,s)) = \/dl(X,y)Z—l— leéx,y)4+4\t_512.

Therefore,

di(x,y) X;(d1(x,-))(y)+ dlfix Y)*Xi(di(x,y))

Xi(d((x,8),(-9)) (v) = e )¢ 3§xy TH4ft—sP?

Ly Xilor () (- x
dl(xr]/)Xi(Pl('))(y_l'x)+d1<\/£l/l)(j< ;<)il4<-i|)t(zs!z )
2d((x,t), (v,5))

x) is bounded. Consequently,

By homogeneity of the norm py, X;(p1())(y !

| Xi(d((x1),(-,5))) (y)| < C.

Analogously,

C
XX (@), CW= g b )

for d((x,t),(y,s)) small enough. Then,

C
| Xigp(y, S)Kﬁ
Since f'(d((x,t),(y,s))) #0 for d((x,t),(y,s)) >y, we have
C C
XiXjgys)l< =12 20—
Cr < C

Ty(r=y)2 T (r=7)*
Also, note
|t—s|

O:0(1) = (), (05)) e e
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which yields
Cr C

< < .
y(r=7) " yr=7)2 " (r=7)?
This completes the proof of Lemma 3.2. O

9s¢(y,8)| <

Theorem 3.1. For any fixed zo € RN+, let

T%(z,1) = XiX;T (20;-) (" 02).

Then we have

(i) the growth condition:
C

5z )| < 1Bz d(z )|

for every z,7 € RN*1 and some constant C;
(ii) the Hormander inequality: there exists a constant C such that for every z1 € RN+ ¢ >
0,z € B,(z1),17 € 0By, (21) (spherical surface of By (z1)),

d(z1,2)
d(z1,1)9%

Proof. (i) By the uniform Gaussian estimates proved in [15] for the fundamental solution
of Hy, we know that

|Fl] z,1)— Zl/ |+‘F1] 1,z) j(ﬂ,21)|§c

o—Calllx||)2/¢

W, zZ= (x,t) ERN+1, (33)

9 Xir -+ X (o0, 10); (x,1)) <Ca

with Cy,C; independent of zg = (xo,fo) and ||-||1 defined in Definition 2.1. Then by (iii) of
Proposition 2.1 and (3.3),

x|+ |72\ Q+2 e~ Calllxlh)?/t

T) (HXH1+‘t‘1/2)Q+2
C3 C

< < )

> (Hle_Ht’l/Z)Q+2 - HZHQJFZ

() < (

(3.4)

where z= (x,t) and the constant Cj is independent of zg = (x,to). This implies that

C C C
0 < = < '
&) 1= o0 = a0 = Bz )]

(i) Fix z;,7 € RN*! and let ¢(z) be a cutoff function satisfying B,(z1) < ¢(z) <Bs;/2(z1)
and
Chr
PfD"p|= Y [0} Xn - Xingp| < —1or h+2k (3.5)

1<i,j<q
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Set f(z) =T} (z,17)@(z). Then f € Cj(Bs/2(z1)), and for d(z1,z) <r, we have

I(z) ~T§(z10) | =1f(2)— f(21)]

Sd<zl,z>{ sup  [Xf(O) 457 sup rff<§>|}. 36)
(E€B3/2r(21) {€B3/2(21)

It follows from (3.3)-(3.5) that

XA =X m @) +IT5(&mXe(5)]

C C C
< < < .
—d(gm)3 T Q3 T d(zq,n)RF3

Similarly,
Q) =T)E o0+ T E 90 < 5y

Therefore, by (3.6), we get

T (z) ~ T (z1,)| < C A212) - for d(zn) > 2d(20,2).

(z1,17) 9+

Similarly we can obtain

d(z1,z
0% (1,2) =I5 (1,21)| Scd(zf,i;)Q)”' for d(z1,1)>2d(z1,z).

This completes the proof of this theorem. O

Theorem 3.2. For every multi-index p, there exists a constant C=C(B,N,u) such that

sup
20€RNHL, |7 |=1

(%)ﬁFij(zo;n)‘ <C.

Proof. This result can be obtained from Theorem 3.1 and [12, Theorem 12]. O

Now consider (3.2). Writing Hy as Ho="H+ (Ho—"H), and then substituting z for z,
we have a representation formula for the second order derivatives X;X;f.

Theorem 3.3. Let f € Cy(RNTY), f=0for t <0 and z= (x,t) Esuppf. Then fori,j=1,---,q,
q

Tij(zn ™! OZ){ Y lan () —an (2)] X X f ()

hk=1

XZX]f(Z) = P.V.

RN+1

—Hf<n>}dn+aij<z>nf<z>, 57)
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where
wj(z)= [ Ti(zmudaly),
XNt
v; is the i-th component of the unit outward normal to the surface Xy 1.

For convenience, we will introduce some notations. Set
ICijf(z) :P.V.AN+1Fij(z;n’1oz)f(iy)diy.

For a singular integral operator K and a function € BMONL>® (RN 1), define the com-
mutator

ClIC,a]f=K(af)—ak(f).

Then (3.7) becomes
q
XiXif ==Kij(Hf)+ Y C[Kijam] XpXef +aiHf, Vij=1,--- 4. (3.8)
hk=1

4 Estimates of singular integrals

The LP-estimates and LP*-estimates for singular integrals with constant kernel and their
commutators with BMO functions have been given in [3] and [16], respectively, in the
context of general homogeneous spaces. Note that singular integrals here are with vari-
able kernel. The main result in this section is the boundedness of K;; and C [ICi]-,a] in

Morrey space LPA(RN*1).

Theorem 4.1. Let p € (1,400),A € (0,Q+2) and a€ BMO(RN*1). For any f € LPA(RNTY),
the singular integrals KCjf and their commutators C [Kij,a] f are bounded from LPA(RNT1) into
itself, that is,

K55 () lpa <ClIfllpa (4.1)

and
|1C [Kij.a] (Do <Cllall«[f]]pa, (4.2)

with C=C(p,A,Q,N).

To prove Theorem 4.1, we need to apply Calderén-Zygmund'’s technique of expan-
sion in spherical harmonics (see [1,2]). Let {Yy,,} (m >0,1<k <g,) be a complete or-
thogonal system of spherical harmonics in L?(Zy41). Denote by m the degree of the
polynomial and by g,, the dimension of the space of spherical harmonics of degree m in
RN*1 Tt is known that

gn <C(N)m™71, VYm=1,2,---. (4.3)
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For any fixed z€ RN*1, 57 € 1, there is an expansion:

oo 8m

Tij(zn)= ZOchkm Vi (1), fori,j=1,---,4. (4.4)
m

For any given 7 € RN*!, let #' = D(||n||~!)#. Then 5’ € Zn.1 by Proposition 2.3 (ii). By
(4.4) and homogeneity of I';;, we have

o 8m Y, /
Tii(zn)=)_ Cf-‘]-m(z) ki (Q17+)2 (4.5)
m=0k=1 HUH

The coefficients Ckm in the above expansion have the following bound: for every positive
integer [, there ex1sts a constant C=C(I,i,N) such that

sup ]Cf-‘jm(z)\§Cm’2l, Vm=1,2,---, k=1,---,gm. (4.6)

zcRN+1

Now, for z€ RN*1, 2/ € Sy, let Hyy,(z) = Yin(2') /]|2]|9F2. For the following singular
integral operators

K:kmf / Hkm )f(n)dﬂf

and their commutators

ClRmalf(z):= | . Hin(y " oz)[aly)=a(z)]f(1)dn,
the results in [3] and [16] show that they are bounded from LPA(RN*) into itself, namely,
1Kk (F)l[pa < Cn™N /2] 1] 0, (4.7)
1€ Csansa] (£l 2 < Cn ™02 fal L] £, (4.8)

with C=C(p,A,Q,N).
To prove Theorem 4.1 in our situation (IRN 1 dz,d ), it suffices to repeat the argument
of [7, Theorem 2.1] making use of spherical harmonic expansion, (4.7) and (4.8).

5 Estimates of solutions in Sobolev-Morrey space

To complete the proof of Theorem 1.1, we verify the LP*-estimate of two order derivation
X;f of the solution to the equation H f = F, and then deduce the estimate for lower
order term of H by using interpolation inequalities. We first consider the localization of
estimate (4.2): Ifae VMO(]RN +1), then for any >0, there exists 7y >0 depending on € and
the VMO modulus 7, of a, such that for every r € (0,rg),supp f C B,, (4.2) can be localized
as:
1€ [Kija] (Dllpas, <C(p,AQN) el |fllpr5,,  for f€LPA(By). (5.1)
From (3.8), (4.1) and (5.1), we derive immediately the Morrey estimate of X;X;f on
sufficiently small balls.
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Lemma 5.1. For every p € (1,+00) and A € (0,Q+2), there exist C = C(p,A,u) and ro =
ro(p, A, na) such that for f € SENSPA(B,,H), f=0 for t <0, Hf € LPM(B,),0 <r <ro,
i,j=1,---,q, the following estimate holds:

XiXjfllpr8, < CIHS]p:3,- (52)

With techniques of cutoff function and interpolation inequalities, from Lemma 5.1,
we obtain the following local a priori estimate.

Lemma 5.2. (LP*-estimate without lower order terms) For every p € (1,+0),A € (0,Q+2)
and every open set QO CC Q), there exists C=C(p,A,,1a,|QY,dist(QY,0Q0)) such that for every
feSPMQH), f=0for t<0, Hf €LPM(Q), i,j=1,- 4,

XX llper < CLHAllpna+ 1 fllpaa }- (5.3)

Proof. Forevery ro=ro(p,A,u,1a)>0,letr<ry. Foroce(0,1),let o’ =(1+0)/2 and choose
a cutoff function ¢ € C{°(B,) and By, < ¢ < B, satisfying

| Xip+|XiXjq| < Vij=1,,q. (5.4)

_Cc
(1—0)2r2’
Set g:= f¢. Then g € S NSP*(B,). It follows from (5.2) and (5.4) that
XX fll B = 1 Xi X8l p By CIIHF a8,
< (lgfllpan,,+ X2 11 Xigllpwn,, + X2 11X X0l )

i,j=1 i,j=1

1 1

<C (| [Hf |p,A;By+m||Xf | ’p,/\;B[,/,'i'm | ’f||p,A;B(,/,)~ (5.5)

Define the weighted Morrey seminorms:

O= sup (1—0) || X*f||pr5,,, k=012, (5.6)
oe(0,1)

where || X*f||, 1.8, = X1 X1+ Xk f1|p.A;B.,» With Xj1 -+ X being the homogeneous of de-
gree k. Consequently, (5.5) becomes

‘1)2SC<r2||Hf||p,A;B,+CI>1+CDo). (5.7)

For @, we claim the following version of the interpolation inequality

D, §€©2+%¢0, Ve > 0. (5.8)
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In fact, from (5.6), for every 6 >0, there exists 0() € (0,1) such that
cb] S (1 —0'(9)) 1" ‘Xf‘ ‘p//\;Bo’(Fl)r —|—9
Using [12, Proposition 2] (or [9, Theorem 3.6]) gives
C
1X 1l 8oey, SONXFllp it + 5 | fllpree,s  70>0. (5.9)
Hence, taking 6 =¢(1—0(0))r in (5.9) yields
C
@1 < e(1=0(0))*r* 11X fllpain, 0, + | fllpr8 e, +0
< edy+ %@0 +0.

We obtain (5.8) by letting 8 — 0 in the above inequality. Using (5.8) in (5.7), we then get

C
1%y < oz (PPl + 1 lpan, )

Finally, (5.3) follows by taking ¢ = % and covering () with a finite number of balls of
radius r/2 for r <min{dist(Q)’,00),70}. O

5.1 Proof of Theorem 1.1

For every f € SjNSP*(B,,H) and r small enough, we claim

C’ ’biHQ-i-Z;BrHXZf’ ’P,A}Br’ p+A§ Q+2r

) (5.10)
Clloillpas | 1X2 fllprB,,  pHA>Q+2.

[0 Xif1]p,0;8, < {

In fact, for p+A < Q+2, by using the Holder inequality and the Sobolev inequality [13],

it derives
-
(],

0

1/p
rbixiﬂp) < Co M bill s 1K o
B, Qr2—pPr

< Cllbillg 28,0~ PIIXif [l win(s,)
< C"bi||Q+2;By||X2f||p,A;Bw (6.11)

For p+A > Q+2, since W'?(B,) — C°(B,) (see [13]) and LP*(B,) < L*(B,), we obtain

A 1/p N 1/p
- b: X fIP < —/ b:|P X:
(o[ ) < (o[l ) suplf

< Cl1billp, ;8,1 1Xi f Il wre s,
< Cl|bil|pr;8, 1| X* £ 108, - (5.12)
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The estimate (5.10) can be verified from (5.11) and (5.12). Similarly, we can obtain

Cllcllsz,p [1X2 fllpap,, 2P +A<Q+2,

) (5.13)
Cllellprp 1 X“fllpam,  2p+A>Q+2.

lcf] ’P,/\}Br < {

Hence, it follows from (5.2), (5.10), (5.13) and (1.2) that
q q
311 XiX;fllpas, < C(IHf =Y biXif —cfllprs, )
i=1 i=1

q
< C(IEf I+ 3 11XXif llpim,+1f llps, ).
ij=1

which yields
1 £ e, < C (1Ef e, +11f pasn, )

Now, we consider f € SP*(Q,H). For B, C Q with r small enough, and ¢’ = (1+0¢) /2 with
o€ (0,1), let 9 € C5°(B,) be a cutoff function such that Byr < ¢ < By/,. Then

1X:Xif llpaie < C(IHEQ) pas,, +follpns,, ) -

A similar argument as in Lemma 5.2 gives
c 2
[ XiXifllp B, < A= (V |[Hf|[ 78, +I|f] ’p,A;Br) : (5.14)
From (1.2), (5.9) and (5.14), we have

[19¢f11p2iBer < C(!!Hpr,A;B,+HXzf\\p,A;B,+\\Xf\\p,A;B,+Hpr,A;B,)

C 2
= d=or (T [FHLf[|p 2, +[If] !p,A;B,) : (5.15)
Combining (5.14) and (5.15) and using Lemma 5.2 conclude Theorem 1.1. O
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