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Abstract. We consider the following nonlinear problem

—Au:u%, u>0 in RN\Q,

u(x)—0 as |x| — +oo,
0

—u:0 on d(),

on

where QO C RN, N >4 is a smooth and bounded domain and # denotes inward normal
vector of dQ). We prove that the above problem has infinitely many solutions whose
energy can be made arbitrarily large when () is convex seen from inside (with some
symmetries).
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1 Introduction and main result
In this paper we consider the nonlinear Neumann elliptic problem

—Au—u¥1=0, u>0 inRN\Q,

u(x)—0 as |x| — o0, (1.1)
a—u:O on d(),
on

where n denotes interior unit normal vector and () is a smooth bounded domain in
RN N>4.
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Semilinear elliptic equations involving critical Sobolev exponents have been consid-
ered by various authors, e.g., [1-6]. Such kind of equations arise in various branches of
mathematics as well as physics (see, e.g., [2,7] and the reference therein). The most no-
torious example is Yamabe’s problem: let (M, g) be a Riemannian manifold of dimension
N,N >3, and R’ be a given function on M. Can one find a new metric g1 on M such that

R’ is the scalar curvature of ¢ and g is conformal to g (i.e., g1 = uN= g for some function
u>0on M)? This is equivalent to the problem of finding positive solution of the equation

N-1 N+2
—4mAgu =R'uN2—R(x)u on M, (1.2)

where A, is Laplace-Beltrami operator on M in the ¢ metric and R(x) is the scalar cur-
vature of (M,g). In case M is compact, Eq. (1.2) has been considered by many authors,
see [7] for a survey on its development and a brief history. In the special case where
M=RY and g is the usual metric we have R=0 and the equation is reduced to

Au+R'uNZ =0, (1.3)

From now on we are concerned with the case R'=constant. Without loss of generality we
may assume R’=1. According to [8] the functions

Uy u(x)= —, A>0, acRY,

are the only solutions to the problem

N+2 .
—Au=anyuN-2, u>0 in RN,

where ay =N(N—-2).

On the other hand, by Divergence Theorem there is no positive solution of the follow-
ing problem

—Au=u~2 in Q, a_u =0 ondQ),
on

where Q) is a smooth bounded domain in RN. Hence it has been a matter of high interest
to study the problem in exterior domain, which is Eq. (1.1). In [9], Pan and Wang proved
that if the mean curvature of d() seen from inside is negative somewhere, then Eq. (1.1)
has a least energy solution while () is a ball Eq. (1.1) has no least energy solution. A
natural question is: how about higher energy solutions?

The purpose of this paper is to prove that Eq. (1.1) has infinitely many higher energy
solutions while () is convex seen from inside. More precisely, we assume that () is a
smooth and bounded domain satisfying the following properties:
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Lety= (y’,y”) ER2xRN-2, r= ’y/" Then
(Hi) yeQifand only if (y1,y2,y3,--,—VYi,--,yn) €Q, Vi=3,---,N;
(Hz) (rcosb,rsinf,y”)eQy if (r,0,y")€Q, VO (0,27);

(H3) Let T:=0QN{y3="--=yn=0}. There exists a connected component T of T, such
that H(x)=v >0, VxeT, where H(x) is the mean curvature of 9} at x € 9Q).

Note that by the assumption (H>), I' is a circle in the plane y3 =---=yx =0. Thus, we
may assume that

T={yi+y5=15 ys=---=yn=0},
where ¢ > 0 is a constant. Note also that for x €T,

N-1

-21 ki(x)
_ 1=
H) ===

where k;(x) are the principal curvatures and kq (x) =7, ! Thus

H(x)=vy=ry".

Such domain is very common, e.g., ball, ellipsoid.
For normalization reason, we consider throughout the paper the equation

—Au—szu% =0, u>0 inRN\Q,

u(x)—0 as |x| — +oo, (1.4)
a_u =0 on 0(),
on

where ay = N(N—2). The solutions are identical up to the multiplicative constant
(“N)f(Nfz)/zL_

Our main result in this paper can be stated as follows:

Theorem 1.1. Suppose that N >4 and Q) is a smooth and bounded domain satisfying (Hy), (Hz)
and (Hz). Then problem (1.4) has infinitely many non-radial positive solutions, whose energy
can be made arbitrarily large.

It is interesting to compare the results in this paper and [10] with recent work of
Brendle on the non-compactness of Yamabe problem (1.2). When M = RN, ie, R is
constant, Schoen conjectured all solutions to (1.2) are compact. This conjecture is proved
to be true in dimensions less than 24. See [11-15]. In [16], Brendle constructed a metric
g in dimension N > 52, with the following properties: (i) g;; = d;; for |x| > 1, (i) g is
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not conformally flat. Then, for this metric, there exists a sequence of positive smooth
solutions u,, to (1.2) such that

sup Uy, (x) — 400,

|x[<1
and u, develops exactly one singularity. This disapproves Schoen’s conjecture in dimen-
sions N >52. On one hand, both problems (1.2) and (1.4) have no parameters but possess
infinitely many positive solutions. The proofs are similar: a kind of variational reduction
method (we call it localized energy method) is used. On the other hand, the solutions con-
structed by Brendle has a single bubble near the origin, and the energy of the solutions
remains uniformly bounded. Here we obtain solutions with arbitrarily many bubbles, and
the energy of the solutions can be arbitrarily large.

We believe that the symmetric condition in Theorem 1.1 is technical. A more general

result, as follows, should be true.

Conjecture 1.1. Assume that max,cyn H(x) >0 and the set {x € 0Q|H(x) =max,cynH(x)}
is a smooth I-dimensional sub-manifold on 0Q), with 1 <I< N —1. Then there are infinitely many
positive solutions to problem (1.4).

In the following we will see that the idea of the proof depends on the critical exponent.
That is using this idea we can’t obtain similar results for sub-super critical case.

2 Outline of proof
In [17] the following is considered

—Au—l—yu—ocNu% =0, u>0 inQ,

2.1
a_u =0, on 0(), @1)
on

where y is a fixed positive number. When () is a smooth and bounded domain satisfying
(Hy), (Hz) and (Hy), then for N >3, there is an integer ko >0, such that for any integer
k > ko, (2.1) has infinitely many solutions whose energy can be made arbitrary large,
where

H;: Let T:=0QN{ys =--- =yn=0}. There exists a connected component I of T, such
that H(x) =y <0, Vx€T.

From the above we see that the problem (1.4) is similar to (2.1) expect the domain and
linear term pu. A natural idea is that we may try the same method to prove Theorem
1.1. We will use the techniques in the singularly perturbed elliptic problems to prove the
following Theorem 2.1 which is equivalent to Theorem 1.1. In all the singularly perturbed
problems, some small parameters are present either in the operator or in the nonlinearity
or in the boundary condition. Here there is no parameter. Instead, we use k, the number of
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the bubbles of the solutions, as the parameter in the construction of bubble solutions for
(1.4). This idea is also used in the recent paper [10]. We believe that the results will also
hold in the case of N=3.

It is well-known that the functions

N-2

A Ik N
UA,a(y):(m> , A>0, a€eR

are the only solutions to the problem

N+2

—Au=anuN-2, u>0, in RV,
Let us fix a positive integer
k> ko,

where ky is large, to be determined later.
Integral estimates (see Appendix A in [17]) suggest to make the additional a priori
assumption that A behaves as the following
1 N2

A=—kN=3, N>4
A N 7 - %

z
[

where § <A <1} and § is a small positive constant which is to be determined later.
Let 2* = 2% Using the transformation

we find that (1.4) becomes

—Au=ayu®> 1, u>0, inRN\Q,

u(x)—0, as |x| — oo, (2.2)
a_u =0, on 9Q),,
on
where -
e=k N3, N>4 (2.3)

and Q. = {yley € Q}. Define
H,= {u: uec H' (RN\Q), uis even iny,, h=2,---,N,
u(rcosf,rsinf,y”) :u(rcos(f)-i—z—;:]),rsin(f)-l—Z—;CT]),y”), jzl,---,k—l},

and

Xj= <%0cosz(]_kl)n, r?osinz(]_kl)n
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where 0 is the zero vector in RN~2. We define WA,xj to be the unique solution of

—Au:aNu%*;l in RN\ Q),,
A

]
u(x)—0 as |x| — oo,
ou =0 on 0Q);.
on

Let
k
W(y) =) Wau
j=1

Theorem 1.1 is a direct consequence of the following result:

85

(2.4)

Theorem 2.1. Suppose that N >4 and Q) is a smooth and bounded domain satisfying (Hy), (Hz)
and (Hz). Then there is an integer ko >0, such that for any integer k > ko, problem (2.2) has a

solution uy of the form
=W (y)+wk,

where wy € Hy, and as k— +00, ||wi ||~ — 0.

Let

qDA,Xj(y) = U%,x]v (y) - WA,X]' (y)/

_1 2_ AN 2*
10)=5 [oo0 P =5 fowi 1

then by Appendix A in [17] we have the following lemma.
Lemma 2.1. There is a constant C >0, such that

Ce
I+ [y—x;[)N=3

and

i
W <ClU ,
W] ( ixf*(wy—xj\w)

£
IAW) x| <C .
N O ).

For N >4, we have
(W) :k<A0+A1A'ye—A2AN’2e—|—o(e)),

where A;, 1=0,1,2, is some positive constant.

(2.5)

(2.6)

(2.7)

(2.8)
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3 Finite-dimensional reduction

In this section, we perform a finite-dimensional reduction. Let

k 1 -1
|||« =sup - lu(y)l,
y (j—l (1+\y—xj!)¥”)

fllsx=sup
¥y =1 (1 |y_xj|)

) 1wl

where we choose

For this choice of T and the definition of ¢, we have

k 1
———<C, ifN>4
j:2|x7_x1’
Let

OWA .
Yz‘ _ A, x;

z-——AY-—(2*—1)U2**ZBU%”"'
oA Tt T x9N

For any ||/1|| 1~ < 0o, we consider the following linear problem

7

. k
—Ap—N(N+2)W? 2p=h+c, ¥ Z;, inRN\Q,,
i=1
o
L =0,
on .
i=1

on 0Q),,

for some number ¢, where

<u,0>= uo.
RN\,

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Let us remark that in general we should also include the translational derivatives of
W in the right hand side of (3.5). However due to the symmetry assumption ¢ € H;,
this part of kernel automatically disappears. This is the main reason for imposing the

symmetries.
First we state a lemma whose proof is in Appendix A.
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Lemma 3.1. Let f satisfy || f||.. < oo and u be the solution of

—Au=f in RN\Qg,

lu(x)|—0 as |x|— oo, g—Z:O on 9Q),.

Then we have
()]
u(x)|<C 3.6
ui<c [, et dy 36)
Next, we need the following lemma to carry out the reduction.

Lemma 3.2. Assume that ¢y solves (3.5) for h=hy. If || hg|| .« — 0 as k— oo, so does ||yl

Proof. We argue by contradiction. Suppose that there are k— +o0, h="h;, Ay €[6,6 7], and
¢k solving (3.5) for h=hy, A=Ay, with ||l [+« — 0, and ||¢k||« > ¢’ >0. We may assume
that ||¢¢||« =1. For simplicity, we drop the subscript k.

According to Lemma 3.1, we have

1 .
()] SC/RN\QE WWZ 72‘¢<Z)‘d2
1 k
€ fone, =gz (@) e SZi(2) ) i o7

Using Lemma A 4, there is a strictly positive small number 6 such that

1 s
‘/RN\QS !z—yIN*ZW (P(Z)dz‘

k 1 k 1
scwqurr*( (D) ) (3.8)
T e R B B

It follows from Lemma A.3 that

‘ /RN\QE W}Z(Z) dz‘

1
<C|n / —dz
I N|z— y!N ZZ (1+|z—x])
k 1
<Clhl+ Y e (3.9)

=1 (T ly—x]) 7"
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and

1 k
‘/RN\QE |z—y|N-2 gzi(z)dz‘

1
<
—CE/RN 2y V2 (T )N
1

k
<C (3.10)
z':zl (I+ly—x]) T+

Next, we estimate c;. Multiplying (3.5) by Y; and integrating, we see that c; satisfies
k *
(Y Zi,Y1)e1 ={—Ap—N(N+2)W* “2¢,Y1) —(h,Y1). (3.11)
=1

It follows from Lemma A.2 that

1
Yy)| <Cllh /
K 1>‘— jal RN((l—l—\z—xl\)Nz
k
€ 1
+ dz
(1+Iz—x1|)N3);(1+yz—xj|)“z”+f

<C||h] s
On one hand,

(—Ap—N(N+2)W* 2¢,Y1)
:<—AY1 —N(N+2)W2*72Y1/¢>

=N(N+2)(U3 20aUy  —W? 2Y1,0). (3.12)
Obviously,
k 1
[p()[ <Cll¢]l- E

=+ y—x) T
On the other hand, it follows from (2.7) that

Ce
) < ,
M)A,x,(]/)‘— <1+‘]/—xi‘)N_3
C + Ce
(I+y—x)VN2 " (Q+|y—x N3

Y| <
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We consider the cases N > 6 first. Note that now 4/(N—2) <1 for N > 6. Using
Lemmas 2.1, we obtain

(U3 2onlty W 1)

<cllgl L ) s

2 )i 1

<Cligl ., (43 Z\awmﬂmzwm
<cn<pu*2 ol
)

+Clgl. |

1 k 1
RV\Q, 1+\y v L ]. o L L dy (313)

Note that the following calculation is also valid for N =4,5. Let
/ X 7T
Q:{ =/, y") eRN\Q: y—,—] Zcos—}.
] y=("y \Qe <’y/| |x],|> k
If ye (), then

IA

(Hly—a)
where p= 21fN>8and,B 0if N=6,7 since

N2 NS LB N2 4N3) o7

k 1 < Ceak
— 4(N 3)7é’
=2 (1+]y—xjl) (I+ly—x|) ™2 "2
k 1 C£2k

So, we obtain

N+2 k k
eN—2 1 1
dy=o0(1).
/Q] (1+[y—x PN- Z N3 Z ] y=o(1)




90 L. Wang / J. Partial Diff. Eq., 23 (2010), pp. 80-104

IfyeQy, 1>2, then
i 1 < Ce2k
4(N-3) — 4N-3) B’
=2(+ly—x)) ™2 (I+[|y—x]) &2 2
« 1 _ C Cetk

—2

< . .
S A+Hy—x) T T (A y—u) T (14 y—x|)

As a result,

1
SC/ — . dy
o (T y=xDV72 (g ) T+ B8
C
’xl_x1’N£1
Hence
N+2

Similarly, for N =4,5 we have

/ - i ! ; L dz=o0(1) (3.14)
R\ (L |z=21[)° 5 (I 2= )N "2 5 (14 |z—x]) 2747 '

which will be used later.
For N=4,5, we have ﬁ >1. By Lemmas 2.1,

‘ <LI2%;123A u%/xl B W2 _2Y1’(P> ‘
2*—3 . k 4
N N-—2
</ i jzz(u%,x].+4m,xj>m¢y+c /. o, (]gu%,xj) Yig|

k
252 2% 3 2%_19
+/1{N\Q£(u%,x1 |aA¢A1x1|+u%,x1 oA |1+ :2’€0A,xj" ’Yﬂ) [

]
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1 k 1
< .
_CHQDH RN\QE((1+’2—X1|)4j_Z:2 1+|Z—x")N*2

Ce k 1 1 >

+
(1+]z—x1]) 3].; (1+|z—x; )N 22 (1+|z—x;|) %

/ N\Q, ]Eu/l\ Xj N 2’Y1¢|+0(1)||¢H*

1 k 4k 1
<aiol. [, (; e
120 Jeo \ T =™ 2(]_22 k) l; (1+|y—xi]) " E 7
T pa— Jay-+ogl
+ 1 )N 40
<1+‘y_x1’)N_3 =2 e 121(1+|y—xi|)¥+7 Y (P
If y€ )y, then
k 1
<
]Z;llkx] 1_|_’y xl N 2—7— GZ’X _xl|T+9
1
—o(1
Wty v
and
k
1 C
)3 <

A (A+y—x) =7 (+ly—xl) =

91

(3.15)
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As a result,

1 k %2 k
u d
/0/ (1+|y_xl|)N2(; %,xf) ,Z:<1+‘y_xi‘)¥+r y
1 1
_c/ 4
o (T =02 (1 y—g 2
C
—

= N2
’xl xl’ N-2

Note that % — % > 7. Thus

1 Lk 1
U, —d
/RN\QS (1+!y—x1|)N‘2(]-_Zz A"‘f> ;(1+\y—xi‘)¥+7 /
k 1
<o(1)+C) = =o(1).
=) |xl —x1| 2 T N-2

By the same calculations, we have

4

1

k
u - dy=o(1
/RN\QE <1+‘y xl N 3(]_212 %X]) = (1+|y_xz|)¥+f y ( )

since now % — N%T > 7 is also valid. So, we have proved

(U 2ontty W) | =o(0) gl
But there is a constant ¢ >0,
k
<EZZ',Y1> :C_+0(1).
i=1

Thus we obtain that
cr=0([l¢ll«) +O(|hl«x)-

Consequently,

f 1
=1 (ly—xil) 7
: (3.16)

lplls < <o<1>+|\hkn** =
L

—T\H
j (I+ly—x) 7" i

Since ||¢||« =1, we obtain from (3.16) that there is R >0, such that

¢ (¥) B (x;) = €0 >0, (3.17)
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for some i. But ¢(y)=¢(y—x;) converges uniformly in any compact set of RY to a solution
u of

Au—i—N(N—l—Z)UZ%*’aZu =0 (3.18)

for some A € [5,5‘1], and u is perpendicular to the kernel of (3.18). So, u=0. This is a
contradiction to (3.17). O

From Lemma 3.2, using the same argument as in the proof of Proposition 4.1 in [18],
Proposition 3.1 in [19], we can prove the following result:

Proposition 3.1. There exists ko >0 and a constant C > 0, independent of k, such that for all
k> ko and all h € L® (RN\Q), problem (3.5) has a unique solution ¢ = Ly(h). Besides,

IL(M) [« <CllAllr,  |e1| S ClI]| s (3.19)
Moreover, the map Ly(h) is C' with respect to A.

Now, we consider the existence of solution ¢ for the problem

7

. k
—A(W+9)=an (W+¢)” '+c1 Y Z, inRN\Q,,
i=1

9
oV

k
¢€Hs, < ZZl,¢>:O.
i=1

on 90, (3.20)

\

We have the following result.

Proposition 3.2. There is an integer ko >0, such that for each k >k, 6 <A < 51 where § is a
fixed small constant, (3.20) has a unique solution ¢, satisfying

]« <Cezt,

where o >0 is a fixed small constant. Moreover, A — ¢(A) is CL.

Rewrite (3.20) as

( k
—Ap—N(N+2)W* 2p=N(¢)+l+c1 ¥ Z;, inRN\Q,,
i=1

1

8_4) =0, on 9Q),, (3.21)
on

k
¢€HS/ < ZZi/¢>:O/
i=1




94 L. Wang / J. Partial Diff. Eq., 23 (2010), pp. 80-104

where
N(¢) :sz<(w_|_¢)2*_1 W2l (2* _1)W2*,2¢)’

he=an (W21 j_zluz*—ll)

In order to use the contraction mapping theorem to prove that (3.21) is uniquely solv-
able in the set that ||¢||. is small, we need to estimate N(¢) and I.

In the following, we always assume that ||¢||. <e|Ing|.

Lemma 3.3. We have

*—1,2
IN(¢) [l < Cljp " 1),
Proof. We have
Clo|* 1, N>6;
NSO N2
C(WF2¢?+|p|> 1), N=4,5.

Firstly, we consider N > 6. We have

. k 1 2*—1
rN<¢>rscn¢||i'-l( - )
Ly

4

2:—1 1 ’ 1 N
<Cllgl 2 —(x )7 e

(=) S Ay =)

where we use the inequality

k k
E“jbj§<zﬂf> (qu> / 1+; 1, a;bj>0, j=1,-k (3.23)
j=1 j=1

By Lemma A.1 and (3.3), we find,

k

M Ee— Erxl—x]rf—

=

Thus,
1

+ly—x))

IN(p)| <CllgllZ 12
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For N=5, N—N %, we have

k 1 k ¢ 3/ k 1 2
W<l (L g L) (Sarrare)

j=1 j=1

95

j=1

1 3 k € k 2
) S ae) )(]-_Zl(my—xj\)%z)

(
<clolk((.
{2

k
5 1 )§+g>§+<

<ClolP (
=t y—x|

k

1
<Cligll2 G
=1 (I ly—x;)2 75

For ye (), [ >1, using (3.23) we have that

k 1
(Foe Ve
= A+ly—x0)?/) —

k 1 2 1 & 1
$> ;) ety R

W=
7 N
Y
—_
+
<
l —
Rad
N
WIN
+
—
m
»
SN—
WIN
~_

= (1+y— x]’)% 6 Fl(l—l—‘y—x]]
and
k 1 2
(]-Zl(my—x]\)%%)
1 1 1 5
SC( 1+W—xl\)3+g+(1+’y—xl!)3+%_l (j;!xz—xj\%) >
<C< 1 2 1 >
T\ (I+|y—x])*3 (1+]y—x)>*3
Consequently,

7N
L1~
Yy
[y
+
ﬁ ™
R
=
N
~_
W=

(Co o)
= (1+|y—xj)2 e

Ces Cesk? ko g3 (ek)3edk
+CZ

IN

_|_
(A+Hly—x )P A+ly—x)P5 0 S A+ y—x))>3

k 1

<C 75
=1 (14 ly—xj[)2 75

1

9
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which leads to

=

1
W32 <C|lo|?
]_21 (1+|y— x]r>% i

Similarly, as the case of N > 6,
1

k
’ 2% — 1<CH¢ 2% —1
Z<1+|y xj|)2te
Thus .
IN(p)| <Cll¢lI2 Z 75
= (1+[y— x]|)2 6

For N=4, N—N =1, we have

-

k 1 1 ’
|N(¢)|§C||¢H§E(1+|y—xj’)2( (1+]y— x]’) >

j=1 j
oy — = (y 1 2
+C (
¢ Z:1+Iy xjl ;(1+|y—xj|)l+l
g 1
+Cllgll3 ~ Z
+ly—xj|)**
k 1 2%—1
gCIIcPHi(Z ) +CllglF 12
j—1(1+ly—xj|)”% +y —x]l)
k k 1 2
+C ( )
(- f: 5 |
<clioli{ ( )} e
]1(1+y —x;] = 1+]y— le S+ y— x]|)1+
IfyeQy, [>1, then
k k 2
L (Sarea)
Ce 1 C 1 2
TR e D (e D Dty
y—x) 3 771 v — x5 \(L+]y—x])278 7 (Ja—x])s
§C€l+1+1k3 1

(1+[y—x)**>
1

SC 17
(1+[y—x[)>+2
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which gives us that for any y € RN\ Q.

k € k 1 2 k 1
Zlﬂy—x]‘\ <Z )”%) =CL,

j=1 =1 (14 ]y —x;] S+ ly—x))3r

As a result we have
IN(¢) [« <Cllp|IZ, N=4.

Thus -
[IN() | <Cllp|I3" .

This completes the proof of the lemma. O

Next, we estimate /. By almost the same calculus of Lemma 3.6 in [17], we have

Lemma 3.4. We have ]
||lk||>k* S C€7+01

where o >0 is a fixed small constant.

Using Lemmas 3.3 and 3.4 the remaining proof of Proposition 3.2 is just the same as
that of Proposition 3.4 in [17]. Here we will not repeat it.

4 Proof of Theorem 2.1

Let
F(A)=I(W+¢),
where ¢ is the function obtained in Proposition 3.2, and let

o2
Iu) = yDu\z—%/N\ "
RN\ O,

2 JRN\Q,

Using the symmetry, we can check that if A is a critical point of F(A), then W+¢ is a
solution of (1.4). According to Proposition 4.1 in [17], we have that

Proposition 4.1. For N >4, we have

F(A)=k(Ao+A1yAe— Ay AN 2e+o0(e)),
where the constant A;>0,i=0,1,2 are positive constants, which are given in Proposition 2.8.
Proof of Theorem 2.1. We just need to prove that F(A) has a critical point.

For N >4, the function
A1y A—A,AN2

has a maximum point at
1

Thus, F(A) attains its maximum in the interior of [§,6 1] if 6 > 0 is small. As a result,
F(A) has a critical point in [6,671]. O
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A Basic estimates

Firstly, we prove Lemma 3.1.

Proof. Through scaling we may assume ¢ =1. Let G(x,y) be the Green’s function satis-
fying

—AG(x,y)=6, in RN\Q,
aG(x,y)

5 =0 on 9Q.

|G(x,y)| =0 as [x—y|[—+oo,

Then we have for x € RN\ (),
= G(x, dy.
u()= [ (S

So it is enough to show that there exists a constant C, independent of x and y such that

C
< —-
Gy < [y
To this end we decompose G as in two parts

Grxy) =H(|x—yl) +K(xy)

where K(|x—y|) is the singular part of G and H(x,y) is the regular part of G. Certainly
we have

It remains to show that
(A.D)

Note that, if for any x€9Q,d(y,x)>dy >0, then %{y‘) is bounded. Take Cy large enough,
consider the inhomogeneous Neumann problem

A2
a—l/) = Co on 0Q). ( )

{Apo in RN\Q), 1(c0) =0,
on
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By the classical potential theory (see [20]), (A.2) has a unique positive solution and is
given by the single layer potential

¢<x)=/ma(z)1<o(\x—z\)dsz,

where ¢ is a continuous function on 0Q) and Kj is the fundamental solution of —A in RN,
Therefore for some constant C,

0<y(x) <CKo(|x—y|), xeRM\Q.

Observe that ¢ is an upper solution and —1 is a lower solution of

oH _ 9K(|x—yl)

n on

AH=0 inRN\Q, [H(xy)|—0 as|x—y|— o,
on 9Q).

Hence the comparison principle implies

< —Y|) < +————-
‘H(x/]/)‘ = CK()(’)C ]/D = ’x_y‘N_z
Otherwise we first consider d(x,0Q)) and d(y,0Q)) small. Let y € RN\Q) be such that d =
d(y,0Q0) is small. So there exists a unique point 7 € Q) such that d = |[y—y|. Without
loss of generality we may assume 77 =0 and the outer normal at § is pointing toward
—xn-direction. Let y* be the reflection point y*=(0,---,0,—d) and consider the following
auxiliary function

H (x,y) =K(|lx—y"]).

Then H* satisfies AH* =0 in RN\ and on 9Q)

9 .. ) 1
—(H"(x,9)) = =3 (K(lx=y)+O (35 ).
Hence we derive that .
H(x,y) :H*(x,y)—i—(’)<m),
which proves (A.1) for x,y € RN\ Q. This implies that for x e RN\ Q
f(v)]
< ———dy. .
ui<c [, oEdy (*3)

If x € 9Q), we consider a sequence of points x; € RN\, x; — x €9Q) and take the limit in
(A.3). Lebesgue’s Dominated Convergence Theorem applies and (3.6) is proved. O

Now we start to prove that W < C, where C > 0 is a constant, independent of k. We
have a more general result whose proof can be found in [17].
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Lemma A.1. For any a >0,
k
1+ ,
]_Z:l 1—1—]y xi|)x — ( Z\xl—x]]“)
where C >0 is a constant, independent of k.
For each fixed i and j, i # j, consider the following function

1 1
(I [y=2x)* (1+|y—xi])P’

where « > 1 and B > 1 are two constants. The following two lemmas can be found in
Appendix B in [10].

gij(y)= (A.4)

Lemma A.2. For any constant 0 <o <min(w,[), there is a constant C >0, such that

C 1 1
() < .
8ij(y) < i— x| <(1+!y—xil)"‘+ﬁ“’+ (1+|y—xj|)"‘+ﬁ“7)

Lemma A.3. For any constant 0 <o < N —2, there is a constant C >0, such that

/ 1 L dz< C
RV [y—z[N=2 (1+]z[)2F0 "~ (1+y|)7

Let us recall that N2
e=k ¥3, N>4.

Lemma A.4. Recall that T= % ifN>6, N=4and = % if N=5. Then there is a small 6 >0,
such that

/ 1 i 1 &
RN ’]/ Z|N 2 = 1_1_’2 x]‘) =47
k k
1 1
Z +1+0 <1)Z +T
S (1+y—x)) =1 (I+]y—x;]) 2
where 0(1) — 0 as k— +oo.
Proof. Firstly, we consider N > 6. Then
4 oy, MNZ9
N-2 N-2

which makes the proof the same as in [17]. Hence we only give out the proof of the case
N=4,5.
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Suppose now that N =5. Recall that e = k=% and
Qi=<y=(y,y") eRN\Q,: <L/ i> > cos
! ' MYl Tk
For z€ (1, we have |z—xj| > |z—x;|. Using Lemma A.2, we obtain

k 1 1
Y < TX:

k
S0Fz=xP = (12— )i 5 1+rz xj|)?
k

C 1 C
>~ 7 Z < 7
(1+|z—x1])3 j=2 x]—x1|3 (1+]z—xq])3
since
k k
<0k} Y =0 =0(1).
j= 2’x]_x1‘3 = 2]3
Similarly,
Xk: € < Ces
(I lz=x])? 7 (14 [z—x|)*
Thus,
W%(z)<< C n C n Ces )%
Itz=x|)?®  (14|z—x )5 (A+|z—x))?

C Ced
T (A+z—a)¥  (14|z—x])3

As a result, for z € ()1, using Lemma 2.1 again, we find that for 6 >0 small,

wI-P

@Y

j=1 1+’Z x]|)2+T

C C k 1
_(1+!z—x1|)%+%”+(1+!z ) aas ;\x]—xlll’?‘e
N Ces N Ced koo
A+ |z—x1 )3T (T |z [ 2347 S o=y |3
C N 1

< +o .
(1—|—]Z—x1\)2+%+7+6 ( (1—1—]z—x1\)2+%+7
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So, we obtain

k
fo Dy dz

=1 (14+]z— x]])2+7

c +o(1) !

T (1 Jy—xq )3t (1+]z—x1 )3+

which gives

55 10 1 .
i (T4 [y —x )2+ (I+]y—x])2*"
Suppose that N =4. In this case, e= k~2. We have that for z€ )4,

k k
1 C 1
Z(l—l—]z—x-]) < 32 1
j=2 j (14+|z—x1])2 =2 |xj—x1]2
1
< Ceak < C :
(14‘|Z—X1’)z (1+’Z—X1’)7
and
Zk: Ce%
= 1—|—\z x]\) (1+]z— x]])
Thus

k
]Z 1+|z xj|)tHe
C

<< n Ce >i 1
T\t z—xal])? (+lz=x50)? ) FH A z—x) T

C N C k 1
T (I z=a )T (1 z g 2T 2
Ce?
(1+’Z_x1’)2+1+r
C C
1
T e e A (et

-2

_|_
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which gives

1 k
d
SO S

k

k 1

:g/ﬂi ’y_z‘z ]g 1""’2 xj| )1+sz
k

<) <

i=1 (1+|y—xi|)%“”

k
ZE 1+’Z x1 1+T

This completes the proof of the lemma. O
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