J. Partial Diff. Eqs. 21(2008), 2244
(©Editorial Board of JPDE and
International Academic Publishers Ltd Vol.21 No.1

THE CAUCHY PROBLEM OF THE HARTREE EQUATION*

Miao Changxing, Xu Guixiang and Zhao Lifeng
(Institute of Applied Physics and Computational Mathematics,
P. O. Box 8009, Beijing 100088, China)
(E-mail: miao_changxing@iapcm.ac.cn, xu_guixiang@iapcm.ac.cn, zhaolifeng@iapcm.ac.cn)

Dedicated to Professor Li Dagian on the occasion of his seventieth birthday
(Received July. 15, 2007)

Abstract In this paper, we systematically study the wellposedness, illposedness
of the Hartree equation, and obtain the sharp local wellposedness, the global existence
in H®, s > 1 and the small scattering result in H® for 2 <y <mn and s > 3 —1. In
addition, we study the nonexistence of nontrivial asymptotically free solutions of the
Hartree equation.
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1. Introduction

In this paper, we study the Cauchy problem for the Hartree equation

{z‘u—l—Au: f(u), mR"xR, n>1, (11)

u(0) = p(z), in R"™.
Here the dot denotes the time derivative, A is the Laplacian in R"™, f(u) is a nonlinear
function of Hartree type such as f(u) = A(V * |u|*)u for some fixed constant A € R
and 0 < 7 < n, where * denotes the convolution in R"™ and V is a real valued radial

function defined in R™, here V' (x) = |z|~7. In practice, we use the integral formulation
of (1.1)

w(t) = Ut)p — i /0 Ult — ) (u(s))ds, U(t) = e*d, (1.2)

If the solution u of (1.1) has sufficient decay at infinity and smoothness, it satisfies
two conservation laws in [1]:

M(u(®) = [[u®)] > = [l
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Bu(t) = 51 Vu0la+ 7 [ [ ot o Pl ) dedy = Be). (13
yl
There is a lot of works on the Cauchy problem and (small data) scattering theory of
the Hartree equation. we refer to [1-10]. They all studied in the energy space H'(R")
or some weighted spaces. In this paper, we prove the local wellposedness in H?®, where
s > max(0,s.), sc = 5 — 1. Note that s, is indicated by the scaling analysis. In
addition, we prove some illposedness results for s < max(0, s.) in Section 4. Therefore
we obtain the sharp local results in this sense.
If we formally rewrite the equation (1.1) as

gl

i+ Au=A(=A)""7 [uf?)u,

by the scaling analysis ,
n+2—
ur(t,z) = A"z u(At, A\x),

we obtain the critical exponent
So = % ~1. (1.4)

The paper is organized as follows.

In Section 2, we consider the case s > % We prove the local wellposedness (Theorem
2.1) of the equation (1.1) in H®, and the global wellposedness of the energy solution
(Theorem 2.2). Since s > 3,
mapping argument in C([0,T]; H®) .

In Section 3, we consider the case max(0,3 — 1) < s < . It is not enough to
obtain the solution by the contraction mapping argument only in C([0,T]; H*). Here

it is enough to obtain the solution by the contraction

we make use of the Strichartz estimates and prove the local wellposedness (Theorem
3.1)in C([0,T), H*) N LL(HE), where (g,7) is defined by (3.1), the global wellposedness
of the energy solution (Corollary 3.1) and the small data scattering result (Theorem
3.2).

In Section 4, By the small dispersion analysis, scale and Galilean invariance, we
obtain some illposedness results (Theorem 4.1 for s < max(0, s.) and Theorem 4.2 for
s < —g or 0 <s < s:). The techniques to be used originated from [11].

Last in Section 5, we give the nonexistence result (Theorem 5.1) of the nontrivial
asymptotically free solutions.

We conclude this introduction by giving some notation which will be used freely
throughout this paper. A < B, A > B denote A < CB, A > C~!'B, respectively. For
any r,1 <r < oo, we denote by || - ||, the norm in L™ = L"(R") and by 7’ the conjugate
exponent defined by % + % = 1. We denote the Schwartz space by S(R™). For any s,
we denote by H? = (1 — A)_S/QLT’ the usual Sobolev spaces and H® = H5. Moreover,
we define the H** norm:

k

s =YL+ L))"~ Dl 2.
j=0



Note that if k& > n/2, H** norm controls both L™ and L' norm. We denote V(y)xy<1
by V<(y), and V(y)xy>1 by V>(y). We associate the variables a(r) and §(r) defined
by

Last we denote by < -,- > the scalar product in L?.

2. The Local and Global Existence in H*, s > 3

In this section, we study the local existence in H®, s > 7 based on the contraction
mapping argument, and the global existence of the energy solution. To do so, we should
use the following generalized Leibniz’s rule [12].

Lemma 2.1 For any s > 0, we have

%)

o S [[D%

Ul or + llull g [| D]

Lrl L’l‘2 bl

where D% = (—A)2 and % = %1 + %2 = %1 + %2, r; € (1,00),q; € (1,00],7 =1,2.
In addition, we also need the following maximal estimate [13] which is a direct
consequence of the sharp Hardy inequality.

Lemma 2.2 Let 0 < v < n, we have
2 ()| e < Ol ) Ju][3-

Based on the above estimate, we can use C'(I; H2) alone to study (1.1), but we can
not work in C(I; H%) alone for the nonlinear Schrédinger equations, because ||ufs <
[ull ;3 is not valid.

Let us first introduce the following local existence result.

Theorem 2.1 Let 0 < v < n andn > 1, ¢ € H*(R") with s > 3. Then there
exists a positive time T such that (1.2) has a unique solution v € C([0,T], H) with

HUHL?FOHS < CH‘PHHS-

Proof We apply the same approach in [14] to deal with (1.1). Let (X’j“,pv d) be a
complete metric space with metric d defined by

X, = {u € LF(H"R")); HuHLi}OH <p} d(uv) =|lu— ”HL;@L?'
Our strategy is to prove that the following mapping
t
N(u)(t) = U(t)p — i /0 U(t - 5)f(u)(s)ds, (2.1)

is a contraction map on X7 for sufficiently small 7.



First for all u € X7 . by Lemma 2.1, Lemma 2.2 and the usual Hardy-Littlewood-
Sobolev inequality, we have

HN(U)HL?FOHS < Jlell 7o + THf(u)HL;sHs
Sl e+ T Q) s oo 1l s

AT (el oy, el 2 )
ol

< el ire + T lly e 3 Noll g e+ NPl ey, Nl ] e 22

= Bl
S Nlellge + Tlellge el e + lell o Iell o 22,)

e TT0°. (2.2)

S el + Tl g 1ol e < N

If we choose p and T such that

Then N maps X7, , to itself.
Second, we need to show that N is a Lipschitz map for sufficiently small T". Let
u,v € Xisf,p’ we have

d(N (), N(©)) £ T[T (ju*Yu = Loy ([0)0]]

S T(HI" 5y (lul*)(u—v HL?F°L2 + HI”—’Y(|U|2 - |U|2)”HL;§L2)

STl ) + [T = B, )
(2 wo) ol b )

2,
T (p*d(u,v) —i—pHu—H)H Zn'yd(u,’l)))

< szd(u, v).

Then N is a contraction on X7 p if T is sufficiently small.

From (1.2) and the contraction mapping argument, we can obtain the continuity in
time and the uniqueness of solution. This completes the proof.

By the regularized argument [15,16], we can show that the conservation laws (1.3)
hold for the H*(R"™)-regularity solution, s > 1.

From the conservation laws (1.3), we obtain the following global wellposedness.

Theorem 2.2 Let s =1, 0 <~y <n and either one of the conditions holds
() A>20,0<y<2;

(2) A<0, and 0 < vy < 2;



(3) A<0,vy=2,n>3 and H(pHLQ is sufficiently small.

Let T be the mazimal existence time of the solution w as in Theorem 2.1. Then
T* = oco. Moreover,

la®ll < Cllel] ™,

where Cy depends on E(p) and H(pHLQ.

Remark 2.1 (1) As for the case A > 0, Theorem 2.1 ensures the local existence in
H' for 0 < v < 2, so it can also ensure the global existence in H' by energy conservation
law. We also show that there exists the global existence (Theorem 3.1) in H! for the
case 2 < v < 4 in next section. For the critical case, i.e. n > 5 and v = 4, we have
established the global well-posedness and scattering result in [17, 18]

(2) As for the case A < 0, this theorem shows that there exists the global wellposed-
ness in H! for the L? subcritical case (0 < v < 2), but for the L? critical case (y = 2),
there exists the global existence of the small solution in H' . In addition, the small
HcpH 12 condition can also ensure the global existence (Corollary 3.1) in H' for the H'
subcritical case (2 < v < min(4, n)) As for the case A < 0, v =4, n > 4, Theorem 3.2
shows that the global existence and scattering in H' under the small HcpH g condition.

(3) As for the case A < 0 and v = 2, Kurata and Ogawa [19] gave the sharp global
existence and the blow-up results in H' as do the papers [2], [20] and [21].

Proof Asfor A >0, by (1.3), we have

lu@z < a5 < C(E@ + llelz2) < C(EB@) + [le]2)-

As for A <0, and 0 < v < min(2,n), by the same estimate as in (2.1) and Young’s
inequality, we have

2= u(t,2)Phutt. o)1 drdy] < 21, )| ]

|z —y|7
< OllulGzllellz2 < Cﬂuillp el 72"

< elful5 @)l E

which together with (1.3) implies that

)z < ol < O + el + 2

Asfor A< 0,y=2,n>3and H@HLQ is sufficiently small, we have
A 1 1
1] [ttt o lute.s) Pasas] < Cllulfalel < 3l

where we use that H(p” 12 is so sufficiently small that CH(,0H2LQ < i. Therefore

lu®)||23 < C(E) + ||¢]72).



On the other hand, we have the same as in (2.2)
t
2
Hu@>HH1§SH¢HH1+1A )13 [l dr
t
S el +€ [ [t 23)

Gronwall’s inequality implies that

[e®ll < Cllell g™ Co = C(E@) lI¢ll2)

This completes the proof.
Because the regularity is a local property, and the estimate

t
e C [ )]t

holds for s > 1 as in (2.3), we have the following corollary.

lu(®)]

e S [l

Corollary 2.1 Let s > 1, 0 <y <n and either one of the conditions holds
(1) A>0,0<y <2
(2) A<0, and 0 < vy < 2;
(3) A<0,vy=2,n>3 and H(pHLQ is sufficiently small.

Let T* be the maximal existence time of the solution uw as in Theorem 2.1. Then
T* = co. Moreover,

lu(®)]

3. The Local and Global Existence in H*, max(0,3 —1) <s < 3

1€ Co=C(E), llglls).

we < Cllel

In this section, we study the local existence in the lower regularity space H?,
max(0, 3 — 1) < s < 7, and the corresponding global existence. To do so, we should
introduce the Strichartz estimate [15].

Definition 3.1 We say that a pair (q,7) is admissible if

2 (1 2>
q_ 2 r
and
< 0, =
2<rqy < 00, n=2;
< 2nog



Proposition 3.1 The following properties hold:
1. For every ¢ € L*(R™), the function t — U(t)p belongs to
LI(R; L"(R")) N C(R; L*(R™))
for every admissible pair (q,7). Furthermore, there erists a constant C' such that
HU(t)‘PHLq(R,Lr) < Clle|l .2
for every ¢ € L?>(R™).

2. Let I be an interval of R (bounded or not), J = I, and to € J. If (p,p) is an
admissible pair and f € Lp'(I, L (R™)), then for every admissible pair (q,r), the

function
t

t—=®s(t)= [ U(t—s)f(s)ds,
to
for t € I belongs to L4(I,L"(R™)) N C(J; L*(R™)). Furthermore, there exists a
constant C independent of I such that

Hq)f(t)HLq([,Lr) < CHfHLP’(I,LP')’
for every f € LP (I, L7 (R™)).
o

For 0 < v < n and max(0,3 — 1) < s < 3, there is a particular admissible pair

(q,r) defined by

1 ~—2s 1 1 2s—7
i == 3.1
q 6  r 2+ 3n (3.1)

which will play a crucial role in our estimate and come from scaling relation

1 1 1 S
S+l=z+2(z-2)+1.
T 2 roon n

Now we can state the local existence results in the lower regular space H*.

Theorem 3.1 Let 0 <y <n and ¢ € H*(R") with max(0,3 —1) < s < 3. Then
there exists a positive time T such that (1.2) has a unique solution u € C([O, T], HS) N
LA.(HE), where (q,7) is defined by (3.1). In particular, one have the global wellposedness
in HY(R™) for A\ >0, 2 <~y <4, and v < n by the energy conservation laws.

Note that this result is similar to Proposition 3.1 in [14]. The difference between
them is that we can give the sharp local existence in H?®, which is indicated by the
scaling analysis, while Proposition 3.1 in [14] didn’t give the sharp local existence for
the semirelativistic Hartree equation. In addition, we shall use the arguments [22], [11]



to obtain some ill-posedness results in Section 4 for s < max(0,s.). Hence we obtain
the sharp local wellposedness in this sense.

Proof Let (Y:,‘f o d) be a complete metric space with metric d defined by

Y7, ={u€ LF(H*(R") N LE(H;(R"))
d(u,v) =

; “HLOTOHS + HUHL‘IT(Hﬁ) < p},
HU_UHLgoHsnL‘IT(Hg)'

Our strategy is to prove that the following mapping (2.1) is a contraction map on Y7,
for sufficiently small T

First for allu € Yﬁ » by Proposition 3.1, Lemma 2.1 and the usual Hardy-Littlewood-
Sobolev inequality, we have

INCO o e +IN @I 2 0y < Nellre + 1@ g gy
< el + (o H#L%Huum
s 0 Wl )
F—s
S el + il g st ol e + 1 HLW&TWHS ) lull g ety
3n—s—vy
S lllze + (ellzg ot ol e
+H H mLB_Q_T“ HL‘X’H H |Lqu)
S el +T° +T% (3.2)

where § = 1+ s — 3. Here we use the Sobolev embedding H} — L2y,
If we choose p and T such that

. CT%p? < g

Then N maps Y7 , to itself.

Second, we need to show that NV is a contraction map for sufficiently small T". Let
U,V € ij’p, we have

AN (W, N©)) S [ () = 0) |+ (a0l e (33
By Lemma 2.1, Holder inequality and Hardy inequality, we have

HIn—V(’UP)( HLq s, HIn ¥ (] )H

L9 L7 n |Ju = UHL;OHS
|| Ty (2 “L;mman P

-5



|’i§q’LW%—mHu_UHL%OHS

+ ||uHL§m§TﬂL3"*6ﬁ*2’Y HUHL?FOH5 U= UHL%LWgZ—,ﬂ
2
S Tg(HuHLqTHg u= UHL;OHS
+ H“HL"TH,% uHL;?HS w= ”HL‘?THﬁ)

< T9p%d(u,v).

Similarly,
[ ful? = ool g, ST 0P 0).

Substituting the above estimates into (3.3), we can conclude N is a contraction on
Y7 o if T is sufficiently small. This completes the proof.

Now for A < 0, we can also show that the local energy solutions can be extended
globally in time by using the energy conservation law.

Corollary 3.1 Let A < 0, 2 < v < min(4,n),n > 3, ¢ € H'(R") and H(pHLQ is
sufficiently small. Then (1.2) has a unique solution v € C([0,00); H') N LE (H}),
where (q,r) is defined by (3.1).

Note that one can obtain the sharp condition for the global wellposedness in H!(R")
as does the paper [23].

Proof Let T* be the maximal existence time. We prove that T™ is infinite by
contradiction.

Suppose that T* < oo, then Theorem 3.1 implies that HU(T*)HH} = 0.

For any t < T*, we have by (1.3)

1 A 1
Sl < SO 5 +12] +15 [ [ o=t Pt ? asdy
1
< sllellis + [E@] + Ol 2y )]0
1 _
< sllellzz + 1B@)] + Cllel 2 )]s
The smallness of HgoH ;2 implies that
lu® 7 < Clellz + |B@)) <00, We<T™.

This implies that ||u(T*)|| g1 < 0o, Hence we have T* = oo. This completes the proof.
So far, we have obtained the global existence in H' for the case A > 0,0 < v < 4
and v < n or the case A < 0,0 < v < 2; and also show that the small H(’DHB condition
ensures the global existence in H! for the case A < 0, 2 < < min(4,n).
Finally under the small HgoH jrs. assumption, we will not only obtain the global
existence in H%, s > % — 1 for the case 2 < v < n, n > 3, but also obtain the scattering



result in H®. This result is similar to that in [24-28]. Note that the energy scattering
result for 2 < v < min(4,n) has been obtain by Ginibre and Velo [1] and Nakanishi [9].
The authors recently obtain the energy scattering result for the H!'-critical Hartree
equation in [17,18] by energy deduction in [29-31] and for the Klein-Gordon equation
with a cubic convolution nonlinearity [32].

Theorem 3.2 Let2 <y <n,n >3, and s > 3 — 1. Then there exists p such that
for any ¢ € H* with ||| fse < 0, (1.2) has a unique solution u € (C'N L) (R, H*) N
LA(R, H?,, ). Moreover, there is ™ € H® such that

n—1

—0 as t— oo.

|u(t) = Ut)e™|

Hs

Proof Let (Q; R d) be a complete metric space with metric d defined by

s r={uecL'R, HS%), |

“HL4(R,HSgn ) S P |UHL4(R,H5% ) S R},

n—1 n—

d(u,v) = |’u—vHL4(L%).

Then we have from Proposition 3.1 and Lemma 2.1

INCOI oo, ) < Cllellgse + @I g 4o
n—1 n+l
2
< CH90| frse T CHuHLzL(Ln3§L+1)HUHL‘l(HS%n )

n—1

< Clle]

fse T CH“HifL(HSgn )’

n—1

IN@ s ey, ) < Cllellie + Cllullyagaog, lull oy, )

n—1 n—1 n—1

Similarly

IN@) = N, 220, < Ol = F@ g, a0,
2 2
paqeiery Tl el = ”Hm@f—fr)

< C(H”H?ﬁ(fﬁgn ) + HUH?L‘*(HSgn ))d(u,v).
n—I n—1

< (][]

If we choose R and sufficiently small p such that

Clle] 209" <

N =

p
e <50 Cllellg <5

then N maps Q; r to itself and is a contraction map. According to Proposition 3.1, we
obtain w € (C'N L) (R, H*). This proves the existence part.



To prove the scattering, let us define a function ¢ by

¢ =i [ UE s
Then since the solution u is in Q; R T € H®, therefore it holds that

2
) = " Ol Sl olisoo )

n— n—

—0 as t— o0.

This completes the proof.

4. 1ll-Posedness in H*, s < max(0, s.)

In this section, we prove the ill-posedness in some sense for (1.1). Our proof relies
heavily on the methods of small dispersion analysis and scale and Galilean invariance,
which are initiated in [11] by M. Christ, J. Colliander, T. Tao. The main difficulty here
lies in small dispersion analysis due to the non-local nonlinearity.

The main results are the following.

Theorem 4.1 For any s < max(0, s.), the Cauchy problem (1.1) fails to be well-
posed in H? in the following sense: for any 0 < d,e < 1 and for any t > 0 there exist
solutions uy, ug of (1.1) with initial data u1(0), uz(0) € S(R™) such that

lur(0)|| s, [lu2(0)||gs < Ce;
lu1(0) — u2(0)[ gs < C0;
lur(t) — ua(t)||gs > ce,

for some C > 1 as well as some 0 < ¢ < 1.

Theorem 4.2 Suppose either 0 < s < s. =3 —1 or s < =%, for any € > 0, there
exist a solution of (1.1) and t > 0 such that u(0) € S(R™),

[w(0)[ms < C;
[u@®)llms > Ce™!, 0<t<e.

For n = 1,2, the ill-posedness results are relatively simple, see Figure 1. because
v <n, s =7v/2—1 <0, we need not consider the case 0 < s < s.. For n > 2,
sec > 0, so the case 0 < s < s, come up and it seems more complicated, see Figure 2.
As for the case s < —%, the solution of (4.1) transfers its energy to decreasingly lower
frequencies; while as for the case 0 < s < s.,n > 3, the solution of (4.1) transfers its
energy to increasingly higer frequencies. But for the case —5 < s < 0, the interaction
is more complicated, only weak illposedness can be obtained. We hope to prove the
local wellposedness for s > s., 0 < v < 2 by the Fourier truncation norm method.
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In order to analyze the behavior of equation (1.1), we begin to analyze the small

dispersion version

iug + 2 Au = (V  |[ul®)u, (0

and the corresponding ordinary differential equation

vy = (V = \v\2)fu,

7‘17) = ¢0(x)7

v(0,7) = ¢o()-

In fact, the solutions of (4.2) can be written as following

v = (boe—itV*\quF.

(4.1)

(4.2)

(4.3)

If the solution of (4.1) can be approximated by that of (4.2) in some sense, we can learn

much information because the solution of (4.2) is well understood.

Lemma 4.1 Letn > 1, k > n/2 be an integer, let ¢g be a Schwartz function. Then
there exists C, ¢ depending on all the above parameters, such that if 0 < v < c is a

sufficiently small real number, then for T = c|logv|® there exists a solution u(t,x) €
CY[~T,T], H**) of (4.1) satisfying

llu(t) — v(t)||ger < Cv  for all

Proof We define F': C — C by

F(2) := (V x|z}

|t < c[logv|".



Let w = u — v, where u and v are solutions of (4.1) and (4.2), respectively. Then w

solves
iw; + V2 Aw = —12Av + (V * |w + v]?)(w +v) — (V * |v|*)v

= —12Av+ F(v +w) — F(v),
w(0,z) = 0.
Thus it suffices to prove

sup [Jwl| grr < Cr.
[t|l<T

We have the energy inequality
O||wl| e < C| — 2 Av 4+ (F(v 4+ w) — F(0))||grr + C|lw|| s

Since ¢ is Schwartz, ||Av(t)| grr < C(1 + [t[)*T2. We consider the pointwise bound
for [|(V * |w + v]?)(w +v) — (V * |v|*)v]| ek

Fv+w)— F(v)
- / V() (jw+ v — y)(w + v)(@) — [v2(@ — y)o(z))dy
- / V() (2Re(w) + [wf2) (z — y)v(z)dy

+ / V(y)(Jv]* + 2Rewd + |w|?) (z — y)w(z)dy.

We take one term 2 / V(y)Re(v(z — y)w(z — y))v(x)dy as an example to estimate,

the other terms can be similarly estimated.

|2 [ vrette - yyute - et

Hk.k

L2

S 3 a0l [ Vgt - pute -y

=1

<
Il

] =

<

~

| x+ el / V(u)oe - gl - y)odu()dy| |

.

M- L

+ 30| faly / V(y)o(e — y)odu(z — y)u()dy|

L2

.
Il
-

] =

+3a+ fap / V(»)2io(e — yule - y)o(a)dy

= L+ 1+ Is.

L2

<.
Il
—

We estimate I first. By Young inequality and v < n,

[V * (ow)|[Lee S [[Va * (0w)]| Lo + ||V * (Dw)|| oo



S IVallze [l 2 llwll 2 + V<l 1[0l oo [[wl]| oo

Sl e llw|] gree-
So
k—j qj= _
I S+ |2) 7020 2|V * (vw) || pee S ”U”%{kkHwHHM

We estimate I5 next.

B[ Ve ) ) ot — ey

L2

[ vt - L) ot -y,
|z—y|>|z] L

[ et - )R - ey
|z—y|<|z]

[ e - e s - ey
|z—y|<|x]

By Young inequality, Sobolev imbedding and Hélder inequality,
i
(@) S IVello |1+ 1 D7 85w pallvliZee S ol ] grr;

(6) S V=l +1-

i
Ve o0lw| vl llvllzee S Tl lwll gnss

<@5H[ Ve = ) o = gD 1 ) B~ g)ula)dy]

S| [ vemte — i+ ke )kt - ]| ol
S Vel || +1- D] vl Fe
S Mol Fwrllwll g
(d) < H/l - ‘ S (y)(z — y)(1 + |2)) P Hw(r —y dyH 11+ - el
r—y|<|T

S Vo (y)o(z —y)(1+ [y) 7 dw(e — y)dy|| _[Jv]l gex
yl<l2a] L

SN+ DT Vallellofwl cellvll g2 llvll o

2
S ollggen 1wl o
We can estimate I3 in the same way, so we get

Oellwl s < Cv2(L+ 1) + O+ ) (lwl g + l[wllFpee)-

Under a priori assumption that w(t) is bounded in H** e.g. ||wl|ges < 1, we get

[ w][ e < Cr2eCAHID




if t < c|logv|¢ for suitably small ¢ and v.

Now we can exploit Lemma 4.1 to prove Theorem 4.1 and Theorem 4.2.
In order to prove Theorem 4.1, it suffices to consider —5 < s < 0 only. In fact, if
0 <s < s.ors < —%, Theorem 4.1 follows from Theorem 4.2. Let w(x) be an arbitrary
nonzero Schwartz function. Let a € [1/2,1], v € (0, 1] be parameters. If ¢y = aw(x),
v @) (¢, 2) = v(t, z) is the solution of (4.1) with initial data v(**)(0,z) = aw(z). From
Lemma 4.1,
Hv(a’u) (t) - v(@0) (t)HHkk < Cv,

for all |t| < c|logv|¢, where
0(@0) (4) = qu(z)e itV *law* (@)
By scaling and Galilean invariance of (1.1), we obtain a family of solutions u =
ul@Pi) where a € [1/2,1], 0 < v < 1,0 < p< 1, p € R*, and
u = ylaver) — p—%—l—%—1eiu-x/2e—i\u\2t/4v(a,u) (p_2t,p_11/(x — ut)).
Lemma 4.2 Let 0 # w € S(R"), s < 0, and suppose a,a’ are in [1/2,1], 0 < v <

p < 1. Then
. —_n,
Hu(a’up’ )(O)HHS <Cp 272 1|M|S(P/V)n/2,

and
Hu(a,u,p,u)(o) o u(a’,u,p,u)(o)HHs < C'p—%+%—1|lu|s(p/y)n/2|a — a’|-
Moreover,
av a v _n,y_ s PNz a,v t a v ¢
Jue2220) 2 200) |y, 20pEE N () ([0 ()~ ()
~ Cllog | (2) ™ u=), (4.4)

whenever [t| < c|logv|¢p?.
Proof The proof of the lemma is similar with that of Lemma 3.1 of [11] except
2 n
that p »=1 is replaced by p_5+%_1.

Proof of Theorem 4.1 Now we set p = 17, where ¢ is a small positive number
to determined. Then we choose any vector u such that

p Bl (o) = .

Thus
‘Iu,‘ = y%[%_a(%_l)}g%_

We may choose o sufficiently small such that § — o(3 — 1) is positive. Note that
s < 0, so the power to v is negative. As a consequence, \ ,u\ grows faster than any power



of [logv| as v — 0.

Now we can construct u satisfying Theorem 4.1. From Lemma 4.2,
Hu(a,u,ﬁvu) (O)HHS + Hu(a ,V,p,u)(o)HHs < Ce,

and
[[ulr ) (0) — w2 (0)]|,,, < Cela—dl.

Meanwhile, there exists a time 7' = T'(a,a’) > 0 such that
[ (T) =T o > e
for v sufficiently small and T < ¢|log v|°. So we have
109 (21 e 2 (2T | . = e = Clofr) ™Ml 1og 1],

whenever T' < ¢|log v|°.
Because —5 < s <0 and k > 3,

(p/y)—k‘|,u|—s—k _ Vk—g(l—i—%)—ok—l—o(l—l-%)(%—1)6— Sik =0

as long as ¢ is chose sufficiently small. So we get that
Hu(a7y7puu‘) (p2T) — u(“"ﬂ’ypu“‘) (p2T)HH5 2 Cce.

Finally, letting v — 0, and p?T — 0. Theorem 4.1 is proved, which shows that the
solution map is not uniformly continuous.
For 0 = s < s., we defer to the end of the section. This completes the proof.
Proof of Theorem 4.2
Case 1: 0 < 5 < s.. We still apply the family u(®**9). Suppose that a € [1/2,2].
We have
w @ P00, 2) = p~ /22 g (v p).

One can compute that
a,l. 2 —Nn — n S — S
200 (0)|[3. =a®p™ "2 (p/v)? / [@(pr 1)L+ [€) dg

Np_"+"’_2(p/1/)"_23/|> 1|13(77)|2|77I2Sd77
n|>pr=

LR () / @)y

[n|<pr—1

=p "2 (pfv)" /R @) nf**dn

=Rl [ @ (/e ~ o) dn
In|<pr—*



For any s > —n/2,
[ul 2O O)|| o = cp™ 22 (pfw)"27E (14 O((p/v)*+12)),
where ¢ # 0. In particular, if s > —n/2 and p < v

Hu(a,u,p,O)(O)| e 5 p—n/2+'y/2—1(p/y)n/2—s _ psc—sys—n/2.

Recall now that s < s, and that ¢ is assumed to satisfy

Se—8,,5—n/2

p*e %y =e.
In other words, we take p =v? and 0 = "5/62__88 >1,thenasv — 0,0 < p <v, and
Hu(a71j7p70) (0)| s S CE-

Now the solution of (4.2) v(@0) (¢, z) = aw(z)e~"@*V*wI*t gatisfies that
8%1)(“’0) (t,z) = aw(:n)tj [ia28x(V * |w|2)]jem2v*‘“’|2t + O(tj_l),

By Lemma 4.1 and the log-convexity of Sobolev norm, we have that if v < 1 and
l <t < cllogr|,
Hv(a’y) )| g ~t° (4.5)

0)

Now we verify that u(@"»0) satisfies Theorem 4.2. As above, we have

Hu(a,y,p,O) (,0275)| ?{s > Cp—n/2+’y/2—1 (p/y)n/2—s H,U(a,u) (t)|

S
s > cet”.

If we choose t depending on ¢ large enough, v, p sufficiently small depending on ¢
and ¢, Theorem 4.2 follows.

Case 2: s < —n/2. We assume now that w(¢) = O(|¢[¥) as € — 0, for some
kE>—-s—mn/2. Soif p <v,

Arwmﬁm%m<m,

and
[ RO (o) — nf)n < Clo e < € < o
nl<pv—

So we get that Hu(“””p’o) (O)HHS < (¢ as Case 1. Moreover, w and a can be chosen so

that
(/v(“’o)(l,y)dy( > ¢,

for some constant ¢ > 0. This means

—

[0 D]0)] =



—

Since v(@0)(1) is rapidly decreasing, we thus see by continuity that for |¢| < ¢,

[ D](E)] = c.

By Lemma 4.1, we have

—_—

[ (D](E) = [0 (1)](©)] < Cv.
We can get similarly as before,
Hu(a,u,p,O) (p2t)HHS > CE(p/I/)n/2+s.

Asv — 0, p/v— 0, (p/v)"*T5 — oo since s < —n/2.
Case 3: s = —n/2. We can bound

Hu(a,u,p,o) (p2t)HH*7l/2 > celog (p/v).

Asv — 0, p/v — 0, celog (p/v) — .

Finally we prove Theorem 4.1 for 0 = s < s.. In this case (4.5) does not hold
because of L? conservation law. But we can still prove Theorem 4.2 as long as we
modify the above procedure slightly. Suppose a, a’ are distinct numbers in [1/2,2], we
can find ¢, (Ja — a/|7! <t < ¢|log v|%), such that

Hv(“’o) (t) — v(“/’o)(t)HL2 >c¢>0.
By Lemma 4.1, this implies that for v small enough
Hv(“’”)(t) — v(“/"’)(t)HL2 >c¢>0.
Coming back to u(®**0) we can obtain that
@90 (p2t) — u(a’,l/,p,(])(p2t)HL2 > ce.
However a direct computation shows that
o) g21) ] < e

and
Hu(a’7'/7p?0) (p2t) — u(al7V7p70) (p2t)HL2 S CE’a — a/"

Since |a — /| can be arbitrary small, this contradicts uniform continuity of the solution

map. This completes the proof.



5. Nonexistence of the Nontrivial Asymptotically Free Solutions

Finally, we prove the nonexistence of the nontrivial asymptotically free solution in
this section. In do so, we need the following dispersion of L?-norm of the Schrédinger
equation, see [33].

Proposition 5.1 Let u be a global solution of (1.1) with E(u) = E(p) < oo. Let
B be a compact subset of R™. Then, for any R > 0 and T > 0, we have
2 2 T
[ JuraPde = [ Ju.0)ds - (@)
B(R) B R

where B(R) := {x e R";3y € B, s.t. |z —y| < R}.
Now we can state the nonexistence of the nontrivial asymptotically free solution.

Theorem 5.1 Assume that 0 < v <1 forn >3 and 0 < v < 5 forn = 1,2.
Suppose that u is a smooth global solution in C(0,00; HY)NCY(0,00; H1) to (1.1) and
there exists a smooth function o™ € H' N L' such that

Hu(t)—qu(t)HL2 —0 as t— o0, (5.1)
where ut(t) = U(t)¢o™. Then u=u" =0.
Proof Let us define a function of H(t)* by
H(t) = sign(\) ITm < u(t),u™(t) > .
Then H (t) is uniformly bounded on ¢ and

%H(t) — sign(\) Tm < w(8), ut (£) > +sign(\) Tm < u(t), (ut)(t) >

= sign(\) Im < iAu — A, (Ju|*)u, u™ > + sign(\) Im < u, iAut >
= —|A\| Re < I— (Ju[*)u, u™ >
= —|A\| Re(J1 + Ja + J3),
where
J =< L (JumP)ut, ut >;
Jo =< I (Jul* = Jut P)ut, ut >;
J3 =< L (|Jul*)(u — ut),ut > .

Suppose ¢ # 0. Then we will obtain a contradiction to the uniform boundedness
of H(t) on t.

*There is a mistake in the definition of H(¢) in [14]. We should replace Re with Im .



To estimate each J;, we need the following time decay estimate.

U@, St 50,00 for o € L. (5.2)
As for Jy, by Lemma 2.2, we have
‘JQ‘ = ‘ < |uf? - ]u+\2,In_7(\u+]2) > |

S P

|2+ [l ) [ Fr (1 P e
S =t o lll o+ e ) o 11 2o
< + + S
S Ml =l e el 2+ [l ) el ™ [l
From (5.1) and (5.2), we have
22| = (1t ). (5.3

As for J3, we have

|J3(t)] = | < [ul?, In— (@ — ut)ut) > ‘

< Jullze | @ =Pyt s S fllpe o = w2 ] 2

1—22 2y
= U [ P 0 o [
From (5.1) and (5.2), we also have
5] = o(lt] ). (54)

As for Jy, if |x| < At for some A > 1 which will be determined later, then for any
t>0

(@ [ PR L [ R (55)
o ~ Jpyi<ae [z =y ’= (248)7 Jiy <t vy '
Now we prove that
[ e a2 5:6)

for large t.
2 2 2 2
Choose a large R such that ||nre™||;. > %H@JFHLQ and ||V(nret)||7. > %HV@JFHLQ,
where 7ng is a smooth cut-off function supported in the ball of radius 2R with center
at the origin. Then

2 2 2
[0 2 ey ary 2 N @ (RS | 2 a2y = NTO (@ = 18)6T) [[ 2 1y a1y
>||U(t) (nre™) Himx\gm —[[U®(Q = nr)e™) Hi?

>[|U(t) (77R90+)Hi2(\x\gm) - H@JFH;(MER)' (5.7)



Hence choosing

+2
PR
20(1VetIz2)

and ¢ is large enough such that

om_, 2R

A-1 3C(|Vet|7.)

then we have from Proposition 5.1

t
“U(t)(”R9O+)“2Lz(\x\<At) =z |’7]R(‘0+H2LQ(|:U|<2R) - C(HV(”R‘PJF)H;)E

t
> [nre* 7 — O(IVe* 255
2 2 1 2 1 2
> 2lo¥ - 2t I = 2llet I
Choosing t large enough, this helps us to get (5.6) and
Ji(t) > t77. (5.8)
by (5.5).
Now from (5.3), (5.4) and (5.4), we obtain that for ¢ sufficient enough
d
—_ >
GHBH 2t

This is a contradiction to the uniform boundedness of H(t) on t.
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