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Abstract In this paper, we establish the existence of global self-similar solutions
for the heat and convection-diffusion equations. This we do in some homogeneous Besov
spaces using the theory of Besov spaces and the Strichartz estimates. Further, the
structure of the self-similar solutions has also been established by using an equivalent
norm for Besov spaces.

Key Words Strichartz estimates; admissible triplet; self-similar solution; Besov
spaces; evolution equations, well-posedness.

2000 MR Subject Classification 35K15, 35K20.

Chinese Library Classification 0175.23, 0175.26, 0175.29.

1. Introduction

In this paper we study the existence and regularity of global self-similar solutions
of the Cauchy problem for the semi-linear heat equation

w — Au = pu®t w(0,z) = f(z) (1.1)
and the Cauchy problem for the convection-diffusion equation
O — Au = a - V(julu), u(0,z) = f(x), (1.2)

where p € R, @ € R" \ {0}, @ > 0, u = u(t,z) is a real-valued function defined on
R* x R™ and the initial data f is a real-valued function.

*The first author (CM) was supported by the NNSF of China and NSF of China Academy of Engi-
neering Physics. The second author (BZ) was supported by the Academy of Mathematics and Systems
Science through the Hundred Talent Program of the Chinese Academy of Sciences.
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Self-similar solutions have been studied for other semilinear evolution equations
such as the semilinear wave equation [1-4], the Navier-Stokes equations [5, 6] and the
Schroedinger equations [7-10]. They often describe the large time behavior of general
global solutions to the evolution equations under certain conditions. For example, it
was shown in [6] that self-similar solutions for the Navier-Stokes equations constructed
by Cannone [5] provide the large time asymptotic behavior of the global solutions.

A solution u(t, x) of (1.1) or (1.2) is called a self-similar solution if for A > 0,

u(t,z) = )\%u()\zt, Az).

It is easy to verify that u is a self-similar solution if and only if

u(t,z) =t~ wu <1, \2) iy (;)

for some function V(z) called the profile of the self-similar solution u. Thus the Self-
similar solution to nonlinear evolution equations can be studied through the study
of the associated semi-linear elliptic equations for V(x). However, it is usually very
difficult to solve such nonlinear elliptic equations. On the other hand, the initial data
for self-similar solutions must satisfy, for A > 0,

fl@) = A& f(Aa). (1.3)

This leads to another way of looking for self-similar solutions of (1.1) or (1.2) by the
study of small global well-posedness in some suitable function spaces of the Cauchy
problem (1.1) or (1.2) with initial data f satisfying (1.3). These new global solutions
admit a class of self-similar solutions. However, the condition (1.3) means that f is
homogeneous degree —2/«. Such homogeneous functions, in general, do not belong to
the usual spaces such as the usual Sobolev space H®?, where the global well-posedness
of the Cauchy problem holds. Thus, in order to construct self-similar solutions for
evolution equations such as (1.1) or (1.2) we have to choose a suitable homogeneous
Banach space X of degree —2/a and to show that the problem generates a global flow
in X.

The well-posedness of the Cauchy problem for the heat equation (1.1) has been
studied by many authors. For example, the existence and uniqueness of solutions have
been studied in [7, 11-16] for the case when the initial data is in Sobolev spaces and in
[17] for the case when the initial data is in Besov spaces. Self-similar solutions have also
been dealt with for the heat equation (1.1) in [18, 14] by the study of the associated
elliptic problem and in, e.g. [7] by studying the Cauchy problem. In [19, 20], the global
solutions of the nonlinear heat equation have been shown to be asymptotically close
to its self-similar solution. On the other hand, the global well-posedness including the
large time behavior of the solution has been proved for the convection-diffusion (1.2) in
[21], whilst the existence of positive self-similar solutions for (1.2) has been established
in [22] in the case when a = 1/n through the study of the associated elliptic problem.
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The remaining part of this paper is organized as follows. In Section 2, we introduce
some Besov spaces and Strichartz estimates needed in this paper. Section 3 is devoted
to the study of self-similar solutions for the semilinear heat and convection-diffusion
equations. In the appendix we give a proof of an equivalent norm for Besov spaces
(Proposition 2.1 below), which was given previously in [23] without proof and is used
in this paper to study the structure of self-similar solutions for evolution equations.

We conclude this section with introducing several definitions and notations. De-
note by S(R™) and S'(R™) the Schwartz space and the space of Schwartz distribution
functions respectively. For integer m, C™(R"™) denotes the usual space of m-times
continuously differentiable functions on R", and for 1 < r < oo, L"(R™) denotes the
usual Lebesgue space on R"™ with the norm || - ||,. For s € R and 1 < r < oo, let
H*"(R") = (1 — A)"2L"(R"), the inhomogeneous Sobolev space in terms of Bessel
potentials, let H*"(R") = (—A)~"2L"(R"), the homogeneous Sobolev space in terms
of Riesz potentials, and write H*(R") = H*?(R") and H*(R") = H%?(R"). For the
detailed definitions of the above function spaces see, e.g. [24-28]. We shall omit R"
from spaces and norms. For any interval I € R and any Banach space X we denote
by C(I; X) the space of strongly continuous functions from I to X, by LI(I; X) the
space of strongly measurable functions from I to X with ||u(-); X| € L%(I), and by
C.(I; X) the space of functions in L*°(I; X) that are continuous in the distributional
sense. For a given function space X we denote by X its homogeneous space. Finally,
for any ¢ > 0, ¢’ stands for the dual to ¢, i.e., 1/¢+1/¢ = 1.

2. Preliminaries

2.1 Besov spaces

In this subsection we introduce some equivalent definitions and norms for Besov
spaces needed in this paper. The reader is referred to the well-known books [23, 24,
27, 28] for details.

Let s > 0,1 <p<oo, 1 <m < oo. We first introduce the following equivalent
norms for the Besov spaces B;,m and By, :

1

* —mo 2 aa mdt "
vy, = 3 ([ e sw sy onlT) (2.1)

la|=N ly|<t
lollsg,, = ol + ol (22)
where
AZ v 2 T+ T_yv — 2, T1y0(-) = v(- £ y),
0
0% = 01057 -0y, Oi=45—, i=1,n,
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a= (a1, - ,ap) and s = N + o with a nonnegative integer NV and 0 < o < 2. In the
special case when s is not an integer, (2.1) is also equivalent to the following norm:

1

> —mi(s—|s (0% mdt "
g, = 3 ([, i) 23)
’ 0

=[] lyl<t

where A4y v(-) = T4yv — v and [s] denotes the largest integer not larger than s. In the
case when m = oo, the norm ||v[[z, in the above definition should be modified as
p,00

follows:
vl gs = Z sup sup t~7|| Az 0%v|p, seR (2.4)
Pee la|=N t>0 |y|<t
follg, _ = 3 supsup =) &, 00, s €. (25)

t>0 |y|<t
jal=ls) 20 W<

We now introduce the Littlewood-Paley characterization of Besov spaces. Let g €
C*(R) with

L,
Po(§) = {07 ] > 2 (2.6)

be the real-valued radial Bump function. It is easy to see that

9;(6) = po(277€),  jEL,

bi(€) = ¢o(277€) = go(27771E), el (2.7)
are also real-valued radial Bump functions satisfying that

sup 2/1°|9%); (€)| < o0, j € Z,
£ERN

sup 2j|a|\8°‘<ﬁj(f)] < o0, jEL.
£eRn

We have the Littlewood—Paley decomposition:

Go(&) + Y _Ui(§) =1, eR, (2.8)
7=0

D 9i6) =1, £eRrR"\{o}, (2.9)
JEZ

Jim 5(§) =1, R (2.10)

For convenience, we introduce the following notations:

Nif = F YW Ff =« f, jeL, (2.11)
Sif = F'¢iFf=¢j*f, jeEL (2.12)
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Then we have the following Littlewood-Paley definition of Besov spaces:

By, = {f e S'(R")

1lss, = IS0 fll + (szsmjfng)
j=1

(') 1
. q
= lleos llp+ ( 2wy 1) < oo,
j=1
1
. . q
B = {1 e S®|Ifls,, = (2 10,11)
JEZ
1
. q
- (anwj , fu,%) < oo},
JEZ
B = {f e SE| Il = sup 28,7l = sup 2 # fll, < oo},
Proe JEZ JETZ

B, = {f € S'(R")

75,2, = suptE|H®], < o). o >0

where 1 < p<o00,1<¢q<o00,s€Rand H(t) = e is the heat semigroup. From the
Littlewood-Paley characterization of Besov spaces, one easily sees that

3(3 3003y - 5 e — 5 Tes - o1
LY (R?) C LP*(R”) C By oo™ C Bpyioo™ C Bog oo
for 3 < p; < ps < oo, where LP? denotes the Lorentz space (see [29, 25] for details).

Proposition 2.1 For u € R let ¢,(€) = tho(p~ 1) and A, f = F H1hu(€)f) =
W * f with g being defined as in (2.7). Then

1, = ([ G121 %) (213)

Note that A, with Greek letter such as p has different definition from A; with English
letter such as j. This equivalent norm of Besov spaces was introduced in [23]. However,
no proof was given there. The case with ¢ = oo has been used by Planchon [6, 30, 2]
without a proof. We will give a proof in the appendix.

Besides the classical Besov spaces, we also need the so-called generalized Besov
spaces.

Definition 2.1 For s € R, 1 < ¢ < 0o and any Banach space E, define ng as

- g . is 1
Byt = {f € Bl | By’ = Q_ 2|2 f|%)7 < oo} (214)
JEL

where A;j is the Littlewood-Paley operator on R™ defined in (2.11) and (2.12).
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Remark 2.1 (i) One easily verifies that B}SE’Q can be characterized equivalently for
s < 0 by

By ={f € E||If: Byl = Q_ 2*S;fl%)* < oo}

JET

(ii) In the study of self-similar solutions we usually use the Besov spaces defined by
replacing LP with the Lorentz space LP".

(iii) Let £ = L9(I; L") with I =R or I C R being an interval. Then we have

. A -
T BL) 2 Bl

= {F € LI L) 1 Byl ool = O 218 1l gy ? < 00}
JEL

(iv) In Proposition 2.1, if L? is replaced with the Banach space E, then we have

00 s pdu %
e = ([ (wlorle) ),

where A\, is defined as in Proposition 2.1. In particular, letting £ = LI(R, L")

1
o0 s pdﬂ P
1583 = ([ (180 e ) )

I1f; BLq(]R L") | = Sg%MSHAMfHL‘I(R,L’")-

gives

2.2 Strichartz estimates

We introduce the so-called admissible and generalized admissible triplets needed in
this paper.

Definition 2.2 The triplet (q,r,p) is said to be admissible if

where

00, n < 2.
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Definition 2.3 The triplet (q,r,p) is called as a generalized admissible triplet with
respect to the heat operator if

1 n,1 1
—=2(-2),
q p T
where
n
P , N> 2p,
l<p<r<({n—2p
00, n < 2p.

Remark 2.2 (i) It is easy to see that if (¢, 7, p) is an admissible or a generalized
admissible triplet, then ¢ is uniquely determined by r and p so we may write

q = q(r,p).
(ii) Clearly, r < g < oo if (g, 7, p) is an admissible triplet, and 1 < g < oo if (g, 7, p) is

a generalized admissible triplet.

Let B be a Banach space and let, for some T' > 0, I = [0,7T") and I= (0,7). For
o > 0 define C,(I; B) and its homogeneous space C,(I; B) by

CALB):{feCUJﬂHUﬂALBW=2£ﬁWNB<mL

.
Co(I;B) :={f €Cy(I;B) | t11%1+tv |fllz =0}.
Define also C,(I; B) := {v € L*>®(I; B) | v is continuous in the distributional sense }.
Then it is easy to see that:
(i) f € Co(I; L") if and only if téf € Cy(I; L7);

(ii) if (q,r,p) is a generalized admissible triplet, then

Catrp) (I L) = {f € CL L) | || fllc

1
a(rp) (ILT) = Stlelll)tq Il fll- < oo},

Corp (I3 L) = {f € Cyryp(IL7) | lim ¢4 £, = 0}:
in particular, Cy(,. ) (I; L") = Cy(I; LP) if r = p.
(iii) v € C«(I; B) means that v is a bounded flow in B.
It is well-known that the heat semigroup
H(t) = 2 = F e P F. = G(t, )+
generates an analytic semigroup in LP with 1 < p < oo, where

2
G(t,z) = (4mt) "% exp (—EL) , t>0, zeR"
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is the fundamental solution of the heat operator 9; — A in R x R™. By Hormander—
Mihlin multiplier theory and regularity estimates of the heat semigroup (see e.g. [17,
26]), one easily sees that for ¢t > 0

IH el < CltI 2 gll,, 1<p<r<oo, (2.15)
I(~2)2H (bl < ct-%—% 2l d>0, 1<p<r<oo, p#oo, (216)
IH ()@l grasor < C 2@l grar, 1< <00, 620, (2.17)
IH (8|l geror < O 2 llmer, te€(0,T), 1<r<oo, 6>0. (2.18)

By making use of (2.15)-(2.18) and Marcinkiewicz’s interpolation theorem [26] one can
easily obtain the following space-time estimates (Strichartz estimates).

Proposition 2.2 Let I =[0,00) or I =1[0,T) with T > 0.
(i) Let (q,r,p) be any generalized admissible triplet and let ¢ € LP. Then H(-)p €
Cq(np)(f; L") N Cy(I; LP) and

||H( )SOHCq(Tp) (I;Lm) S CH@HP’ (219)

where C' is constant independent of ¢ and T. Moreover, if r > p, then H(:)p €
C'q(m,)(f; L"), that is

: 1 nl 1
i (r,p) = - = - — — .
fm e [ HDell =0, — =5 ) (2.20)

(i) Let r > p2 > Po= =na/2 > 1 and let (¢,r,po) be a genemlzzed admissible triplet.

2 2

Then for ¢ € Bppoa we have H(-)p € Cy(rpo)(1; L") N Cy(I; B;ooa) and

2

1HOelley, . aim < Cllo B, (2:21)
_2
IHORl, a2 < Clles Bl (2:22)
* p,00

where C' is constant independent of ¢ and T.

Proof For the proof of (i) one can see [31, 32, 17]. The estimate (2.22) is obvious.
So we only prove (2.21).

) e,

1 1
Sup 1755 H(0)g|: S supt755 (
tel

liza_n t
< sup(t/2)2 5 1 H(5)elp
1(n_2) Sn—2
< sup 257 [H (Bl = Cllgs Bioo” |,
teR+

which implies (2.22). The proof is thus completed.
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Remark 2.3 (i) The estimate (2.19) easily follows from (2.16) and the defini-
tion of Cypry(I; L"). The limit (2.20) can be easily shown by using the Banach-
Steinhaus theorem together with the fact that LP is a separable Banach space
(see [12] for details).

(ii) If (g¢,r,p) is a generalized admissible triplet, then H(:)¢ ¢ LI(I; L") since the
condition ¢ > p is needed to use Marcinkiewicz’s interpolation theorem.

3. Self-similar Solutions

In this section we shall study the self-similar solutions for the semi-linear heat and
convection-diffusion equations. We first consider the heat equation (1.1).

Proposition 3.1 Let f € B;f’oo satisfy (1.3) and let (q,r,p) be any admissible
2
triplet with r > p and sq = "2 Then the self-similar solution u of (1.1) satisfies

P«
that

u(t,z) =t U(—2) € LI(R; Biay) = Bige

LiL;

<

if and only if its profile U € B;:z;,.

Proof By using Fourier transforms one easily verifies that

—

A = /neix'%u(g)a(g,t)dggt—é/ e"”%y(é)U(%)(é)dé

n

12

o [ O U(ViaVEE
o [ VG (VT (Vg aviE

1

~ / SV (T (€)d

x

= 72 (D g U) ()

Vi
1Btz = </Oo \/Z_iH(AmU)(”“’)Ierdt);

Vi
1
n_2 q q
VT aHAmU|yr> dt)

2_n_2 > n_ 2 d 9 q
=it (T (- E1s 501 ) i)
1 2 _n_2 © /2 a 7

_obyi </0 (nr a||A77U||,,> mm)
[e/e] qd 1
1 2 _n_2 n_ 2,42 n\ ¢
([ (e )
0 n

Il
VR
0\80
N /7 N
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Since for any admissible pair with » > p we have

then by the equivalent norm (2.13) of Besov spaces it follows that

1
1 2 n_ 2 o0 n_2.,2 Tdn\ ¢
. 1o 2. m_ 2 . n_22 n
sup 15 [ Ayl g, = 20 sup 54t ( / (nT : q||AnU||r> )
n>0 nu>0 0 n

1
1 (%) qd?? q
2 ([ (18001 ) ) = 10
0 Ui -
- A no
Proposition 3.2 Assume that f € Bp " satisfies (1.3). Let r > p > pg = 5 > 1

and let (q,r,po) be any generalized admissible triplet. Assume that the self-similar
solution u of (1.1) satisfies that

€T n_ 2

\/i) = U\/Z(x) S C*([O7 OO);BI:OOQ) ﬁCq(npo)(R—i_;LT)'

Then its profile U(x) satisfies that

u(t,z) =t~ aU(

n_ 2
[u; Cu(RT; Bioo™ )| = [H(L)U |, (3.1)
[t Corpoy RF 5 LT =2 [T (3.2)
Proof It is easy to verify that
+ prla ~1(z-2)
|u; C«(RT, Bpoo™ || = sup t 2'r ’[[H()U fllp
teRt
=GO (HOU) ()|
= sup P « @ —_—
teRt \/7E P
= sup ¢ 2GS R HO)U Y,
teRt
= |HL)U||p,
+ r 1 2_2_n
143 Cy(rpoy R, L) = sup ta||U 4llr = sup Vt* = 7 |U@)l, = U],
teRt teRt

The proof is completed.

Proposition 3.3 (i) Let f € LP. Then ||Aof|l, < C|H(1)f||p-

n_ 2

(i) Let f € Bloo" satisfy (1.3) and let Nof € L* N LP. Then H(1)f € LP and

n_ 2

1 Bioo™ | = IHW) Fllp < 10 f [l + |20 1.
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Proof One easily sees that for any initial data f satisfying (1.3),
n_ 2 n__ 2

I (1) f; Ce(RY, Biioo™ )| = [IH(t)fx; C«(RT, Byo™ )|

sup ¢ 25 H()(H) ) yilly
teRT

sup t‘Q(P_Z)t‘i|!H<1)(H(1)f)(j%)|!p

() flp-

IN

IN

IN

In particular, we have

2

_ln_z2

1 (R, Bl = sup ¢ 52 s [ HQ) S () = | H Q) f]
teRT \/Z

We now establish the relationship between [|H(1)f|, and [[Agf]|, for 1 < p < oc.

First let h(€) = h(|¢]) € C° satisfy that h(¢) = 1 for 271 < |¢] < 2 and supp (k) C

{€|272 < |¢] < 22}. Then one easily sees that

180fllp = IF (@) FE)lp = I F @ERE) FE))ly
< |F Yl R (€)) * F~ ( EEFED,
< NF P REDEN I F e F ),
< NHQ)flp.

Next decompose F' = H(1)f as follows:

H(1)f = H(l)((l—wo)*f)JrH( oo * f

= f'_l(e_|'£‘2(1 —950)]?) (6 &1 950]?)
A F1 +F2

One easily verifies from the definition of ¢y (see (2.6)) that

supp (F1) c {¢]1¢] > 1},  A;(F) =0, j<-—1,
supp (Fy) C {€]1¢] <2},  Aj(R)=0, j>2

Since f satisfies the scaling condition (1.3), it follows that

By(1) = F ) = [ ePeedule2 fe)ie

= [ e (€)de

I

/ ()2 f(€)de

275 Do(f)(2/). (3.3)

I
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Noting that for 1/J] Z ¢]+g and (&) = e*|5|2¢;(§),
l=—2

we obtain that
12Bll, S 1A @IIADllp S P& Aof 5 < 1,

where use has been made of the fact that |A;(@)||1 < C||@|l1. Now letting f; = (1—@)f
and using (3.3) and the regularity of the analytic semi-group H(t) we have for j > 0,

125 ED)lp = THO ()l S 12501 S 1Al S 257 A f 1.
This implies the proposition and completes the proof.

Theorem 3.1 Let r > p > py = % > 1 and let (q,7,po) be any generalized
admissible triplet satisfying that

max(po, 1 + @) <7 < po(1 + ). (3.4)

2

Let f € Bppoo“ satisfy (1.3). Then there exist n, > 0 depending on p such that if
II£]] no2 <71, then the problem (1.1) has a unique self-similar solution
B [e3

p,00

n

we €. (10,00 Bix" ) 1o (0,500 )
with
u(t,z) = H(t)f(z) +w(t,z) = HE) f(x) +t"« W (jz) —taU <\‘2> . (35)
where
|lw(t,z); L®(RT; LP)|| < oo, (3.6)
sup 707 [u, ) < 6. (3.7)

Moreover,



38 Miao Changxing and Zhang Bo Vol.19

Proof From the equivalent norm of Besov spaces and Proposition 2.2, we obtain
that for any generalized admissible triplet (g, 7, po),

2

I (8) £ Cy(rpoy R LTI + [ H(8) f5 CL(R Bp;i_f)l\ < CIf: Binc )l (3.9)
where C' > 0 is a constant independent of ¢ and (g, 7, po).
Denote by A the set of all generalized admissible triplets (g, 7, pg) satisfying (3.4),
and define

E 2
«@

- {u € Ck (R )) N Cq(r,po) (R+; LT): (‘L r, pO) € A}

with the norm

|lu; X|| := sup sup tq||u|]r + sup [ Bﬁ g H
(grpo)EALERT
Let us introduce the complete metric space
X ={ue X |[|u X[ <M}

with the metric d(u,v) = ||lu —v; X||, where M is a positive constant to be determined
later, and consider, in the metric space X, the operator 7 defined by

— H(t)f + /Ot H(t — 7)F(u(r, ))dr = H{t)f + GF(u), uweX,  (3.10)

where F(u) = pu®tt. It can be shown that 7 is a contractive mapping from X into
itself. In fact, from the LP—L" estimates (2.15)—(2.18) of the heat semi-group H (t) it
follows that for any (¢, 7,pg) € A and u € X,

_n HJ_,
IGF (w): Cotrporaszr | < sup £4 / £ — 7~ 5CE D) o+ g
teRT

IN

1 I
/0|1—7'|_2r7- q dTHu;Cq(T’po)(R"';LT)HO“H
< Cllu; Cy(rpo) (RF5 LT ||, (3.11)

where use has been made of the fact that na/(2r) < 1 and ¢ > 1 4 «. Further, noting
2

that LP° C Bﬁ’oo“) we obtain again from (2.15)—(2.18) that for any (q,r,po) € A and
u € X,

n_ 2
IGF(w); Cu(R: Bl < CIGF (u); C.(RY; L)
< sup / £ — 7| ECE R ot
teR+

_n(efl 1
<C’sup/ |t — 7| 25 n) d7'||u,C

)(R+;LT)|’a+1
teR+

q(r,po

<0 [ 1= R sy (B 1)

< O3 Cyprpoy ®F5 LT[ 2T, (3.12)

q(r,po)
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Combining (3.9), (3.11) with (3.12) yields that for u € X,

n__ 2

T ws X|| < Ol Bl [| 4 201 sy (13 7). (3.13)
Similarly, it can be derived that for u,v € X

d(Tu, Tv) < C[lJt; Cotrpo) (RY s LI + (103 Ctrpoy (R L7 |%)d(w, v).  (3.14)

n_ 2

Let M = 2C||f; Bloo"||. Then it is easy to see from (3.13)-(3.14) that there exist 1 > 0
and > 0 such that if || f]| a2 <), then 7 is a contractive mapping from X into
B «@

p,o0

itself so, by the Banach contraction mapping principle, the problem (1.1) has a unique
solution u € X satisfying (3.7). The results (3.5)-(3.8) follow from Propositions 2.2,
3.2 and 3.3. The theorem is thus proved.

Now consider the Cauchy problem for the convection-diffusion equation (1.2). we
have the following result.

Theorem 3.2 Let r > p > po = na > 1 and let (q,r,po) be any generalized
admissible triplet satisfying that

max(po, 1 + a) <r < po(1l + ). (3.15)

n 1

Let f € Bpp’oo“ satisfy (1.3). Then there exist n, 8 > 0 depending on p such that if
Il »_1 <mn, then the problem (1.2) has a unique self-similar solution
By

oo

n 1

u € O, <R+; B,;Ooa> N Cyrpo) (RT5LT)
with
_1 x _1 x
u(t,z) =H(t)f(z) +w(t,z) = H(t)f(x) +t =W <\/E> =t U <> . (3.16)
where
|w(t, z); L®(RT; L) || < oo, (3.17)
sup £ |[u(t, )|l» < B. (3.18)
>0
Moreover,

U()=HQ)f()+W()eL (3.19)
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Proof In view of the equivalent norm of Besov spaces and Proposition 2.2, it can
be seen that for any generalized admissible triplet (g, po),

.n_ 1 .n_1
IH (t)f5 Corpo) R L) + [ H(t) f; Co(RY; Byoo™ )| < Cllfs By )l (3.20)

where C' > 0 is a constant independent of ¢ and (g, 7, po).
Denote by A* the set of all generalized admissible triplets (g, r, po) satisfying (3.15).
Define

Q=

Y = {u€ C.(R"; Bfo")) N Cytrpoy RTLT),  (q,7,p0) € A}

with the norm
;Y] = sup  sup tefull, + sup [Jus Bzfﬂ “H
(q7 7p0)€A* t€R+

Now introduce the complete metric space
YVi={ueY||uY| <M}
with the metric d(u,v) = |[u — v;Y], u,v € Y, where M > 0 is a constant to be
determined later, and consider, in the metric space ), the operator 7 defined by (3.10)
with
F(u) =a- V(Julu).
We now prove that 7 is a contractive mapping from ) into itself. First, the LP—L"

estimates (2.15)—(2.18) of the heat semi-group H(t) imply that for any (q,r,po) € A*
and u € ),

1 t _1_na
1GE (w); Cy(rpo) (1) || < sup tq/ t— 7|72 2 Jul| T dr
teR+ 0

1
/0 11— =G50 dr s Cy ey (R I [

< Cllus Cygrpo) RT3 LT[ 4H, (3.21)
where use has been made of the fact that 1/2 + na/(2r) < 1 and ¢ > 1+ a. Next,

from the estimates (2.15)-(2.18) again, and since LP° C Bﬁ’ oo‘”, it follows that for any
(q,r,po) € A* and u € ),

|GF (u): Cu(BF: Bio®)| < ClIGF (u): Cu(RF; L) |

¢ 1 n(lda 1
< sup [ EE T e ar
teRt+

+1
< C sup / £ 7723 05 s Cyr ey (R L7 0
teR+t

1 a+1 1
gc/ 1= 2 O ) s Cy gy (R L) [
0

q(r,po

< C|lu;C RT; L7)||* L. (3.22)

q?”po)(
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From (3.20)-(3.22) it follows that

n

|Tws Y| <CIf; Bio
d(Tu, Tv) <C[Ju;Cy

1
a

I+ 2C 1w Cyr gy R LD |*H, w e Y, (3.23)

(R L) + 13 Cyprpy (BT L) [, 0), v € V. (3.24)

"',PO) "',PO)

1

Let M = 2C||f; BY oo™ ||. Then (3.23) and (3.24) imply that there exist 7 > 0 and 3 > 0
such that if || ]| . n_o1 <), then 7 is a contractive mapping from ) into itself so, by the
BPL®

Banach contraction mapping principle, the problem (1.2) has a unique solution u € )
satisfying (3.18). The results (3.16)-(3.19) follow from Propositions 2.2, 3.2 and 3.3.
The proof is thus completed.

The following corollary means that Theorems 3.1 and 3.2 remain true without the
restrictions (3.4) and (3.15) on r, a and py.

Corollary 3.1 (i) Let r > p > po = na/2 > 1 and let (q,7,po) be any generalized
n__ 2

admissible triplet. Assume that f € Bp;g()a satisfies (1.3). Then there exist n, 3 > 0
depending on p such that if ||f|| »_2 < n, then the problem (1.1) has a unique self-
BPL°

p,00

sitmilar solution
n 2

u e Cy(R™; BIE;OE) N CQ(T&DO)(R—i_; L")
satisfying (3.5) — (3.8).
(ii) Let « > 1, r > p > pog = na > 1 and let (q,7,po) be any generalized admissible
n 1

triplet. Let f € B;jooa satisfy (1.3). Then there exist n, 3 > 0 depending on p such
that if || f|| .o_1 <m, then the problem (1.2) has a unique self-similar solution
Bpoo®

e}

_1
e

u € CL(RY; BEoo™) N CyrpoyRT L)
satisfying (3.16) — (3.19).

Proof It is enough to prove that for any generalized admissible triplet (g, r, po),
the solution u, obtained in Theorem 3.1 in the case when (q,r,po) € A (for (i)) or in
Theorem 3.2 in the case when (g, r,po) € A* (for (ii)), satisfies that u € Cy(,.p,) (R L7).

Consider first the case r < 1 4 «. By interpolation between C,(R*;LP°) and
any space Cq(7:7p0)(R+;LF) with (¢,7,po) € A (or with (¢,7,pg) € A*), we have u €
Catrpo) RT3 L7).

Consider now the case r > po(a + 1) (for (i)) or the case r > po(a + 1) (for (ii)).
Let 7 = po(1 + ) — €, with € > 0 being chosen so small that

nfoa+1 1
— —— <1 3.25
2( T 7“> ( )
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in the case of (i) or

I nfa+1 1

-+ = - - 1 3.26
2 * 2 ( T r> < ( )
in the case of (ii). Note that (3.25) is guaranteed by the fact that r < npy/(n — 2pg) if
n > 2pg and r < oo if n < 2pg in the case of (i), whilst (3.26) is true since pg = na > n

and r < oo in the case of (ii). Let
1 n,1 1

qg 2'po T
Then (¢,7,po) € A, A* and ¢ > 1 + «. A direct calculation yields that

t

2 —p(atl 1 1
IGF (w)lley . ®+:Lr) Stselﬁgtq i It — 7|72 5 =) )| dr
1 n/a _1ta -
</ 11— 7| 55 =0T dr - s Cygrpoy RT3 L7)]|9
< Ollu; Cy(7 po) (RT5 L),

where use has been made of (3.25) in the case of (i). For (ii) we have similarly as above
that
1 e
(mespry < sup ta [ [t — |72 EE D)y e dr
teR+ 0

IGF (u)lle

q(r,pq)

atl 1

1
é/ 11— 7|73 5T 0770 dr - us Cy gy (R 7)1
0

< Cllu; C(r po) (RT3 LT |,

6(f7p0
where use has been made of (3.26). These estimates together with (3.9) and (3.10)

imply that u € Cq(T,pO)(Rﬂ L"). The proof is thus complete.

Remark 3.1 (i) Denote by ,_; the unit sphere in R”. Let Q € C*(2,_1) with
k > 0 and define
Q=)

x
flz)=—7, 20=—, 0<d<n.
|| kd

Then Lemma 4 in [10] assures that

| Do(f)(@)] < ClIQlen (1 + |2]) 75

n_2
Thus, we only need to choose k with £ > n so that f € By ".
(ii) Theorems 3.1 and 3.2 and Corollary 3.1 generalize the previously known results

for the semilinear heat equation and for the Navier-Stokes equations:

Ou+Au=PV(u®u), A=-PA, u0,z)=f(z)e€E),



No.1 Besov spaces and self-similar solutions for nonlinear evolution equations 43

where P denotes the orthogonal projection of the vector space [LP]™ into the subspace of
the divergence-free vector space E, := {u € [LP]" | divu = 0}. In particular, the profile
U here belongs to the function spaces of a wider class compared with the previous
results. See [20, 6] for details.

n__ 2

@

(iii) Similar results in Theorems 3.1 and 3.2 and Corollary 3.1 remain valid if B}

n 1

(or Bﬁoo“) is replaced by the Lorentz space LP** with pg = na/2 > 1 (or pg = na > 1).
(iv) Our method can be used to study self-similar solutions for other semi-linear
evolution equations such as the complex Ginzburg-Landau equation:

ou = (a+ib)Au+ f(u), a>0, beR,
the Burgers viscous equation:
Opu — Pou = pdy(jul*™), peR,
and the more general semi-linear parabolic equation:
ug — Au=Q(D)f(u), (t,r) € RT xR™, u(0,7)=¢(z), z€R"

where Q(D) is a homogeneous pseudo-differential operator of order d € [0,2) and f(u)
is a nonlinear function which behaves like |u|“u with a > 0.

(v) Under suitable conditions, the global solution u(t, ) to the semilinear evolution
equation converges to a self-similar solution (see [20] for details).

Remark 3.2 In the study of the self-similar solutions of nonlinear Schrodinger
and wave equations, the Schrodinger-type semigroup S(t) = ¢ does not provide an
equivalent norm for the Besov space Bg}oo. This is different from the study of the
self-similar solutions of parabolic equations where the heat semigroup H(t) = et® does
provide an equivalent norm for the Besov space Bg’oo which was used in [5, 33, 20,

6]. However, to study self-similar solutions for the Schrédinger and wave equations,
Cazenave and Weissler [8] introduced the new function space

Ery 1= {1 € S@) | supt? ()11, < .
2(a—1)p 2n }

LY S P
7 2p —n(a—1) P n—2

(see also [10]). Recently in [30, 2, 9] the self-similar solutions have been studied for the
Schrodinger equations in the space Cy(R; Bgfoo).
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Appendix: Proof of Proposition (2.1)

From the definition of 12)j and 1[@ it is easy to see that

supp(¥;-1(£)) C {2777 < J¢ < 27},
supp(vj12(€)) C {27 < [¢] < 2773},

supp(Znf) = supp(d(€)f) = supp(zﬁo(j)f) C (7 < e < 272

for € (27,27+1). Thus it follows that

J+2
Apf =D DAL= MpAuf, pe (2,27,
JEZ k=j—1
J+2 o
12uflp S D 1Dk llps e (2,277,
k=j—1

where use has been made of the fact that 1y (z) = 2¥yg(2¥z) and ||vr]l1 = |[voll1 < 1.
Further, it can be easily derived that

1 i+1 1
(9] i dp @ 27 5 qd,u q
( [ w HAupr)q> —( /[ (u HAupr) di
0 M jen Y K
i1 j+2 TR
. n%
s( [ <u 3 rAkfup) )
jez ¥ k=j—1 H
42 it RS
s o\ 9
< ( /[ (u ||Akfup) )
je€zZ k=j—17% K
i+2 gitl TR
< ( [ (2<J+1>S||Akfup) ”)
je€z k=j—17% K
J+2 A N
< ( <2<J+1>81Akf||p> )
JEZ k=j—1

| ~
< (T (21251) ) =11,

EZ

<

where < denotes the presence of a constant.
On the other hand, since 1y(§) = 1o(|¢]) and

on(g)dg :/ /OO wigr)rnldrdo, < 00,
nJ0

rn €]
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where X" is the unit sphere in R™, it then follows that

/quo(r)dr:C<oo.
0

r

Thus a simple computation gives that for £ # 0,

/Oooq%é)du /Ooo%(f‘ /d’“ dr = C < oo,

SO

The last equation implies that

1 [ d
B01@ =5 [ di0u%

Noting that supp(¢;) C (2771, 2771), we obtain that

00 dﬂ 2742
180@ly 5 [ 180t E s [ 1088001

1
20+2 2i+2 L

. </2 12 qud“> (/2 d;)

27+2

([ gy’

. % v+ du %
(Zwsnajfug) < (Z L. 2JSQ||Ajf||g)
JEZ JEZ K
2J+2 1
s dp\ 9
< (X[ wiaant)
jEZ
231 2i+1 27 +2 1
s d 1
,s( ( / SR )m ||Ajf|rg“)
27 27 1%
2]+1 1
s dp\ @
(T wnsarg)
JEZ ®

= (I (mnﬁufnp)q‘ij‘)é

This completes the proof of Proposition 2.1.
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