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Abstract In this paper, we discuss the Landau-Lifshitz equations with applied
magnetic fields. The equations describing the bubbles in the ferromagnets and the
behaviors of the solutions near the singularities are given. We found that the applied
fields do not affect the bubbles and we have the same conclusions as in reference [1].
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1. Introduction

Let M be a two dimensional manifold without boundary. We consider the following
Landau-Lifshitz equation describing the evolution of spin fields in continuum ferromag-
nets with applied magnetic fields:

Ou = —u X (u x Au) + u X Au+u x h(u), (x,t) € M x (0,+00) (1.1)

with the initial condition
u(z,0) = up(z) (1.2)

where |ug(z)| = 1 for x € Q, u(z,t) = (ui(x,t),us(x,t), ug(z,t)) is the spin chain vector
and h(u) denotes the applied fields.
Using |u| =1 and a x (bx ¢) = (a-¢)b— (a-b)c, we know that (1.1) is equivalent to

O = Au+u x Au+ [Vul*u +u x h(u), (z,t) € M x (0,+00). (1.3)
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This equation was first derived on phenomenological grounds by Landau-Lifshitz
[2]. Tt plays a fundamental role in the understanding of non-equilibrium magnetism.

Let the applied field h(u) satisfy: h(u) € L®(WH°(M),IRy). Then for any ug €
HY(M,S'), the Cauchy problem (1.1) and (1.2) admits unique solution [3] which is
regular within finite time and develops singular points beginning at some time, ¢t = T
for example, but with at most finitely many points on the plane t = 7.

In this note, we want to know what will happen near these points and what is the
local behavior of the solution near its singularities.

For the solutions of harmonic map heat flow, Struwe [4] has shown that for any
ug € H'(M, N), the solution exists and is unique which is smooth away from at most
finitely many points in M x IR;.. Moreover, if the solution u develops a singularity at
(z0,T'), by choosing a suitable sequence t; T 1" and rescaling u(-,t;) properly near xg,
one can obtain finitely many nonconstant harmonic maps ¢; (1 <4 < L) from IR? — N
and they can be extended to the harmonic maps from S? to N referred as bubbles.
Qing [5] proved that if the target manifold N is a sphere, these bubbles are responsible
for the energy loss at the singular times T' = oo. This is the so called energy identity:

Jim |VuFCmt0dm:i/

L
Vul|?(z, T)dx + / Vil (x)dx 1.4
m [ o V@D 3 [ Vo @ (1)

where Bj(xg) is a small neighborhood of z(, which does not contain any other singular
points of u. Recently Qing’s results have been generated to the flow of harmonic maps
to arbitrary compact target manifold in [6-8] In [7] the energy identity (1.4) has been
proved for any general target manifolds and for any finite singular time T" < co.

For the ferromagnetic equation without applied fields, [1] proves the similar results
as above. However, in our case, as stated in [3], since we do not know whether the
energy is decreasing with time, we proved in [3] that the singular points the solution
develops at time T" may keep singular with time increasing, the exception set of singular
points in M x IR may be not a finite set but some lines. So our discussions only apply
to the first time ¢ = T at which the solution first develops singular points. Our studies
show that the bubbles at layer t = T' can be described by the same method as in [1].

In this paper, the following notations are used. For a point zy = (xg,t0), Pr(20)
denotes the cylinder

P(z) = {(z,t) € R*x Ry : |z —mo| <7, tg—12 <t <ty}

and B, (zg) denotes the ball centered at x = z¢ with radius r. If 2y = (0,0) or zy = 0,
we simply denote P, = P.(0) and B, = B,(0). For Q C IR x IR?, C%?%(QQ) denotes
the Holder space on ) and

W2 ={ue LP(Q): u,Vu,V?u € LP(Q)}.

The energy of u(x,t) on  C IR? at the time ¢ is denoted by E(u, Q)(t) i.e.

m%m@:/dm@mm (1.5)

Q
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where e(u) = |Vu|?.
2. Some Lemmas

In the following, we always assume M = IR? and denote E(u, M)(t) by E(u)(t).
Similarly to [1], we may prove the following lemmas.

Lemma 2.1 (Energy Inequality) Let u € C®°(M x (0,T),S5?) be a solution of
(1.1) and (1.2). Then we have
(1) Foranyte (0,T)

E(u)(t) + /0 t /M lug|2dzdt < E(u)(0) + /0 t /M(u X h(u) + h(w))uz. (2.1)

(2) For any xy € M, any 0 < r < R, and any 0 < t; < to < T, there exists a
constant Cy > 0 such that

E(u, B (20))(ts) + /tt /Q e Pt
< B(u, Bo(20))(t1) + CO/tQ/ Vul2dadt
(R—7)?Ji, JBg(z0)
4 : /B o X ) ) (2.2)

where ¢ € CG°(Br(xo)) is a cutoff function such that 0 < ¢ < 1, ¢ = 1 in By(xo)

(0 <r< R), ¢ = 0 outside BR($0) and |v¢| < %

Lemma 2.2 Let u € C%®(Pg,S?) be a solution of (1.3) and (1.2). Then for any
0<7r <r<Randforanyp >4, a= %(1 — %) there holds

944 4

[Vullgozay < C{(R =77 + RY | Vulfo(py } (23)

W 4
lulyracp,y < CLR =125 + B || Vullfmpy } (24)

4

1Dl o (p,y < C{roIVullboe () + 1Vl oo () | Dull Lo

_94 4 _

=) (4 [ Vule) + (=) D2l ey b (25)
where C' is independent of r,1’, R.

Lemma 2.3 (Small Energy Regularity) There exist ¢g > 0 and C > 0 such
that for any solution u € C*(Pg(z0), S?) of (1.1) and (1.2), if

sup / |Vu|*(z,t)dz < g (2.6)
tefto—R2,to] ¥ Br(z0)



4 Ding Shijin and Guo Boling Vol.18

then
HVUHLOO(P%(ZO)) <CR! (2.7)
[Vullgazapg, (z0) < C@)R™72* 0<a<1/2 (2.8)
1
and
HDQUHLOOP%(ZO) <CR™. (2.9)
3. Bubbles

In this section we shall study the behavior of the solutions of (1.1) near their singu-
larities.

Let u € C®°(M x (0,7T),5?) be a solution of (1.1) with ug € H(M,S?) which
develops singularities at ¢ = T (see [3]). By Lemma 2.3 it is easy to see that the
singularities (x,T") are characterized by

lim sup/ |Vu|?(y, t)dydt > gy, YR > 0 (3.1)
T Bgr(z)

where €9 > 0 is determined by Lemma 2.3.
Let (z1,T), -, (zk,T) be the singular points at ¢ = T. Choose R > 0 such that
Bog(zi) N Bar(xj) = 0 for i # j. Then it follows from the energy inequality (2.2) that

_ o gRR?
forr=T 30, E(0)(0)

E(u, Br(z:)(t) + / t /B Iz
< CR™ / /B " \Vul?dedt + E(u, Bog(z:))(r)
4 / t /B < )+ B P (3.2)
Here it follows from (2.1) that
B(u)(r) = /M\vuy%zx
< BE(u)(0) + /0 /M lu x h(w) + h(u)| (3.3)

Therefore

k

k t
U T th
3" E(u, Bg( ))UH;/T /BR(M)| |

=1
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k t k
<cr2Y [ [ (Ul 4 Y B Banla)(r).
=1 YT 2R (73)

=1
ko
* ;/ /Bm») u x h(u) + h(u)|*. (3.4)

The equation (3.3) and (3.4) yields

k
keg < Zlir%lsup/ |Vl (z,t)dz
izt

BR(Z.L')QM

< Golt” 220065?)(){ 0+ [ [, eor

+hmsup// |h(u |dmdt+Z/ |Vul|?(z, 7)dz. (3.5)

2R xz

It follows from (3.5) and the continuity of u that
E<Cy (3.6)

where C] is a finite number (One may compare this result with the one in [3]). Hence
we may choose a number § > 0 such that Bs(z;) N Bs(z;) = 0 if i # j. For simplicity,
we may assume that there is only one singular point, zg, on t = T and consider the
only one ball Bs(xp).

In this case we have the following theorem describing the bubble which is just the
same as in [1]. In other word, the applied fields do not affect the bubbles.

Theorem 3.1 There exist sequence t,, T T, xpy — xg, Ry | 0 and a smooth

non-constant harmonic mapping ¢ : R*> — S? such that as m — oo.
(1)  The rescaling sequence vp(z) = w(Rm® + T, tm) — ¢(x) strongly in HL, N
Cﬁ)C(RQ, S?). Moreover, ¢ has finite energy and extends to a harmonic mapping: S* —

S2, referred as bubble.

(2)  The sequence u(-,ty,) — u(-,T) strongly in H} . N CL.(Bs(xo) \ {zo}) but not
in H'(Bs(0))-

(3) If T = +oo, we have, in addition, that u(-,t,m) — 0 strongly in L*(Bs(zo)).

Proof It follows from (2.1) that for up € H'(M,S?) and 0 <t <T

1 t
t) + f/ / lug|2dadt < M* (3.7)
2Jo Jm

for some positive constant M*. Therefore we may choose a sequence 7, T T such that

Vu(, ) — Vu(-, T), weakly in L?(M).
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If T'= +o00, then
u(+, 7)) — 0, strongly in L2(M).

From Lemma 2.3, if

€0 > sup / |Vul|*dz
[to—R2,to] Y Br(z0)

then (xo,to) is a regular point. Now (xg,T) is a singular point, so we have
g < sup / |Vu|?dz.
[T—R2,T] Y Br(zo)
Take x,, — xg, Ry, | 0, such that

o= s s [ VaP(ytdy
[T—62,7m] £€Bs(20) ¥ BrRm (2)

= (V) (z, 7 ) d. (3.8)
BR'm (l’m)

Let Cy be as before and I

4Cy M*

where M* is determined by (3.7). For any t € [, — C?R2,7,] it follows from the
integral inequality (for r = Ry,, R = 2R, ©o = Ty, t1 = t, ty = 7yy,) that

0<Ci<

g0 = \Vul*(x, ) dz
BRm(an)
< E(u, Ban, (an)(®) + CoR? [ [ (vup?
t Bagrm (Tm
[ Ih(u)P (3.9)
t BQRm(wm)
Applying (2.2) (since 0 < 7,,, — t < C?R2, < W()()R%;), we have
CoR:. / / Vul2 < CoR.? / Va2
BQRm mm
S CDR [ /7n/ ‘h
€0
< . 1
< (3.10)
Hence we have
g0 = \Vul?(z, 7y ) d

BRm (.Tm)

< E(u, Bop, (am))(t) + 22 +/t7m/B ) |7 (w)]?

g/ V2 + 2 4 20 (3.11)
BZRm(-rm) 4 4
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under the assumptions on h.
Finally we have

/ Vul2(z, t)dedt > 2. (3.12)
BQRm(xm) 2

Denote Dy, = {z € R?: Rz + 21, € Bs(wo)} and let wy,(z,t) = w(Rimx + T, RAt
+Tm), then wy, : Dy, x [—C%,0] — S? and solves

O Wy = Awy, + |Vwm|2wm + Wy X AWy, + anwm X h(wm,) (3.13)
and as m — oo 0
Tm
/ / By |? < / / 185l — 0. (3.14)
—C? JDp Tm—C2R2, JM
It follows from (3.12) that for all t € [-C%, 0]
/ V|2 (2, t)dadt = / Vul?(z, B2t + )z > 2. (3.15)
Bo> B2Rm(£m) 2
Using (3.8) we know that for m large enough
€0 =  sup sup / \Vul?(y, t)dy
[Tmfc%frm} $€B§(JJO) Brm (z
> sup sup / |Vwm|?(y, t)dy (3.16)
[-C?,0] £€Dm J Bi(x)
where we have used R,y + x,, — Xo.
Now applying Lemma 2.3 to the equation (3.13) we get
sup HVmeCle%(,Rz) <C. (3.17)

te[ ==L 0]
Combining (3.14), (3.15), (3.16) with (3.17) we may choose a sequence 7,, € (_TC%,O)
such that as 7, — oo

[ 10wl nm)dz 0, (3.15)

Dy,

/B NV wp|* (2, 1) d > %0 (3.19)
2

vam('anm)HCﬁg(RZ) <C. (3.20)

Hence there exists a subsequence of {wp,(z, )} (still denote it by {wm,(x,nm)})
and a mapping ¢ : IR> — S? such that

Wi (4, Nm) — ¢, strongly in Hﬁm N Clloc(IRQ, SQ). (3.21)

Let t = 1y, in (3.13) and then let m — oco. We get from (3.18), (3.20) and R, — 0
that
A¢+ ¢ x Ag+ Vo[’ =0, (3.22)
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therefore
¢ % [Ap+¢ x Ap+ |V =0,
that is
O X AP+ ¢ x (¢ x Ap) =0.
Hence

¢ x A= —¢ x (¢ x Ap) = Ap + |V | 0.

This implies
A¢+|Ve|*¢ = 0. (3.23)

On the other hand ¢ € H NCL_(IR?,S?), then we have from (3.23) that ¢ is a smooth
harmonic mapping which is not a constant since [g, [Vo[*dz > %0.
It follows from (3.21) and (2.1) that

m—00

/ |Vé|?dz < lim sup/ |V we | (2, 7 ) d
IR2 D

Tr%i_l)noo sup /M |VU|2(x, R?nnm + T )dz

IN

IN

R2 N +Tm,
lim_sup[E(u)(0) + /0 " /Mlh(uﬂz}
< M*. (3.24)

This implies that ¢ has finite energy.

From the conformal equivalence we know IR? = S2\{p}, therefore ¢ may be extended
to a smooth harmonic mapping from S? to S%2. Now let t,, = R2n, + Tm, then
U () = Wi (2, M) = UW(Rm@ + T, ty) is the desired re-scaling sequence in conclusion
(1) of Theorem 3.1.

If T'= +o0, then it follows from

(-, Tm) — 0, strongly in L?(M)

that
| 10wl 0) < B [ (ol tn)de 0.
D B

5(zo)
This implies that (3.18), (3.19) and (3.20) hold for n,, = 0 since (3.15) and (3.16) hold
for t € [-C%,0].
So if T' = 400, by letting t,, = 7,,, we may get conclusion (1) and (3) of Theorem
3.1. Now we prove that (2) of the theorem holds.

It follows from the characterizations of the singularities and Lemma 2.3 that Va €
Bs(xg) \ {zo} there holds

IVullgaza(py, @) < C(R)
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for some R > 0 and all 0 < a < 1/2. Especially, we have

IVu(s tm)llc2e (B ) < C-

This implies that there exists a subsequence of u(-, t,,) (still denote it by wu(-,¢,,)) such
that
Vu(-,ty) — Vu(-,T), strongly in CQO‘,(BRM(QC))

for some 0 < o/ < a. So the conclusion (2) of Theorem 3.1 follows.
Finally we prove that Vu(-,t,,) can not converge to Vu(-,T) in H'(Bs(xo)). If on
the contrary, we assume

Vu(-,tm) — V(- T), strongly in H'(Bs(xo)),

then we should have from E(u)(T) < M* that there exists r > 0 such that
/ |Vu|?(z, T)dx < =
Br(l‘o) 4

Thus there exists mr such that for m > m we have

/ (V| (2, ty)dx < 0,
B (o) 2

2
Choose t; in such set and m > m such that T — t; < W then as before we have

sup / |Vl (z, T)dz < €.
tE[tJ,T} B%(IO)

This combined with the small energy regularity theorem yields

sup  [|Vullgza(, (a0)) < C(7).

te[T—g, 8

This implies that (xo,T) is not a singular point. This leads to a contradiction.
The theorem is proved. Q.E.D

4. Energy Identity

The conclusion (1) of Theorem 3.1 in above section describes the bubbles. In fact,
if we choose different subsequence of {w, (-, nm)} = {u(Rmx + T, tm)}, then we get
different bubbles at each singular point. Noticing that u has only finite energy and
since each bubble ¢ is not a constant and each bubble cut off some energy from the
singularity, we know that at each singular point, there are only finitely many bubbles.

In this section we shall prove that the energy concentrated at each singular point
is consumed by such bubbles. That is, we want to prove:
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Theorem 4.1 Letu € C®(Mx(0,T),S?) be a solution of (1.1) withug € H' (M, S?)
and assume that u develops singular points at t =T, (z;,T) (1 = 1,2,---,p). Let ¢;
(7 = 1,2,---,q) be the bubbles of these singular points in the sense of Theorem 1.1
(q > p). Then one has

q

g B0 = Bu(T) + Y 506, ), (4.1)

To prove this theorem, we first recall two lemmas from [7]

Lemma 4.1 [7] There exists €1 > 0 such that if u € C®°([Ry, Re] x S, S?) satisfies
Upp + ugg = |Vul>u + F (4.2)

and sup |Vu| < ey, then there is a constant C > 0 such that
[Rl,RQ]XSl

R 1/2
/ (/ ]u9]2d0> dr
Rq SIX{T}
1/2 1/2
<cC { (/ |ue|2d9> + (/ |ue|2d9>
S1x{R1} S1x{Ra}
2 1/2
+ / (e / FPRdo)dr) b (4.3)
Ry Sl><{7'}

Lemma 4.2 [7] Let u € C*°(B1,S?) be a solution of (4.2). If F € L*(By), then
forany0 < R<1

/ lup[2ds < R—2/ |ue|2d8+2/ |F||Vulda. (4.4)
OBRr O0BRr Br

Using these two lemmas we first prove:

Lemma 4.3 Letu € C*®°(M x(0,T),S?) be a solution of (1.1) with ug € H'(M, S?)
and assume that (xo,T) is the unique singular point of u on Bs(xg) x {t =T}. Then
there exists a positive constant L > 0 such that

lin B(u, Bs(@0)) (1) = E(u, B(zo))(T) + L. (4.5)

Proof There exists a subsequence {t,,}: t,, T 7T such that
E(u, Bs(x0))(tm) = E(u, Bs(x0) \ By(z0))(tm) + E(u, By(z0))(tm).  (4.6)
Choose t,,, T T such that ?Tr%l E(u, Bs(x))(t,,) exists. We have £1TI%’_'1 E(u, By(xo))(tm)
exists. Sending 7,, — 0 we have

lim E(u, Bs(20))(tm) = E(u, Bs(x0))(T) + L, L > 0. (4.7)

m—00
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Suppose {s;,} is a sequence such that s, T T and

lim E(u, Bs(z0))(sm) = E(u, Bs(xo))(T) + S, S >0 (4.8)

m—00

we want to prove S =1T.

Taking a subsequence of {s,,} (still denote by {s,,}) such that s, < t,, < spp1 <
tm+1 and noting that ¢, TT, sy 17T, T < 400, we get Spmy1 — Sm — 0, tiy — S — 0.
Using (2.2), for 0 < n < 0, % <1, t1 = Sm, ta = ty, we have

B, Bya)t) + [ [ Jul

1 tm
<Coln== [ [ VUl + B Byleo)) (5m)
J sm  Bp(zo)

[T (49)
Therefore
E(u, B1(2o))(tm) — Col(n — ;)_Q(tm = 5m)E(u)(0) = (tm — sm)C1 < E(u, By(20))(sm)-
(4.10)
And hence

B(u, By(e0))(T) + S = lim {E(u, By(xo) \ By (o)) (sm) + B, By(a0)) (5)}
> Bl(u, Bs(ao) \ By(wo))(T) + lim_E(u, By (w0))(tn)

= E(u, By(wo) \ By(w0))(T) + B, By (z))(T) + L. (4.11)

Letting n — 0 and j — oo in (4.11) we are led to S > L. Similarly we can prove S < L.
Therefore S = L. The lemma is proved.
The proof shows that %I%l E(u)(t) exists.

Now we are in the position to prove Theorem 4.1.

Proof of Theorem 4.1 We assume that there is only one singular point (0,7") at
t = T, and there is only one bubble ¢ separated at (0,7") in the sense of above section.

First we assume T' = +o0.

Let t,, m, Rim be the sequences in Theorem 3.1. Then the sequence u(-, t,,) satisfies
(3.3) and w(+, t,,) solves (3.4). Denote uy,, = u(-, ty,), then vy, = wy, (Ryx+x,,) satisfies
(3.2). For small § > 0 and large R > 0, set I4 = [R,R,¢], Ip = [|Ind|,|In R, R|],
An(6,R) = Ix x St and B,,(6, R) = Ig x S*, (71, 0m) is the coordinates centered at
Tp,. Define a mapping f(r,0) for (r,0) € R! x S* by f(r,0) = (e",0). Let IR* x 1
be given the flat metric dr? + df%. Then f is a conform mapping from B,,(d, R) to
A (9, R). Let wp(r,0) = upm(f(r,0)) = um(e™",0). Then it follows from (1.3) that

AW + Wy X Awpy + VW |* Wi = gm, in [|Ind],00] x S (4.12)
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where
Gm =€ Tug(e",0,ty) — e u x h(u). (4.13)

Taking cross product with w,, on both sides of (4.12) and using
ax (bxc)=(a-c)b—(a-b)c,

we have

1
Awy, + [Vwpm|*wm = §(gm — Wy X gm), in [|Ind],00] x S* (4.14)

and there also holds

E(wWm, Bn(0, R)) = E(tm, Amn(d, R)). (4.15)

Now we are in the position to use the same method as in [1] to finish the proof of the
equality

%1 E(u)(t) = E(¢,R?) 4+ E(u)(T). (4.16)

We omit the details. This proves (4.1).
Similar equality holds for T' < co. Theorem 4.1 is proved.
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