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Abstract In this paper, the local well posedness and global well posedness of solu-
tions for the initial value problem (IVP) of nonlinear Schrodinger-Boussinesq equations
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1. Introduction

We consider the existence and uniqueness of the local solutions and global solu-
tions for the following initial value problem (IVP) of nonlinear Schrédinger-Boussinesq

equations
ier + Ae —ne — AlelPe = 0, (1.1)
ng — A(n — An+ Bnf +1¢?) =0, z € RYt € R, (1.2)
e(z,0) = eo(x), n(x,0) =ng(x), ny(z,0) = Apo(x), =€ R (1.3)

where A and B are constants, K is a positive integer, real number p > 0; € and ¢y are
complex functions; n, ng and ¢q are real functions; A is Laplacian operator in R?.
The nonlinear Schrédinger (NLS) equation models a wide range of physical phe-
nomena including self-focusing of optical beams in nonlinear media, propagation of
Langmuir waves in plasmas, etc. (see [1] and the references therein). Boussinesq equa-
tion as a model of long waves is derived in the studies of the propagation of long waves
on the surface of shallow water[2], the nonlinear string [3] and the shape-memory al-
loys[4], etc. The nonlinear Schrédinger-Boussinesq equations (1.1)(1.2) is considered as
a model of interactions between short and intermediate long waves, which is derived



2 Han Yonggian Vol.18

in describing the dynamics of Langmuir soliton formation and interaction in a plasma
[5-7] and diatomic lattice system [8], etc.

The Solitary wave solutions and integrability of nonlinear Schrédinger-Boussinesq
equations has been considered by several authors, see [5, 6, 9] and the references therein.
In [10] Guo established the existence and uniqueness of global solution for IVP (1.1)—
(1.3) in H* (integer k > 4) with d = 1 and A = 0. In [11] the existence and uniqueness of
global solution for Cauchy problem of dissipative Schrodinger-Boussinesq equations in
HF (integer k > 4) with d = 3 is proved by Guo and Shen. For damped and dissipative
Schrodinger-Boussinesq equations with initial boundary value, the existence of global
attractors and the finiteness of the Hausdorff and the fractal dimensions of the attractor
is established by Guo and Chen ([12], d=1) and Li and Chen ([13], d < 3), respectively.

In this paper, the local well-posedness in H?, the conservation of energy and the
global well-posedness in H* (real number s > 1 and d = 1,2,3) of IVP (1.1)—(1.3) is
proved. 9

Definition 1(admissible pair) The pair (q,r) is admissible if i d(= — ;),

2§r§oof0rd:1,2§r§ooford:2,2§7“<ifm“d23.

Definition 2 (condition P(m)) For a positive integer m, it is called that p satisfies
the condition P(m) if either p is an even integer, or p is not an even integer and
p+1>m.

The main theorems of this paper are stated as follows.

d
Theorem 1 Suppose that ey, ng, ¢g € H*(RY), 0 < s < 2 K is an integer, p

4
satisfies the condition P([s] + 1), 0 < p, K < 5
— 25

(q,7), there exists T = T'(ep, no, ¢o) > 0 and a unique solution (e,n) of IVP (1.1)-(1.3)
such that

; then for any admissible pair

en, (=A) "', € 19 (0,7 By(RY)) n € ([0,7]; H*(RY))
Moreover, this solution has the following additional properties.
I) Let p, K .
(1) Let p, K < ——- oj, 0,
— (€0, n0,00), then there exists T = T(ey,no,¢0) € (0,T), such that the solutions
(€j,nj) — (e,n) and (—A)"*on; — (=A)"Iny in L4 (O,T; LT(Rd)), where (€5,1;)
are solutions of IVP (1.1)-(1.3) with (eg,no, o) replaced by (eoj, noj, doj). If s >
1, then (ej,n;) — (e,n) and (—A)"'9n; — (—=A)"Ing in C([O,T};Hs_l(Rd)) N
L1 (O,T; Bf751>. Moreover, if p satisfies the condition P([s| + 2), then (e;,n;) —
(e,n) and (—=A)"1dn; — (=A)"Iny in C ([O,T];HS(Rd)> N L4 (O,T; Bf72>.
(I) There exists T* = T*(eg, no, o) > 0 such that the solution e, n,(—A)"1n; €

C ([0,7%); H*(RY)) N LY (0, 7% Bgy(RY)) . If T* < oo, then

If €0j,n05, Poj are sequences in H?* (R with (€05, n0j, Poj)

Jim {(=2)3e(, Ol 2 + (=A)3n(, Ol 2 + (=) Fne( )12} = +oo.
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Theorem 2  Suppose that ey, ng, po € H¥(R?), s > g, K is an integer, p satisfies
the condition P([s]+1), 0 < p, K < oo; then for any admissible pair (q,r), there exists
T = T(eg,mo, o) > 0 and a unique solution (e,n) of IVP (1.1)-(1.3) such that

en, (=A) "'y € 19 (0,5 B(RY)) 0 C ([0, T]; H*(RY))

Moreover, this solution has the following additional properties.

(I) If eoj, noj, po; are sequences in H*(RY) with (€07, 05, P0;) — (€0, 10, ¢0), then
there exists T = T(eo,n0,¢0) € (0,T], such that the solutions (ej,n;) — (e,n) and
(=A)'on; — (=A)"'ng in LU0, T; L7 (RY)), where (¢j, nj) are solutions of IVP
(1.1)-(1.3) with (€, no, o) replaced by (eo;,noj, ¢oj). If s > 1, then (ej,n;) — (€,n)
and (=A)10mn; — (—A)"Ing in C([O,T];Hsfl(Rd)) N L90,T; Bﬁygl). Moreover, if p
satisfies the condition P([s] + 2), then (ej,n;) — (€,n) and (=A)™10mn; — (—=A)"In,
in C([0,T); H*(R%) N L9(0, T; B ,).

(IT) There exists T* = T*(eo,no, do) > 0 such that the solution e,n,(—A)"In; €
C([0,7%); H¥(RY) N LY (0,T% Bf5(RY). If T* < oo, then

Jim {1(=2) 3 Dllze + 1(=2)3n( Dl + [(~A) T m(-, Dl z2 | = +oo.

Theorem 3 Suppose that s and K are integers.

(I) Let 0< s < 4,0 <p, K < A P([s] + 1) be replaced by P(s) and P([s] + 2)
be replaced by P(s+ 1), then all the conclusions of Theorem 1 are valid if Besov space
By 5 is replaced by Sobolev space H;.

(I) Let s > 2,0 < p, K < oo, P([s] + 1) be replaced by P(s) and P([s] +2) be
replaced by P(s + 1), then all the conclusions of Theorem 2 are valid if Besov space
B4 is replaced by Sobolev space H;.

Theorem 4 Let integer m > 1, p satisfy the condition P(J) where J = max{2, m},

1<d<3, B>0, K isan even integer, (1.4)
oo, d=1,2 4

0<p, K< ' T ——,0}4>0 1.5

pef TATR o o (15)

and €y, ng, ¢o € H™. Then for any T € (0,00), there exists a unique solution (e, n)
of IVP (1.1)-(1.3) such that €, n, (—=A)"'n; € C([0,T]; H™(R)) N LI(0, T; H™(RY)),
where (q,7) is any admissible pair. Moreover, for allt € [0,T], we get that ||e(-, )|/ 72 =
leollz2,

24 1 _1
B = | (el tmleP = e 45 (1(-2) >0+ Vol +

2B

mnl(w) }d:c

= B(0),

leC )l + I(=2) " e )l + In( ) < O, Nleollr, mollzrs l1golln)-
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Theorem 5 Suppose that real number s > 1, €y, ng, ¢9 € H*, d, B, K, p, A
satisfy the conditions (1.4)(1.5), p satisfies the condition P([s] + 1) and (q,7) is any
admissible pair. Then for any 0 < T < oo there exists a unique solution (e,n) of IVP

(1.1)-(1.3) such that
e, n, (—A)"'nyg € LU0, T; B 5(R") N C([0,T); H*(RY)).

Remark Consider Cauchy problem of the following generalized Boussinesq equa-
tion

uy — A(u— Au+ Buft) =0, z e Rt eR, (1.6)
u(x,0) = up(x), w(x,0)=Aui(z), =€ Rd, (1.7)

where B is a constant and K is an integer, the local well-posedness and global well-
posedness have been investigated by several authors [14-18, etc.]. As the corollary of the
Theorem 1-5, we obtain that the problem (1.6)(1.7) is local well-posed in H*(R?) with

4 0<s< g

< 4
real s € [0,00) and 0 < K{ - d=2s J , and global well-posed in H*(R%)
< oo, S Z 5
o, d=1,2
4, d=3

This results improve partially the results of [16, 18] by removing the condition which

withreal s € [1,00),1 < d <3, B> 0, K iseven integer and 2 < K < {

the initial data is sufficiently small.

Throughout this paper, we will have occasion to use a variety of function spaces;
Lebesgue space L" = L"(R%); Sobolev spaces H® = H*(R?), H} = H?(R?); homoge-
neous Sobolev spaces H® = H*(R%) = (=A)~%/2L*(R%), H? = H(RY) = (—A)~%/?
L"(R%); Besov spaces B, = Bf7b(Rd); homogeneous Besov spaces B:,b = B;fvb(Rd);
and the spaces L4(0,7; X) and C([0,T]; X), the norm of space L4(0,T; X) denotes by
Il 1] Ls.x, where X is one of the spaces just mentioned. In order to simplify the exposi-
tion, different positive constants might be denoted by the same letter C'; if necessary, by

C(+,-) denote the constant depending only on the quantities appearing in parenthesis.
T
r—1-

The plan of this paper is as follows. In section 2, we give L(0, T; L"(R?)) estimates

For any number r > 1, its dual number is v’ =

for the inhomogeneous linear Schrodinger equation and Boussinesq equation. In section
3, we show the local well-posed results of IVP (1.1)—(1.3). In Section 4, we show the
global well-posed results of IVP (1.1)—(1.3).

2. Estimates of Linear Equation

Resorting Besov spaces to study the well-posedness of Cauchy problem for coupled
NLS-Boussinesq equation rely on a delicate balance between estimates of the linear
Schrodinger equation and the linear Boussinesq equation and estimates for the nonlinear
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term. A large amount of work has been devoted to time-space estimates of evolution,
see [19, 20] and the references therein. In this section, we give the necessary estimates
for the linear Schrodinger equation and the linear Boussinesq equation.

First, we consider the linear Schrodinger equation

i+ Ae=g, €(x,0)=eo(x). (2.1)

The solution of (2.1) is € = S(t)eg — i [ S(t — 7)g(7)dr, where S(t) is a unitary group,
and S(t)eg = Co [pa i< >l (€)dE. Let us set S7(g) = f3S(t —7)g(r)dr.
Now, we consider the linear Boussinesq equation

ug + A%u = Ag, u(z,0) = ug(x), u(x,0) = Au(z). (2.2)
The solution of (2.2) is
t
u = Be(t)ug + Bs(t)Auy + / Bs(t — 7)Ag(T)dT,
0
where B.(t) and Bs(t) are semigroups,

Bu(tin = Co [ <= cos(tlel)a()ds,

By(tn=Co [ ei<oe SR ae)e.

R (35
Since . )
COS(t|£|2) _ §(eit|§|2 + e—it|f‘2)7 sin(t|§|2) _ Z(éiﬂﬂ? _ e_it|§|2)7
we have
1 1
B.(t)y = i(S(t) +S(=t))y and Bg(t)Ay = —2—1,(5(15) — S(—t)).
Let us set

Bsi(g) = /Ot Bs(t — 7)Ag(7)dT.

Due to [19, 20] and the references therein, we have the following lemma.
Lemma 2.1 Let (q,r) and (v, p) be any admissible pairs.
(I) If ¢ € L3(R%), then S(-)v, Be(-)%, Bs(-)Avy € L9(0,00; L"); there exists a
constant C' such that
IS¢l e + 1BVl pa pr + 1Bs(VAY || Lo 1r < Cllll 2, Vo€ L2 (2.3)
(IT) If Y € H®,s € R, then S(-)1, Be(-)y, Bs(-)At € Lq(O,oo;B;?,Q); there exists

a constant C' such that

IS0l s, + 1BVl g s+ 1BV g g < Clll s W0 € F.(2.)
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(II) If g € LY (0,T; L"), then Si(g), Bsi(g) € L9(0,T; L") N C([0,T]; L?); there
exists a constant C, independent of T', such that
151 Lgrr + I1Bst()llgor < Clgllypy Vg € L7 (0,15 L7). (2.5)
(IV) Ifg € L7(0,T; By 5), s € R, then S1(g), Bsi(g) € LU0, T; Bi5)NC([0,T]; H*);
there exists a constant C, independent of T, such that

||SI(9)||L‘IT352 + ||BSI(9)||L‘ITB§2 < CHQHL%’BS/ )’ Vg e L7 (0,T; BZC?)' (2.6)
’ ’ P

3. Local Solution

In this section, we study the local well-posedness for IVP (1.1)-(1.3). First we
establish some estimates of nonlinear terms in Besov spaces. We define p(J) as follows.

dtsJ d
1 {W%’ R (3.)
11 1_ 11 2 1 d ' '
o(7) 2(§+max{2_ﬁ’§_(J+2)d’m})’ $Z g
Lemma 3.1 Let J be an integer, p = p(J), v € B}
(3.1).

d
(I) Suppose that 0 <s< -, 0<J <

J+1) . J+1
oo then [V 5, <ol (3.2

(IT) Suppose that s >

N

, 0<J < o0, then ||vJ+1||Bs,2 < C’||v||§j21. (3.3)
o, P,

Proof Estimate (3.2) has been obtained in Theorem 3.1 of [19]. Only estimates

(3.3) must be proved. Let m = [s] + 1. By the proof of Theorem 3.1 of [19], we have

min{m,K+1}

k
Z HUHij*lik Z H ||U||B5/bq .
k=1

[v" e <C
o2

Juteti=m, je=1 g=1 P
where
1 1 1 1 /1 1 1 1 2
7 jiqv - - <_>a - (1_>a q:]-a ak
bq Pq  Px bg \p  ps P J p
d
If s > > then

- =, —_ > J— —.
pd pg bgd  p d
By the imbedding theorems of Besov spaces (see [19, 21]), we have

s/b N
By, CB, 5, B,cH,CL’
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Thus
J+1 T AS | J+1 J+1
0", = 10"l + o s, < Ol

where we have used the fact
[0 Lo < N0l Zos 0]l Lo

This lemma is proved.

Remark 3.1 Throughout this paper, if the nonlinear function f(v) = v/*! is
replaced by nonlinear function F(v) = |v[Pv € C™, all estimates such as (3.2)—(3.7)
(4.13) (4.18) still hold, where m = [s] + 1, J is a positive integer, p is a real number.

Lemma 3.2 Let J be an integer, p = p(J), % =d (% — %), n € L7(0,T; B} ),
se R, 1=1, 2, p(J) be defined in (5.1), (q,r) be any admissible pair.

(I) Suppose that 0 < s < %, 0<J< ﬁ, then there exists a constant C such that

J J —I£2
810 ) =810 g or < CT' 5 { Il | +lin2llfy 5, i =n2llig o (3.4)

J+1 1—I+2 J+1
11y s, < €T limally 5, s (3-5)

(IT) Suppose that s > %, 0 < J < 00, then there exists a constant C such that

J J 1- 442 J J
810 ) =Sy lng.r < CT' 5 {Imllfy s, Hlinalify s, Hlima—=nall g po, (3.6)

J 1-L£2 J
IS0 *Dllzg s, < CT' 5 725 (37)

Proof First we establish estimate (3.4) (3.6). From Lemma 2.1, we see that
J J J J
1S (nd™ 1) = Sr(ny ) g 1r < Clln ™ — nflllL;'Lpf

J J
< O{lInf (m =)l + I3 (1 =)l -

By using the imbedding theorems of Besov spaces and Holder’s inequality, it follows
that

J T Jy ~ N
I (s =)l < C( [ Il s = ol )

T , , 1/~ _J+42 d
C(fo a5 flm = n2||zpdt) <CT'™ 5 |l g Nl = n2llLyre, 0<s <z,
< 0,2 Lo 5,2 J 2
T I~ ’ _J+2
C(fo [nallBE I = n2||zndt> <CT 5 iy gl = nalliyee, 523

Using the same argument we have

1_J+2 d
CT 7 |Inall s go lIn1 = mallpype. 0<s <5,
J LYB T )
I (n1 —n2)ll v < 7552
L%LP - 1_J+2 J d
cT 7 ||n2HL%B;72Hn1 - n2||L}LP, s > §
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This proves (3.4) (3.6). From Lemma 2.1 and Lemma 3.1, we see that

J
ISrrd gy, < Cllnd My,

(J+1 1/ 1—I+2 d
<o [ imlg )" < or g, o o<s <
Py

J J
1l <0||n1+1||LvBs

1\3\&.

T
J+1 1/ 1_J+2 J
<o( [ Il a)" <o F gy, sz

where we have also used Holder’s inequality. Thus, (3.5) (3.7) is proved. This lemma
is proved.

Proof of Theorem 1 We split n into its positive and negative frequency parts
according to n+ = n 4 i(—A)"!n;. Then (1.1)-(1.3) can be rewritten as

ier + Ae — (#)e — AlelPe =0, (3.8)
. ny +n_ ny +n_

(100 = Ane F{——— + B(———)" " + e’} =0, (3.9)

e(x,0) = eo(x), ne(z,0) =ngFigg=n4, z€ R%. (3.10)

Problem (3.8)—(3.10) is rewritten in a standard way as the integral equation

7”L++TL_

€= S(t)eo—i/ot St —t){( Je + Ale|Pe}dt’, (3.11)
ne = S(L£t)is :Fi/t S((t — )Ml g oK 2y (3.12)
0 2 2

Solving the equations (3.11)(3.12) by contraction mapping argument solves IVP (1.1)—
(1.3).
Let T'> 0, F1 > 0 are constants to be selected later, and

By = E(T, ) = {(e,ny,n )| e € 2170, T3 B) ), na € NjmosL (0,3 B3 ),

+ n j 7 + [|n- j £ <F }
ZH ||L’YJBS‘ ) ]027173 ” +||L;]BZ]',2 ” ||L;]BZ]',2) 10

where pg = p(O) =2, p1 = p(1), p2 = p(p), p3 = p(K), % = d(% - %) (j=0,1,2,3)
and p(J) is defined by (3.1). It is obvious that (v, p;) (j = 0,1,2,3) are admissible
pairs. Note that by Lemma 2.1, E; is never empty. Endowed with the metric

dlSt Z ||U1 UlHL"’JLP] + Z Z ”ul UlHL;jLﬂja

j=12 j=0,1,31=2,3
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where ©= (u1,uz2,us), U= (v1,v2,v3). Ej is a complete metric space. Indeed, since
L0, T; Bﬁﬁ) is reflexive, the closed ball of radius F7 is weakly compact. We wish to find
conditions on 7" and F; which imply that the map M : (e,ny,n_) — (Me, Mny, Mn_),
give by
t
Me = S(t)eo — z/ S(t— ){(
0

M)E + AlefPelat.,

ny +n_
2

ny +n_

; )K+1 + |€|2}dt/,

t
Mns = S(£t)is :Fi/ S(£(t — )] + B(
0
is a strict contraction on Ej.
For (e,n4,n_) € Eq, from Lemma 2.1 and Lemma 3.2 we have

2
M i E M - Mn._ .
;” e\!L;fB;j72+jzozlg(!! nallgy M-l )

1-2 2
< C{lleollzs + lInoll s + ol s} + CT 20 (lell e, + D2 sl )
2 A ,

1-pt2 +1 1—K+2 P
CcT ; o CT ™~ 2 |le||P7, . CT ™~ s JIEEL ).
+ (J:; ||nJHL;QOB;072) + ||€||L}ZB;272 + (]:ZJF:’ Hnj||L;3B;3’2)

Let us take Iy = 2C{|leoll s + |70l gs + ||¢ol < }- Notice that 1 — % 1 — 22 and

1’ Y2
1- 71(%2 > 0 and limp_ || - = 0. Thus, there exists T} > 0, such that for any

HL;j BZ]»,Q
T € (0,71] and (e,n4,n_) € E; we have

1-2 2
OT' 4 (el gy, +linsllgrgy ,+Im-llig sy ) +CT(mllges, +In-llps, )

—_

_pt2 _K+2
+HOT' 72 ||elbh . +CT 5 (Ina |55L,  + I lI55, ) < oA
2 2

L;2B/§27 L}SB;& L;SBZB,Q 2
This proves M : F1 — FEj.
For any (e1,u4,u_), (€2,v4,v_) € Ey, it follows from Lemma 3.2 that

2
S (IMuy = Mo, + [Mu- = Moo ) + S 1Mey = Meall 0,

j=0,1,3 j=1
2 2 »
<OT{ > Ny = villggopee + 7772 (Y lesIPo e ller = eoll 2 0
. - T p2,2
J=4+,— J=1
_3 2
+T wl(zlnejHL;lB;hﬁ %j il s
J= J=T—

+ Z H”j”L}lB;LQ) (HQ - €2HL}1L01 + Z [Juj — ”jHL}lel)
]:+a_ .]:+7_

&2 K K
T (X0 Nl + 30 Mol )( 30 s = wslligerm )}

J=+— T =t A
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Then there exists Ty € (0,7}], such that for any T' € (0, 75| we have

2
> (IMuy = Mo oy + [Mu = Mol ) + D [ Mer = Mea|l 2

i=0,13 . j=1

1 13
< ) Z ([lut — U+||L;jw + [lu— — UfHL;ijj) + B Z ler — €2||L;J'ij' (3.13)

j=0,1,3 j=1
So M : E; — Ej is strict contraction; there exists a unique fixed point (e,ny,n_) (of
M) € E;. From Lemma 2.1, € and ny € C([0,T]; H®). For any admissible pair (g, ),
from Lemma 2.1 and Lemma 3.2, it follows that

leslzg i, + Inelig i, < Clleollze + Imollze + oz} + CTC 3 Inillggos, )

-3 , A )2 = e P
+CT Wl(HdL;lB;va+j§+:_||"JHL}132172) +CT" 2 HEHL?BS%Z

K42
+or' T {0y I 11558 2} < F, VT € (0,Ty]. (3.14)
j:Jr:* T es
From (eo;, noj, ¢oj) — (€0, 0, ¢0) (j — o0) in H*(R%) x H¥(R) x H*(RY), it follows
that Vo € (0,1), 3J(a) > 0, such that if j > J(«), then ||eo; — €ol| s + |0 — nol|ms +
lpo; — ¢ollms < . Now, we take Fi = 2C{]eo|l zs + |nollgs + [P0l s + 3} in the
definition of Ey; and define M; : (e,ny,n_) — (Mje, Mjny, Mjn_) as follows.

n++n_

Mje = S(t)eq; — i/ot St —){( Je+ Ale[Perdt!,

Ny +n—
2

Ny +n—
2

t
Mjns = S(£t)is :Fi/ S(£(t — )] + B( YEHL L |e2)at,

0
where 14 j = ng; Figoj. Vj > J(a), using the same argument, there exists T, € (0,T3),
T3 is independent of j, and a unique solution €;, ny ; € L9(0, Ty; By 5) N C([0, To]; H?)
for IVP (1.1)—(1.3) with (eg, no, ¢0) replaced by (eo;, noj, ¢oj). By the same arguments
as in the proof of (3.13), there exists 7' = T'(ng, ¢o) € (0, T3] such that

2

Z ||6j - EHL’YJLPl + Z (Hanj - n+||L”.lLPz + ||n*,j - anLﬁLPz)

=1 T 1=0,1,3 T T
< C{lleoj — eollz2 + lImo; — nollz2 + [[¢oj — dollz2} — 0, j — 00. (3.15)

For any admissible pair (g, ), by using the same arguments as in the proof of (3.14)(3.15),
let 7 — oo, we have

llej —ellpa -+ > 5 =mallLa - < Clléo —eoll 2 +lIm0; —noll L2+l Poj —oll L2} — O,
I=+,—
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leg=ellpg pe ,+ 2 lInug=null o e, < Clleos=eoll s +lInos—=noll 7o+l doj—=doll 7.3 — 0.
2 ,

Since n = % and (—A)~'ny = "= this is the proof of part (I) for the theorem.

Using the same arguments as in the proof of Theorem 1.1 in [19], part (II) can be
proved.

Proof of Theorem 2 Using the same arguments of the proof of Theorem 1 with
homogeneous Sobolev spaces and homogeneous Besov spaces replaced by Sobolev spaces
and Besov spaces respectively (for example, H? repaced by H?, B;fg repaced by By,),
this theorem can be proved.

Proof of Theorem 3 Using the same arguments of the proof of Theorem 1 and

Theorem?2 with Besov spaces replaced by Sobolev spaces, this theorem can be proved.
4. Global Solution

In this section, we discuss the existence and uniqueness of global solution for IVP
(1.1)—(1.3).

Lemma 4.1 For IVP (1.1)-(1.3), suppose that the solutions €, n, (—A)"'n; €
C([0,T); H?), then

leC, )72 = lleoll72, Vvt € [0,T7. (4.1)
2A 1 B
E(t) = 2 2 A8 et L 2 A, |2 2 2, 4D k4o
(t) /Rd{|Ve| + nle| —|—p+2|6| + 2(| ne“ 4+ n* + |Vnl|* + K+2n )}z
= E(0), Vtel[0,T]. (4.2)

Moreover, if €y, no, ¢o € H'(RY), and d, B, K, p, A satisfy the conditions
(1.4)(1.5), then, Vt € [0,T] we have
leCo Ml mr + A 20 Ol + 0 Ol < CT, Nleollmrs nollas lldoll ), (4:3)

where Asp = |£°3(€), Ve € S(RY), seR.
Proof The proof of (4.1)(4.2) follows the same lines as the proof of Lemma 1 and
Lemma 2 in [11]. We write equations (1.1)(1.2) as the system of equations

i€, + Ae —ne — Ale|Pe = 0, (4.4)
ng — Av =0, (4.5)
v —n — Bt 4 An — e = 0. (4.6)

Thus, we have

B
nf T dz.

2A 1
_ 2 2 p+2 - 2 2 2
B(t) = [ Vel nlef 4 “S1el 4 S(Vol? 40?4 [Vnf? 4+ 2
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Using (4.4)—(4.6), it follows from straightforward calculation that %E (t) = 0. From
the hypotheses and the embedding theorems of Sobolev spaces, one has that

leollzoz < Clleollz,  IImolls2 < Cllmol
| [ moleof? da| < ol lleoliZs < Cllnollze ol
Thus, we have

2
B(0)] < C (lleolln + lInoll3s + lollFr: + lInollis® + leoll%® + limollz: leoll ) - (4.7)

From Cauchy’s inequality and Gagliardo-Nirenberg’s inequality it follows that

B (K+2)/(K+1
| [ mleds] < s InC OISR + ClleC IS

B K9 d/(K+1) (2K +4—d) /(K+1)
< st g InC DI + CIVEC OIS e 0l
< sl I O + SIVeC Dl + C (4.8)
T2(K 2) LR PN

If 0 < p < 2, by the same arguments we see that
d

2|A|

d 2p+a—pd)/2 _ 1
5 R < CIVEC O e IO < JIVeC oliE + 0 (49)

W

From the hypotheses and (4.7)-(4.9), we have
IVe(, D)lIZ2 + IVal, )72 + InC, O Z2 + IVoC, 012 + In( )17
< Cllleollzrs lInollmr, l¢ollmr), vt € [0,T1. (4.10)

Take inner product of (4.6) with 2v, we see that

d
£||v(-,t)||%2 = 2/Rd(n + Bnftt — An+ |e]?)v dz

2(K+1
< I D22 + I HIZER + 1VnC, )2 V(- D)2
+ [l I} + o, D)2
From (4.10) and Gagliardo-Nirenberg’s inequality we have

le(-,O)lIza < ClIVeC, OlIF2lle 8)l727 < C,

In(, )l 2ucen < CIVACOl52lnC, Ol s <



No.1 The Cauchy problem of nonlinear Schrédinger-Boussinesq equations in H*(RY) 13

where 2K1+2 = (%—$)9+(1—9)K+2,0<9<1 Thus, we get

d
$||U(‘7t)||%2 < C+2lv(,t)|72, V€ [0,T].

Using Gronwall’s inequality we have

lo(- )2 < O, t e [0,T). (4.11)
From (4.10)(4.11), (4.3) is verified. This completes the proof of this lemma.
d=1,2
Lemma 4.2  Suppose that 1 < d < 3, positive integerm > 2, J < { Zo’ p 3’ )
Let
d+J d
1 aJ712) 1 <3
p=r1) =1 111 2 1 d - (4.12)
p(J) { sz +max(y — 3,3 — d(J+2)7m)}’ 1=3
Then for any v € H," we have
ID™ 0" Ly < Clloll s | D™ 0] o (4.13)
P

Proof Let m = min{m,J + 1}. It follows from straightforward calculation that

m k
D < oS R ST ] ‘Djzv

k=1 FEQ(m,k) I=1
where Q(m, k) = {j = (j1, -, jr)lj1 + 4 =m, 1< j1 < .-+ < ji}. Let us take

1_ 4 1 _ 1, 1(1_ 1 1 _2 : 1 1_11
= m oo = o T s p*>, T T (1 ) [l=1,---,k. Since p*E{p d,p},
we have % € % — é, %] (Il =1,---,k). It follows from Cauchy’s inequality and the

embedding results for Sobolev spaces that
n
J+1 JH1-k
D" <O TP S eam
k=1 JEQ mk)l 1
J k j
< Cllolify 1D™ vl + Z lolifg = > il |D7| [
JEQ(m,E) I=1 Hy L

< Cllullfyps | D™ 1

Lemma 4.3 Suppose that d, B, K, p, A satisfy the conditions (1.4)(1.5). Let
integer m > 2, p satisfies the condition P(m), €y, no, ¢o € H™ and (e,n) be the so-
lution of IVP (1.1)-(1.3). If there exists 0 < T < oo such that e, n, (—=A)"ln;, €
C([0,T); H"YNLI(0,T; H™ 1), thene, n, (—A)"tn, € C([0,T); H™)NLI(0,T; H™),
where (q,r) is any admissible pair.

Proof From Theorem 3, €y, ng, ¢o € H™, we see that there exists T,, > 0 and a
unique solution (e,n) of IVP (1.1)—(1.3) such that ¢, n, (—A)~"in, € C([0,T},]; H™) N
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L0, T,,; H™). We denote by T}, the supremum of all above T, > 0. Using the same
argument as in the proof of part (II) of Theorem 1, it follows that if 7, < oo, then
there is no solution of IVP (1.1)-(1.3) in C([0,T}:]; H™) N L4(0,T;; H). We claim
that Tx > T'. Thus, this lemma is verified.

In fact, if T};, < T', we write (1.1)-(1.3) as the integral equations

u=S(t)e(Ty) — iSr(uv + AlulPu), (4.14)
v = Be(t)n(Tp) + Bs(t)ns(Tp) + Bs(v + BuET! 4 ju?), (4.15)

where €, ng and A¢y are replaced by €(Ty), n(Ty) and ni(Ty) respectively; Ty = T.% —0,
constant 6 > 0 to be selected later.

Take po = p(0) = 2, pr = p(1), p2 = p(p), p3 = p(K) and = d(% %) (J=
0,1,2,3), where p(k) is defined by (4.12). It is obvious that ('y],p ) (7 =0, )
are admissible pairs. Note that there exists a solution u, v, (—A) tv; € C([0,
Ty); H™ 1) N L9(0, T — Ty; H™ 1) for (4.14)(4.15). Indeed, u(t) = €(Tp + t), v(t
n(Ty +t). Thus, VI € (0,T — Ty] we have

1,2,
0,7 —

1D ull g, 1r < CIND™e(To)lI 2 + CLUID™ (wo)ll 5+ 1D™ (Jul")

; it

D™ llLg, 1y < CUD™ n(Tp)lz2 + 1D *ne(Tp) | 2) + CTAID™ 0]l 30 1

K
+C{|| D™y H”L;éyé + ||D’”(|u|2)HL;;L,J/1}-
1 1

Let (g,7) be equal to (v;,p;) (j =0,1,2,3) respectively, using Lemma 4.2 or the same
arguments of the proof of Lemma 4.2, and employing Holder’s inequality, we obtain
that

> |Ilp™ uHLwLpJ + Y ID™| Ly 1% < CQA+ [ D"e(Tp)l 2 + ID™n(Tp)]| L2
Jj=12 j=0,1,3

3

1—=
+||Dm_2nt(T9)HL2) + CTl”DmUHL;?LPo +CT, ™ <||DmUHL;11LP1 + ”Dm“”L}lle1>

_pt2 K2

KT D ull e e + T D™l g VT T =T,

where constant C' is only dependent on T, d, m, A, B, p, K, HeHL;jH;,;_l (j =

1,2), ||n||L;jH;,JL_,1 (j = 0,1,3); independent of Tl,T;l,HDme(Tg)HLz | D™ n(Ty)|| 12,
| D™=2n4(Ty)|| 2. Then there exists 71 > 0, independent of 3%, || D™e(Tp)|| 2,

ID™n(Ty)lls2, D™ 2ne(Ty) sz, such that CTy < 1, CT 7 < -

K+2

_1-
CT Y3 < 1



No.1 The Cauchy problem of nonlinear Schrédinger-Boussinesq equations in H*(RY) 15

In the case T}y, =T, let 0 = % and 17 = %, we have

S D"l e+ X U™l <Cu D™l g + 1D 0l 1 < G
j=1,2 n j=0,1,3 n ! !
Thus, there exists a solution €, n € C([0, T, ]; H™)NLI(0,T; H™) for IVP (1.1)—(1.3).
Indeed,
(e(t), (1)), 0<t<T;-%

(€(t), n(t)) = { r

(it -1+ D)ot T+ T)), Tn - To<t<Tyr’

It is contradictory.
In the case T < T, let Ty = min{T}, T — T} } and 6 = %, we have

S0l e+ 3 D0l < Co D ullgg 1+ 1Dl 4 < O
j=12 ! j=0,1,3 1
Thus, there exists a solution &, 7 € C([0, Ty, + L1, H™) N L9(0, T}, + L H™) for IVP
(1.1)—(1.3). Indeed,

(e(t),n(1)), 0<t<Ti-14
(u(t—T;;qL%),v(t—T;lJr%))’ T:m*%<t§T:1+%'

(€(t), n(t)) = {

It is also contradictory. This completes the proof of the lemma.

Proof of Theorem 4 First, we consider the case m = 1. Let series {eoj};’il,
{noj};il and {qb(]j};il C H2 with €05 — €0, Noj; — Mo, qf)()j — ¢0 (] — OO) in Hl, then
from Theorem 3 and Lemma 4.3 it follows that there exists 71 = T1 (€, no, ¢o) > 0
and solutions

ej, nj, (=A)'ny € C([0,T1]; H*) N LU0, Ty; HY)
for IVP (1.1)-(1.3) with (e, no, ¢o) replaced by (eo;, noj, ¢o;j), such that

e —e nj—mn, (=A) gy — (=A) 'y (j— o0)
in C([0,T1]; H(R)) N L9(0, Ty; Hy (R%)),

where (g, r) is any admissible pair and (e, n) is the solution of IVP (1.1)—(1.3). For any
T € (0,00), let T, = min{T1,T}. From Lemma 4.1, it follows that V¢ € [0, 7}] we have

2A 1, _
/Rd{|V6j\2+nj|€j|2+p+2|6j!p+2+2(|A ngel? [V 4 ) e
24
— Ve |2 e .2 P21
[ 190, 4 mogle? 4+ = e+ 2)
1 2 2 2 2B K42 .
+5 [ (960,12 + [Vnoy 2 4+ Z25mis )

le; Gtz + IA2 50 Ol + g G0l < C(T, Nleogllas IInosll, Ndojllan).
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Let 7 — oo, Vt € [0, 7] we have

2A 1
E(t) = /Rd {|V6|2 + n|e|2 + m|€|p+2 + §(|A_1nt|2 +n? 4+ |Vn\2 +

= E(0),

B ko
2" )}z

leC, )l + A2 e, ) [ + (- )l < C(T, lleollans lnoll v, [l doll ).

In the case T} > T, the theorem is verified. In the case Ty < T, from the proof of
Lemma 4.1 we have

leCo Ol + A2 )l g + InC Ol < C(T, Neoll s Inollars Nollgn)
< C(Tv HEOHH17 ||n0”H17 ||¢0”H1)a Vit € [O7T*]

Then we can repeat the above arguments with (e(z,T1),n(z,T1),ni(x,T1)) instead of
(€0,m0, Agp). So there exists AT} > 0, dependent on the constant C(T, ||eo|z1, |70l H1,
llpollg1), independent of T, such that e, n, (—A)"'n; € C([0,T1 + ATy]; H') N
L0, Ty + ATy; HY) and

leC, )l + IA™2 e )l + (- )l < C(Ts, Nleollans nollan, boll)
< CO(T, lleollmr, lInollmrs lldollgr), VO <t < T, =min{T, T + ATi}.

It must follows from n-times extensions that 77 +nAT} > T. So the theorem is verified
in this case.

Finally, we consider the case m > 2. From Lemma 4.3 and the results which have
been proved in the previous case, the theorem is also verified in this case.

Lemma 4.4 Suppose that 1 < d < 3, real number s > 2, positive integer J <

d=1,2
{ o "7 Let
4, d=3
1 11 1 2 1
— o(J I Z_ 4.16
-2 d=1,2
0<5§50:{ L e (4.17)
5 =5, d=3
T2 T 20
and [s] = [s + 6]. Then for any v € 3236 we have
o govs < Cllvlls, (10llze + vl goss)- (4.18)
o2 P £,2

Proof Set m = [s] + 1, m = min{m, J + 1}, by the proof of Theorem 3.1 in [19]
we have

i k
||UJ+1||35/+6 <C> [o]| £ > ] [0l 5o+8) 700
7 k= jeQmk)g=1 e
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where Q(m, k) is defined in the proof of Lemma 4.2; i = j—q (g=1,---,k), % = p%
=1 k= 1 _ 1 1 _2 1 _ s46 1_ s
(l=1--,k-1), r = = (1 ) Since § < 50, we have b Tl > p 4
(g=1,---,k—1). In fact, note that
1 . . . .
5 t
i < i < % m ?s an even.mteger (1<g<k-1), s> 3 m ?s an even.m eger
m ~ by 3 mis an odd integer 2 m is an odd integer
we have
1 s s+90 % - 54 s;f m is an even integer
p d dby — % 5+ 5+5 m is an odd integer
1_3 .6 . :
< §—¥+§—3 m is an even integer <0 (1<qg<k-1).
5~ 34T 3% m is an odd integer

From 1 < 1 and the embedding theorems of Besov spaces, it follows that B, C

Px
L, By © B (g =1, k= 1), B3 < BUT)/P Thus, we have (4.18).
The lemma is proved.

Pk,2bk;
Lemma 4.5 Suppose thatd, B, K, p, A satisfy the conditions (1.4)(1.5). Let real

S

Y

r2 2
min , , d=1,2
number s > 2, p satisfies the condition P([s]4+1),0 < < §p = { 3 {pﬁz w2} i—3
p+2 2 =

[s] = [s 4 8], €0,n0, 00 € H® € H® and (e,n) be the solution of IVP (1.1)-(1.3). If
there exists Ts € (0 00), such that €, n, (=A)~'n; € LI(0,Ts; Biy) N C([0,Ts); H®),
then e, n, (—=A)~tn; € L9(0, TS,BS+5)OC([ 0, Ts); H**9), where (q,7) is any admissible
pair.

Proof From Theorem 2, ¢y, ng and ¢g € H S+5, we see that there exists Ts15 > 0
and a unique solution (e,n) of IVP (1.1)—(1.3) such that €, n, (—=A)"tn, € C([0, Tyys);
H%) N L9(0, Ts+5,BS+5). We denote by T} s the supremum of all above Ty5 >
0. Using the same arguments as in the proof of part (II) of Theorem 1, it follows
that if T+5 < oo, then there is no solution of IVP (1.1)-(1.3) in C([0, T}, s}; H*H) N
L0, T7 BS+5) We claim that T, 5 > Ts. Thus, this lemma is verified.

In fact, if T, 5 < T, we write (1 1)—(1.3) as the integral equation

u=S(t)e(Ty) — iSr(uv + AlulPu), (4.19)
v = B.(t)n(Ty) + Bs(t)ni(Ty) + Bsr(v 4+ BvE T 4 |ul?), (4.20)

where €y, ng and A¢g are replaced by €(Ty), n(Tp) and n.(Ty) respectively; Ty =
T7, 5 — 0, constant 6 > 0 to be selected later.
Let us take po = p(0) = 2, p1 = p(1), p2 = p(p), p3 = p(K) and 2 = (% -L) 6=
0,1,2,3), where p(k) is defined by (4.16). It is obvious that (v;, p;) ( = 0,1) are
Ty

1)
admissible pairs. Note that there exists a solution u, v € C([0,Ts s H®) N
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LY0,Ts — Ty; BE ) for (4.19)(4.20). Indeed, u(t) = e(Tp + t), v(t) = n(Ty + t). Thus,
VI € (0,75 — Tg] we have

b

s & D
lll g, pags < Cllels To)ll oo +C{HUUHL;§;BE+‘;) [|ul UHL;?BZ:?

||UHLqT13;;6 < C (InC To)|l gross + Ime(-s To) || gross—2)

K
LTIl 0 povs + v T g g Pl 5

Tl p32 Tl p12

Using Lemma 4.4 or the same arguments of the proof of Lemma 4.4, and employing
Holder’s inequality, VT3 € [0,Ts — Typ] we obtain that

1—3
Jull g g < C (4 Nl Tlena) + T2 (el g + ol s )

_p+2

+CTy ™ ||U||L;§3;;g,
oy s < € O+ I ) s+ e T )

3 _ K42

1— K+2
+CT1||UHL}?B;(‘;‘; +CT, ™ HUHL;llB;:r’(; +CT ¢ HUHL;?;B:;‘;?
where constant C is only dependent on Ty, d,s, A, B, p, K, ||e||L;j‘B;2(j = 1,2),
s Boj,
HnHL;JS'Bs (] = 07 173) lndependent of T17 s*+67 ||6('7T9)HHs+67 ||TL(',T9)HHS+5,
Hnt(',Tg)JHHH(;,Q. So far using the same arguments of the proof of Lemma 4.3, this
lemma can be verified.

Lemma 4.6 Suppose that d, B, K, p, A satisfy the conditions (1.4)(1.5), real
number s € [1,2), p satisfies the condition P([s] +1). Let 0 < § < §yp = min (%, +, %),
s+6 € (1,2), €, no, ¢po € HT® € H* and (e,n) be the solution of IVP (1.1)-(1.3).
If there exists Ty 6 (0,00), such that €, n, (—A)"'n; € L0, Ts; By o) N C([0, Ts); H?),
then €, n, (—A)"'n; € LI(0, TS,BS+6)HC([O,TS];HS+5), where (q,r) is any admissible
pair.

Proof To prove this lemma by using the same arguments of the proof of Lemma
4.5, it is sufficient to establish some estimates of nonlinear terms which is similar to
(4.18). Note that m = [s] + 1 = 2, for any v € Bs+5 and positive integer J <

oo, d=1,2
, we have
4, d=3

e of [T s e+ 4k th 3
v Hstg < A { ﬁg” Z (- + k)Lt
o Yy k=0
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< Clllzen 0]l geis + Cllollza ol gesayre ol pessyes

where
1 rige=ot 0<s<4,
p=plJ), =9\ 1/1 111 2 1 o d ;
p(]) §(§+max 5_375_(J+2)d’m})7 §2 5
) TR+ L), d=1,2 1 LA+ L), d=1.2
_ 1 +8 _ 3 _J) 1 _ st 3
E_ E‘FST» d_3a56{17§) E_ ;_sTa d—3756[1a§) )
L(+L), d=3s5¢cl}2) Li+1L), d=3s5¢l}2)
é
pi* = %(1—%). Since § < mln{2,J} we have p%— 522 > %—g From pi <
11 <19« L <1andthe embedding theorems of Besov spaces, it follows
P’ P11 P12 P
that Bj, c Lr+, By,  BUTYP Bt ¢ BUTY2 Thus, we have [Jo/ )| pops <
o,

C'||vH;é;2 <||U||B;‘,2 + ||uHBZ+25) So far using the same arguments of the proof of Lemma

4.5, the lemma is proved.
Proof of Theorem 5 Using Theorem 14, Lemma 4.5 and lemma 4.6, Theorem
5 is proved.

Acknowlledgment 1 thank Professor Boling Guo for several discussions about
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