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1. Introduction

Ferromagnetic materials can attain a large magnetization under the action of a small
applied magnetic field. To explain this phenomenon, in 1907 Weiss suggested that any
small portion of the body exhibits a spontaneous magnetization and is magnetically
saturated even if no magnetic field is applied. In 1928 Heisenberg explained the sponta-
neous magnetization postulated by Weiss in terms of the exchange interaction. In 1935
Landau and Lifshitz [1] proposed a quantitative theory, now known as micromagnetics.

In the classical study of 1-dimensional motion of ferromagnetic chain, the so-called
Landau-Lifshitz equation for the isotropic Heisenberg chain is a special case of the
generalized systems

My =M x My, + f(z,t, M) (1.1)

and such an equation usually appears in the study of pure material. In the past years a

lot of works contributed to the study of the soliton solution, the interaction of solitary

waves and others for the Landau-Lifshitz equation in [2 — 5]. Generally speaking, the

existence of global weak solutions for initial-boundary value problems and the Cauchy

problem of the generalized system of ferromagnetic have been established in [6 — 8].
The system of Heisenberg spin chain

M, = M x Mg, (1.2)

also called the Landau-Lifshitz equation, is proposed to describe the evolution of spin
field in continuous ferromagnets. In [9], Sulem, Sulem and Bardos studied the well-
posedness for the Cauchy problem of the system (1.2). In [10], Zhou, Guo and Tan
have gotten existence and uniqueness of smooth solution for the system (1.2).
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The above discussion is referred to a perfect crystal and does not allow the presence
of magnetic inclusions: impurities, dislocations and other defects. This also covers the
case where magnetic inclusions are regularly distributed; a typical example is steel. In
[11] Augusto Visintin proposed to describe the effect of defects on evolution by means
of modification of the Landau-Lifshitz equation, i.e.

My, = M x (M, — 1Mty

| M| (1.3)
M(z,0) = M°(z),

where 7 is a positive constant to account for the average distribution of defects in
the material. For a nonhomogeneous material, 7 may depend on z , and may be
also replaced by a 3 x 3-tensor to account for anisotropy. In this paper for simplicity
n =constant is discussed. But the argument used here also works for the case n = n(z).

In order to avoid singularity of (1.3) where M; = 0, with W = M, — My
/€2+ | Mt |2

we first study its regularized problem

{ M; =M x W,
(1.4)

M(z,0) = M°(z).

Following [12], we introduce Gilbert damping to (1.4) and consider the following prob-

o My =MxW —aM x (M xW), (t,z)e (0,T] x £,

{ M(z,0) = M°(z), x €€, (15)
where T is a positive constant and 2 = [—1,1]. According to the classical theory of
Weiss, |M(z,t)| = 1. Hence (1.5) is equivalent to the following problem

My =M x W + oW + o|M,|*M, (t,z) € (0,T] x €,
{ M(z,0) = M°(z), x €. (1)

Our sketch is as follows. Firstly, we establish certain a priori a-independent esti-
mates for the solutions of the problem (1.6), which allow us to obtain a sufficient smooth
solution to Cauchy problem for the problem (1.4) by passing to the limit « — 0. Sec-
ondly, the existence of the sufficient smooth solution for the problem (1.6) is proved by
using the fixed point theorem and a—independent estimates.

Throughout the present paper all the positive constants depending only on 7,
| MO mr(@), I, independent of a and €, unless otherwise stated, will be denoted by
C' and they may be different from line to line.

Theorem Suppose M°(x) is in H*(Q),k > 4 with |M°(z)| = 1 and M°(—1) =
MPO(1), then for any positive constant T,
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(1) Let o, e be any positive number and M (x,t) be a sufficiently smooth solution of
(1.6). Then
sup ([[Meoll 4 [[Me]| + [[Me|)) < C,
0<t<T

and 1
sup | My pi—as || < C(=),k > 3.
0<t<T,0<s<[£] <

(2) Let € be any positive number. Then the initial value problem (1.4) with the peri-
E
odic boundary condition has a unique periodic solution M (x,t) € ﬂLQZ]OWS’OO(R+; HF=25(Q))

loc

and M (z,t) satisfies |M(x,t)| = 1 for any x € Q and for any t > 0. FEspecially, if
MO(z) € C®(2), then M(z,t) € C=([0,T] x Q).

(3) Lete = 0. Then the problem (1.8) admits a solution M (x,t) such that |M (z,t)| =
1, M(z,t) € L(0,T); H2(52) \W=([0, T); ().

Finally, it should be pointed out that the uniqueness of the solutions of (1.3) is still
open.

In this paper we use || || to replace || |[[z2() and denote by | ||, the usual

| ||LP(Q) with 2 < p < 0.

2. A Priori a-Independent Estimates

Lemma 2.1 Ifu(z) € HY(Q), then |[u]leo < C(||Dul|?|ju|? + |[ul).
1

1

Proof Denote u = 2/ udx then |u| < C|lu||. By the mean value theorem,
-1

Jxg € Q,Vy € 2, we can get

Y

(u —a)*(y) = 2/ Uy (u — u)dz.

zo

Hence
Ju —al|%, < Cllugl|ju —al| < Cllug||ul-

This completes the proof of Lemma 2.1.

Lemma 2.2 Let the assumptions in Theorem be fulfilled. Then in the classical
sense (1.5) is equivalent to (1.6).
Proof Let M(x,t) be a classical solution of the problem (1.5). By taking inner
product with M (z,t) of (1.5), it is easy to see that
10

M|? = 0.
20t |

Thus we have |M(z,t)| = |[M°(x)] = 1. So

—aM x (M x W) = a|M]*W — (M -W)M = oW + a|M,|>M.
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On the other hand, if M(x,t) is a classical solution of (1.6), taking inner product with
M(x,t), we have

a
2 Ox?

1 an 0 9
14 )M
0+ )]

M = |M(xz,t)]? — 1 satisfies

|M[? + M *(IM]* 1),

1 an O ad® 257
51+ — V9N =% I N + o|M,|>M,
5 €2+|Mt’2)8t 2 942 [ M|

M(x,0) = 0.

Using the energy method we know M (z,t) = 0, i.e. |[M(z,t)] = 1,Vz € Q,t > 0.
Obviously M (x,t) is a classical solution of (1.5). This completes the proof of Lemma
2.2.

Lemma 2.3 Let the assumptions in Theorem be fulfilled and M (x,t) be a suffi-
ciently smooth solution of (1.6). Then we have

sup || My || < [[M]|.
0<t<T

Proof Taking inner product of (1.6) with W and integrating over €2, we have

1d ! M;|? !
——— || M| = |t|d93:oz|WH2a/ | M |>M - Wdz.
2dt -1 \/€2+ | M, |2 -1
Consequently,
1d ! ! My|?
||Mx||2+0¢/ |M x W|*dz = —n dego.
2dt -1 —1\e2+ | My |?

In getting the last expression we have used M - W = —|M,|? and |M(z,t)| = 1. This
ends the proof of Lemma 2.3.

Lemma 2.4 Let the assumptions in Theorem be fulfilled. Then any sufficiently
smooth solution of (1.6), M(xz,t) satisfies

sup ||My,| < C.
0<t<T

Proof After differentiating (1.6) with respect to x, taking inner product with W,
and integrating over (), we have

1 1
%||Mm||2+2a||WxH2 :—2a/ (|MI\QM)I-dex—2/ M, x W - W,dz
1 —1

My - (

1
M
_2/ .t
—1 vV €2+ ‘ Mt |2

)mdl':Il—l-Ig—l—Ig. (21)
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It is easy to see

I3 = dx <0 (2.2)

2/1 n[_(EQ + |Mt|2)]Mt:c : Mtx + (Mtx : Mt)2
3
-1 vV 52 + |Mt|2

and
I < 20| My ||3IWe || 4 4o M [l o | M ||| W

From Lemma 2.1 and Lemma 2.3, it follows that || M| < C||My|||| M. So

I < Ca|| My ||[[|We | + Caf| Myg|oo | Wel|

o
< §||W:I:H2 + CO‘HMMHZ + CO‘HMM”i;

« nM;
< §||Wa:|\2 + Cal| My ||* + Ca (IIWHio + HII§O>

/52+ ‘Mt|2
< al|[We|? + Ca||Mye||* + Ca|W|* + Ca
< a||We? + Ca|| M| + Ca. (2.3)

In what follows we are going to handle the term Is. If |M,| # 0, then the vectors
M, M,, M x M, form an orthogonal frame of R3. We let

Then

L = —2/11[(Wx My x MYW - M)+ (W - M x Mp)(W, - M)]da

1 1
— 2 . X €T 2 . X X
=4 [ LR (0 x Wa)de + [ (M) -0 x M)

YoM M, 1 )
n(W-MxMx)d:U—Z/ IML(W - M x My,)da
-1 \e2+ | M2 -1
1 ) 1 ) Mt
:5/ M, - (M x W), ](|M. dx+3/ My |2 (f———t - M x M,,)dx
_1[ 2 ( )a) (| Mo |*) _1| x| ( SEmTAE )
1
M, - M.
i R x My)dz. (2.4)
~1 \/€2 + | My?

For the second term on the right hand side of (2.4), we have

1 1
M
3/ |My|?(n———— - M X My,)dx < 3/ | M| My |da
1

-1 Ve? 4+ | My _

3
< 3| M |3 Ma || < Cl[Maal|2 < C|| Mo + C. (2.5)
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For the third term on the right hand side of (2.4), we have

L MM,

T (WM ox M,)de
—1 /€2 + | M|?

1
<2 / Mol (| Mo [ M| + 1Mo )de < Ol Mol + C. (2.6)
—1

Integrating the first term on the right hand side of (2.4) with respect to t, we have

/ / (M x W), |(|M,|*)dzdr

—5// | M, |2 [M, - (My — | My|*M — aW),|dxdr
Z(HM 13— 1IM21D —5a/ / | M, | d:vdr—5a/ / | M, |> M, - Wydxdr
1
< Il +0+ 5 [ IWalPar +ca [ [atePar (27)

After inserting (2.2)-(2.6) into (2.1), integrating with ¢, we can obtain
t t
Meal [ W Pdr < €1 t) / M2+ C
0

+5/ / (M x W)](M,P)dadr.  (2.8)

Combining (2.7) with (2.8) gives at once
2 aff 2 1 2 ! 2
Ml + 5 [ IWalPdr < S1Maal?+ O+ @) [ Ml + €1+ a),
0 0

Using Gronwall’s inequality we can obtain

sup HMMH < C.
0<t<T

Remark Let the assumptions in Theorem be fulfilled. Then any sufficiently
smooth solution of (1.6), M (x,t) satisfies

sup HMtH2 <C.
0<t<T

Lemma 2.5 Let the assumptions in Theorem be fulfilled. Then any sufficiently
smooth solution of (1.6), M(xz,t) satisfies

sup || M| < C.
0<t<T



No.1 Existence of solution for modified Landau-Lifshitz model 87

Proof After differentiating (1.6) with respect to ¢, taking inner product with W;
and integrating over (), we have

d 1 1
£\|Mm||2+2a||WtH2 = —2a/ (|Mx|2M)t-Wtdx—2/ M, x W - Wydz
—1 —1

1
M,
—2/ tht . (—t>td$

-1 Vet | My |?

Now we integrate the above equation with respect to ¢, then we can obtain

| Mu? + 20 / IWil2dr = MO — 20 / / (IML2M), - Widadr

—2// My x W - Wydxdr

—277/ / Mtt ) dxdr
2+ | Mt ’2
= | M| + J1 + Jo + J. (2.9)
It is easy to see that

J3 —2/ / 8 + [ M| )]Mtt'Mtt+(Mtt-Mt)2

3
\ 82 + ‘Mt’2

The argument used to I; in Lemma 2.3 also works for .J;, so we can obtain

dzdr < 0. (2.10)

t t
Ji1 < 3/ ||Wt|2dT+Ca/ | My ||?dr + Co. (2.11)
0 0

In what follows we are going to handle the term Jo. If |M;| # 0, then the vectors
M, My;, M x M; form an orthogonal basis of R3. Let

(Wt'Mt) Wt'MXMt

W, = (Wt . M)M + t
| My |? | My |?

M x Mt.
Then
t 1
Jo = 2/ / | M |> My - (M x W)dxdr
0 —1
t 1
—2/ / (My X W - M)(—2M, - Myy — W - My)dzdr
—1
t 1 t
< 2/ / ML 2M, - (M % W)td:vdTJrC’/ Moo | Mo [V 7
0 —1 0

t
‘c / |02 W |2
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t 1 t
< 2/ / ML 2M, - (M x W)tddeC/ (IMae|? + || Mo )
0 —1 0

t t 1
< C/ | My||?dr + C + 2/ / |M,[>M; - (M x W) dxdr. (2.12)
0 0 J-1

In getting the last expression we have used W; - M = —2M, - M, — W - M,.
For the last term on the right hand side of (2.12), we have

t 1
2/ / |M|2[M; - (M; — oo| My |>*M — oW );]dzdr
0 —1
t 1 t
<— [ [ (spyissfasis+ ca [ widr
0 -1 0
a [* 2 ¢ 2
<§ [IWilPar+ca+C [ MMl dr
0 0
a t t
< 2/ ||WtH2d7'+C'a+C/ | M| 2. (2.13)
0 0
From (2.9) to (2.13), we have

t t
(| M| + a/ |Wi||?dr < Cla + 1)/ | M ||?dr + Ca +1).
0 0

Using Gronwall’s inequality, we can obtain

|Mu|><C, YO<t<T. (2.14)
Finally
M; =M x W 4 oW + a|M,|>M
and
~M x My = —aM x W + W + |M,|*M
imply that
1
W= M; — M x M;} — | M|*M.
o {aMy i} — M|
Hence
1 nM;
Mzz: 1+a2{OLMt—MXMt}—|ME‘2M+TWt|2, (215)
1 nM;
Mz = 2 {aMmt - (M X Mt)x} - (|Mx|2M)m + (7):12
1 + o 52 + ‘Mt|2
1
= {aMy — (M x My),} — (|My|* M),
. (52 + \Mt\z)Mm — (Myy - My) M, (2.16)

3
/52 + |Mt‘2
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From (2.14) and (2.16), it follows that

sup H e + |Mt‘2Mmcz|| <C.
0<t<T

Lemma 2.6 Let the assumptions in Theorem be fulfilled. Then any sufficiently
smooth solution of (1.6), M(x,t) satisfies

1
sup (|| Mazaz|l + [[Meel| + | Mizz|]) < C(=).
0<t<T £

Proof From the proof of Lemma 2.5, it follows that

2 | My/|? t )
[ Mia||” + 277 dedr < C | || My |*dr + C.
52 + ’Mt‘z)g 0

By Lemma 2.5 and Remark of Lemma 2.4, we can obtain

T 1
| ilpar < o), (2.17
0

From (2.15) we can get

1 nM;
My = —{aMy — (M x Mt)t - |M QM)t + (7)157
T 2{ ( } ( x’ €2 4 ’Mt|2

1+«
1 nM;

Mxmxm = W{QMMWE - (M X Mt)x:):} - (|Mm’2M)mx + (W)mx (218)

From (2.17) and (2.18), we can get

T
1
| el + 10l <€)

By the same argument as we have done in the proof of Lemma 2.5 we can complete
the proof for Lemma 2.6.

Also we have the following general uniform estimates for arbitrary sufficiently
smooth solutions of (1.6).

Lemma 2.7 Let the assumptions in Theorem be fulfilled and M (z,t) be a suffi-
ciently smooth solution of (1.6). Then

1
sup | Mys pr—2s || < C(g)
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3. Existence and Uniqueness

In this section we will prove local the existence of (1.6) with M%(z) € H*(Q) and
the uniqueness of (1.4) with M%(z) € H5(Q).
First of all we consider the following problem

M, = A(z, )My + F(z,1), (t,z) € (0,T] x Q, 1)
M(x,0) =0, x € Q, '
where M (z,t) is a vector in R3, A(z,t) is a real matrix.
t
Hypothesis:  F(z,t), A(z,t) € H*([0,T]; L*(2)) N L2([0, T); H*(?)) and AJ;A

is a uniformly positive matrix, i.e. I\g > 0 satisfying

A+ At

£-6> Nl€]2,VE € R3, (x,t) € Qx [0,T].

[13] tells us that (3.1) has a classical solution.

Lemma 3.1 Let the above hypothesis be fulfilled and let M (z,t) be a sufficiently
smooth solution of (3.1). Then

t
Oiugt(llMtllip + 1M 7s) +/0 (1M 13ga + Mol Fp + | M| *)dr
ST

t
<c / (F 12+ 1FIP + | As Mool + | Aue Mas |? + | AMys|2)dr,

for some constant C' depending only on Ag.
Proof Taking inner product of (3.1) with M, and integrating over €2, we have

1d L A4 A 1
2 dt 2 .

Integration with respect to t yields

t 1 t
P+ o [ 1My < 5 [P
0 0Jo

This ends the proof of Lemma 3.1 by the same steps.

Consider the following problem
{ M; = A(x,t)Myy + B(z, t)M, (t,z) € (0,T] x £, (3.2)
3.2

M(z,0) =0, x €.

t
Lemma 3.2 If A+A £-6£>0,V¢ € R® and A(x,t), B(x,t) € HY([0,T]; HY(2)),

then the solution of (3.2) is unique.




No.1 Existence of solution for modified Landau-Lifshitz model 91

Proof Taking inner product of (3.2) with M, and integrating over {2, we have

1d Lgg A 1
e = / My, - My + / BM - M, dx.

t

£ - € >0 and integrating by parts, we can obtain

d
TN < CUIM oo M| + [V ). (3-3)

Taking inner product of (3.2) with M and integrating over {2, we have

1d 1 1
—HMH2=/ AMm-Md:r—i—/ BM - Mdz.
2 dt . o

Integration by parts yields
L2 < oMl M||? + || M2 3.4
M7 < CUIM looll Mo | + M1 + [[Me]%)- (3.4)
Using (3.3), (3.4) and Lemma 2.1, we can get
d
(M + M%) < COIMIP + | M ][?).

Using Gronwall’s inequality we can prove Lemma 3.2.
Defining

t
1M1 = Oiugt(llMtqul + | M52 +/0 (1M NFgs + | Mel 2 + | Meel*)dr,
ST

all constants depending only on 1, Ag, || M°|| 4, €, a will be still denoted by C. Set

0 [ + A(M)],

AV 82 + |Mt’2

where M; = M;(x,t) is a function, ¢ = 1,2,3 and I a unit matrix, € a positive constant.

B(M, M) =1 +

M'= (M My M;),
0 —Ms M,
A(M ) = M. 3 0 —-M 1
—Ms M, 0
Then the problem (1.6) is equivalent to the following problem

{ B(M, My)M; = [al + A(M)| My + o|My|2M, (t,2) € (0,T] x Q, .

M(z,0) = M°(x), x €.
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Without loss of generality, we may assume MY(x) € C*(£2). Set
M(z,t) = V(x,t) + M°(z).

Then V' (z,t) satisfies

BV, Vi, M)WV, = [l + A(V + M) |Vyy + F(V,Vy), (t,z) € (0,T] x €, 56
V(z,0) =0, x € Q, .
where
F(V,Ve)= [af + AV + M) ME, + a|[Ve + M2 (V + M)
= F(0,0) + B(V) + B'(V)V, + B*(V)|V,|?
for some smooth vector BY(V), B2(V) and smooth matrix B(V).
Lemma 3.3 Set B=1+ ——L—[al + A(M)] and D = oI + A(M). Then
€2 + ’Mt‘Q
B7'D + (B~ 'D)! aE g i 3
552 |€’ 7va767nERa€€R'
2 e+ an

Proof With a = 7V|Mt,‘f“2 + o, we have
B= JJWW + A(M)).
Hence
B™'D + (B™'D)! = (a — a)(al + A(M)) " [(al + A(M))(al + A(M))!
+(al + AM))(al + AM))(al + A(M))™"
= (a — a)(al + A(M)) ' [(al + A(M))(al — A(M))
+(al + A(M))(ad — A(M))](al + A(M))™*
=2(a — a)(al + A(M)) aal + A(M)A (M)](al + AM))™,
then for any & € B3, with (al + A(M))~*- £ = ¢, we have

B~D + (B-1D)!
2

On the other hand, ¢ = (al + A(M))! - ¢ and

¢-&=(a—a) [aal¢]* + AM)A (M)¢ - (] .

€7 = a?[¢]* + A(M)A'(M)C - ¢,
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B~D + (B-1D)!
2

{-&=(a—a)— (ZIC\2+ ~AM)A(M)C )
> (CL—Oé)*(aQ!C\2 +AM)AY(M)C - €)

2 2
> (a— )12 e

namely, F\o(a, ) > 0 independent of M, M, satisfying

B~'D + (B 'D)t

5 E-Ez Mg’ Ve R

Define ¥ = {V | |||V]||1, < ¢}, for some constants Tp, g to be specified. For arbitrary
To,q > 0 and V € X, consider the following problem

{ B(V, Vs, MOYU, = [al + A(V + M%) Uy + F(V, V), (t,2) € (0,T] x 9, 5.7
. .

(z,0) =0, x €.

Lemma 3.4 (3.7) has a local solution in X.
Proof Denote

B(V) = B(V,V;, M®),D(V) = oI + A(V + M°).

For arbitrary V € X, from Lemma 3.1, it follows that

To
U1, SC/ (1B V)F (V. Vi) 32 + I[BH(V)F(V, Vo) el*)t

+0/ (1B D(V))aUsaall® + [|(B~H(V)D(V)) 2 Usal?
+(B~H(V)D(V))eUse||?)dt
< Cq* + CPTo + CP||U || 3,

1
< Cq' +Cq*To + S IV,

Consequently
1101117, < Cq* + Ce*To < ¢

if ¢ < g and T < Ty, for some sufficiently small constants g, Ty,depending only on
g,a, 1, >‘07 HM0||H4
For arbitrary V1, V?2 € X, U(i = 1, 2) are the corresponding solutions of the problem
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(3.7), then we have
0t~ i< 0 [ 1B D)~ B DI, + RV
vo [ B DO - B DO, + P VPt
| B DOV — BV V) e
vo [ B PO EV Y - R V2
.

o [ B VDY)
0

Trxr

~ U I?
HIBTH VDV ]aa(Use — U |I?
HIBTHVHDV Uy — Uz, |17}t

< CP|IVt = V2IIE, + Clut - UPlig,

1
< CE([IVE = VAT, + 5 IIU" = TP,

i.e.

1
Ut = U2lI7, < IV = VAl < Z IV = VAIIE,

if ¢ < g and T < T, for some smaller constants g., Tkx,depending only on ¢, a, 7, Ag,
| MP|| 4. By the fixed point theorem, we know (3.6) has a local solution in X.

Lemma 3.5 With M° € H5(Q), the solution of (1.4) is unique.
Proof Let M', M? be the solutions of (1.4), i.e.

M}

M} = AMY)(My, —n———=),
e2 + | M}?
M2
M} = A(M?) (Mg, —n —).
e + | M7

Let M = M' — M?, then M satisfies

1
[I+nA(M1)/O BV |y, a2 a2y AN M,
2
nM; )M (3.8)

e+ IMEP

=AM My, — A(M? —

M(z,0) =0,
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with b = y/e2 + | M;|2, M* = (My, My, Ms). We have

~ 2 A A N A
. V> — My,  —My My —My My

U " A ~ 9 IN
B(M;) = 3 —My My b* — My,  —Myy My
NN N ~ 2
—My My —Myy Mz b* — My

N N 62
It is easy to see B(M;) > 7 On the other hand, with

1
R=1+nAM") / B(My)d,
0

RTAM") + A{(MY)R™" = RTAM")R' + A"(MY)R|R™"
= 2nRYA(M?) / 1 B(M;)d A (MR
0

> 0.

Hence, the uniqueness of (3.8) immediately comes from Lemma 3.2 and
hence M!(x,t) = M?(x,t).

The end of the proof for Theorem: The proof for (1) in Theorem is the immediate
consequence of Lemma 2.3, Lemma 2.4, Remark and Lemma 2.7. Although the local
existence in Lemma 3.4 depends on « and ¢, in view of a priori a-independent estimates,
the extension method of local solutions gives: for arbitrary 7" > 0, (1.6) has a periodic
solution in ﬂLéOWs’m([O,T];Hk_Qs(Q)). Then by passing to the limit « — 0 and
Lemma 3.5, (2) in Theorem is proved. At last, passing to the limit ¢ — 0 ends the
proof of Theorem.
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