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Abstract The existence and uniqueness of the positive solution for the generalized
Lotka-Volterra competition model for several competing species

Aut +ut(a —g(ut, ..., u™N)) =0 in Q,
u' =0 on 09,

for i =1,..., N were investigated. The techniques used in this paper are elliptic theory,
upper-lower solutions, maximum principles and spectrum estimates. The arguments
also rely on some detailed properties for the solution of logistic equations.
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1. Introduction

A lot of research has been focused on reaction-diffusion equations modeling of vari-
ous systems in mathematical biology, especially the elliptic steady states of competitive
and predator-prey interacting processes with various boundary conditions. In the ear-
lier literature, investigations into mathematical biology models were concerned with
studying those with homogeneous Neumann boundary conditions. From here on, the
more important Dirichlet problems, which allow flux across the boundary, became the
subject of study.(see [1-8])While necessary and sufficient conditions for the existence of
positive solutions to the steady states have been established for rather general types of
systems(see [7, 8]), our knowledge about the uniqueness of positive solutions is limited
to somewhat rather special systems, whose relative growth rates are linear; the results
established are only for the following competition models(see [?], [3-6])

Au + u'(a; — But — Z?ZM# ciju’) =0 in Q,
ui|89 =0,
u' >0 in Q
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fori=1,...,N.

The question in this paper concerns the existence and uniqueness of positive coex-
istence when the relative growth rates are nonlinear, more precisely, the existence and
uniqueness of positive steady state of

At + ! (ai—gi(ul,...,uN)) =0 in Q,
u' =0 on 99

for i = 1,...,N. Here, a;’s are positive constants, g;’s are C'' functions, € is a bounded
domain in R™ and u®’s are densities of N competitive species.

The followings are the problems which we will discuss in this paper.

Problem 1 What are the sufficient conditions for existence and uniqueness of
steady state at a fixed reproduction (a1, ...,ax) in RN? When does either one of the
species become extinct, i.e. when is either one of the species excluded by the other?

Problem 2 Assume the uniqueness of coexistence state at a fixed reproduction
(a1, ...,an), is it possible to do the perturbation to an open ball around (a1, ..., ax) with
the uniqueness, strictly speaking, is there a neighborhood V' of the fixed reproduction
rate (ai,...,an) such that the uniqueness of coexistence state is guaranteed for any
reproduction rates (af,...,a’y) in V?

Problem 3 This is the generalization of Problem 2. What is the answer of Prob-
lem 2 when we have the uniqueness of positive solution to the above equation on the
left or right boundary of a closed, convex region I' of the reproductions (aj,...,an)?
Can we still perturb the region I' to an open set including I" with the uniqueness?

In Section 3, some sufficient conditions to guarantee the existence, uniqueness of
positive solutions are obtained and we also see that they can not coexist for small self-
reproduction rates using upper-lower solutions and spectrum estimates, which solves
Problem 1. In Sections 4 and 5, we provide the answers for Problems 2 and 3 using
elliptic theory, maximum principles and implicit function theorem.

2. Preliminaries

In this section we state some preliminary results which will be useful for our later
arguments.

Definition 2.1 (Upper and Lower solutions) The vector functions (a',...,a"),
(ul,...,u™N) form an upper/lower solution pair for the system

Aut + gl (uly..,ulN) =0 in Q
ut =0 on 0Q
if fori=1,..,N
AT gH(ul, T at el
Al + gt (ut, o u T ad utt L uY)
in Q for v <wu <@, j#£i,

0
0

IV IA
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and
on

a
0<a on O9.
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%
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Lemma 2.1 ([?]) If g’ in Definition 7?7 are in C' and the system admits an up-
per/lower solution pair (u',...,u™), (@', ...,av), then there is a solution of the system

—_ )y =

in ??7 with vt < ut < @ in Q. If

AT+ gi(at, ..., av) # 0,
Au' + g (u' . u

inQ fori=1,...N, then u’ < u’ < @' in Q.
Lemma 2.2 (The first eigenvalue)([?])

(1)

—Au+q(z)u = A in Q,
ulog =0,

where q(z) is a smooth function from Q to R and Q is a bounded domain in R™.

(A) The first eigenvalue A1(q) of (??), denoted by simply Ay when q =0, is simple
with a positive eigenfunction.

(B) If ¢i(x) < qa(x) for all x € Q, then Ai(q1) < M(q2)-

(C) (Variational Characterization of the first eigenvalue)

(IVeI* + q¢*)da
Ai(q) = min Q .

PEW (Q),0£0 / *dx
Q

Lemma 2.3 ([?])

Lu= Z a;j(x)Diju + Z a;(x)Diu+ a(z)u = f(z) in Q,
ij=1 i=1

where ) is a bounded domain in R™ and
(M1) 002 € C?(0 < a < 1),
(M2) Ja35(2)]as 03(2) o o)l € MGy = 1,.c0m), )
(M3) L is uniformly elliptic in Q, with ellipticity constant v, i.e., for every x €
and every real vector & = (&1, ...,&n)

n

> ()&t =YL&l
i=1

ij=1

Under this conditions, we have the following statements: Maximum principles and
Schauder’s estimates.
1. Maximum principles
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Let u € C?(Q) N C(Q) be a solution of Lu > 0(Lu < 0) in Q.
(A) If a(z) =0, then maxg u = maxgg u(ming u = mingg u).
(B) If a(z) < 0, then maxgu < maxggu™ (mingu > —maxggu™), where ut =
max(u,0),u” = —min(u,0).

(C) If a(x) = 0 and u attains its mazimum (minimum) at an interior point of €2,
then u is identically a constant in Q.

(D) If a(x) < 0 and u attains a nonnegative mazimum (nonpositive minimum) at
an interior point of €2, then w is identically a constant in €.

2. Schauder’s estimate

If u € C%%(Q) and ulgn = ¢ € C*>*(00Q), then
[ulz,a < e(|Lula + |ulo + [81552),

where the constant ¢ > 0 s independent of u.

Lemma 2.4 (Implicit Function Theorem)([?]) Let X,Y, Z be Banach spaces. For
a gwen (up,v9) € X XY and a,b >0, let S = {(u,v) :|| u—1up ||< a,|| v—oo ||< b}.
Suppose F : S — Z satisfies the following:

(A) F is continuous.

(B) Fy(-,-) exists and is continuous in S (in the operator norm).

(C) F(Uo,'l)o) =0.

(D) [Fy(ug,v0)]~" exists and is a continuous map from Z toY .
Then there are neighborhoods U of uy and V' of vy such that the equation F(u,v) = 0
has exactly one solution v € V' for every uw € U and the solution v depends continuously
on u.

We also need some information on the solutions of the following logistic equations.
Lemma 2.5 ([?])

Au+uf(u) =0 in Q,
U|8Q =0,u>0,

where  is a bounded domain in R™ and
(A) f is a strictly decreasing Ct function,
(B) there exists co > 0 such that f(u) <0 for u > cg.
(1) If £(0)
(2) If f(0) < A1, then u = 0 is the only nonnegative solution of the above equation.
In the case (1), we denote this unique positive solution as #¢. The main property about
this positive solution is that 0 is larger as f is larger, i.e. 0, < 0y if g < f.

> A1, then the above equation has a unique positive solution.

3. Existence, Nonexistence and Uniqueness

We consider the Lotka - Volterra model with general and combined self-limitation
and competition rates
{ Aul 4+ ut(a; — gi(ut,...,u™N)) =0 in Q,

. 2
u* =0 on 0f), @
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where a;’s are positive constants, €2 is a bounded, smooth domain in R" and

(U1) g; € C! is a strictly increasing function with respect to u; with i = 1,..., N,

(U2) there exist ki, ..., kxy > 0 such that ¢;(0,...,0,2,0,...,0) > a; for x > k;.
Theorem 3.1 (Existence and Nonexistence)

(A) If a; > M +gi(k1, ooy kiz1,0, kg1, ..., k) fori=1,..., N, then the equation (77)
has a positive solution (u',...,uN) with

7
eaﬁgi(kl,~~~,k1‘717'7ki+1,-~,kN) <u < eargi(0,...,0,-,0,.‘.,0)

mn Q fori=1,...,N.
Conversely, any solution (u',...,u™N) of (?7) with u* > 0 for alli = 1,..., N in Q must
satisfy these inequalities.
(B) If a; < A\ for somei =1,...,N, then the equation (?7) has no positive solution.
Proof (A) Let 4’ = Oa;—g:(0,...,0,0,...,0) for i =1,..., N. Then since g; is increasing,
we have

AT+ a(a; — gi(at, ..., a")) = Ad + @ (a; — gs(0,...,0,a",0,...,0
+9(0,...,0,@", 0, ...,0) — g; (@', ..., a™))
= a'(g;(0,...,0,a,0,...,0) — g;(a*, ...,a"")) < 0.

So, %' is an upper solution of (?7).
Let v’ = 0,,
we obtain

—gi(k1 kit kit k) f0T 4 =1,..., N. Then by the Maximum Principle,

u' <0

4i—gi(0,..,0,,0,..,0) < ki for i =1,..., N.

Since g; is increasing, we get

A+ ul(a; — gi(ut, ., u)) = A+ ui(a; — gi(ke, ooy ki1, uh ki, o ki
+gi(k17"'7ki717@27k’i+17"'ak1\7) —gi(ul,---,
= u'(gi(k1, s kic1, ' ki, s k) — gi(u!, ., uY)) > 0.

Therefore, 1’ is a lower solution of (77?).
Furthermore, v’ < @' in Q and v’ = @' = 0 on 90 for i = 1,..., N. So, by Lemma
??, (??) has a solution (u',...,u") with

1
Ot —gi (et ooskii 1, 1din) < U < ba;—g,(0,...,0,10,...,0)

fori=1,...,N.

Suppose (ul,...,u) is a coexistence state for (??). Then since
At + ut(a; — ¢;(0,...,0,u%,0,...,0))

> Au' +u'(a; — gi(u', ..., ulN)) = 0,

u® is a lower solution of
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AZ + Z(a; — gi(0,...,0,2,0,...,0)) =0 in Q

3
Z =0 on 0f. 3)

But, since any constant larger than k; is an upper solution of (??), by Lemma ?7 and
the uniqueness of positive solution of (??), we have

U < 04, 4:(0,...0.-0,...0) for i=1,...,N. (4)
Since g; is increasing and u® < 04, -9:(0,..,0,-0,...0) < ki for i =1,..., N,
Aul +ut(a; — gi(k1,y oo kio1, 4l kivt, o kN))
< Au +ut(a; — gi(ug,...,un)) = 0.
Therefore, u' is an upper solution of

AZ + Z(CLZ' — gi(kl, v ki1, Z ki1, ...,]{ZN)) =0 in Q

5
Z =0 on 0f. (5)

If € > 0 is so small that a; — g;i(k1, ..., ki_1, €41, ki1, ..., kn) — A1 > 0 on €, where
@1 is the first eigenvector of —A with homogeneous boundary condition, then since

Aepy + epr (a; — gi(kr, ..o ko1, €01, kigr, . kN))
= e[Ap1 + d1(ai — gi(k1, .., kim1, €01, Kig1, ., kEN))]
> e(Apy + ¢1A1) =0,

¢y is a lower solution of (?77?). So, by Lemma ?7? and the uniqueness of positive solution,

we have
Hai_gi(kl7---7ki—17'7ki+17---7kN) <uw' for i=1,..,N. (6)
By (??) and (?7), we find
eai*gi(kl7~--»ki—17‘7ki+1»~~~7kN) <u' < aaz‘*9i(07-~~70»'707~~~,0)' (7)

(B) Without loss of generality, assume a; < A;. Suppose (u',...,u'V)
ative solution to (??). Then since g; is an increasing function with respect to u’ with

i=1,..N,

is a nonneg-

Aul + ul (al - gl<u170707 70)>
= Aul +ut(ag — g1 (ut, .., ul) + g1 (ut, o uY) — g1(ut, 0,0, ...,0))
- ul(gl(ulv auN) - gl(ulvovov 70)) > 0.

1

Therefore, u* is a lower solution to

Au+ u(a; — g1(u,0,0,...,0)) =0 in Q,
ulog = 0.
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Any constant larger than k1 is an upper solution to

Au+ u(a; — g1(«,0,0,...,0)) =0 in Q,
ulon = 0.

Hence, by Lemma 77, there is a solution u of

Au+ u(a; — g1(v,0,0,...,0)) =0 in Q,
uloa =0,

such that 0 < u! < u. But, since a1 < A1, u = 0 by (2) of Lemma ??, and so u! = 0.
Theorem 3.2 (Uniqueness) If a; > M + gi(k1,...,ki—1,0,kit1,....,kn) and

2inf (gm) > ;V:U# <Sup (ggz> + K sup (gg;)) fori = 1,..., N, where K =
T; k €T ZT;

a;—g;(0,...,0,+,0,...,0)

?9 ; i
SUD; j+; 7 , then (?77) has a unique coexistence state.
a;i—gi(k1,.skim1, kit 1,0 kN)

Proof Suppose (uy,...,un) and (v1,...,vy) are coexistence state of (??) and let
w; = u; —v; for i =1,..., N. Then we have

Aw; + wi(a; — gi(uy, ...,un)) = Au; — Av; + (a; — gi(u1, ..., un))(u; — v;)
= —Av; — (a; — gi(u1, ..., un))v;
= —Av; — (a; — gi(v1, .., vN) + gi(v1, -, UN)
—gi(ut, ..., un))v;
= —vi(gi(v1,...,vn) — gi(ug, ..., un)).

Therefore,
Aw; + wi(a; — gi(u1, ..., un))
— Ui(gi(ul, ...,’LLN) — gi(vl, ...,UN)) =0 in Q.

(®)

Since A1(a; — gi(u1,...,un)) = 0, by the Variational Characterization of the first eigen-
value, if Z € C%(Q) and Z|sq = 0, then

/ Z(~AZ — (a5 — gi(ur, ooy un)) Z)dz > 0. 9)
Q
From (77?), we have

—w; Aw; — (ai - gi(uh ---7UN)>(wi>2
+ viw;i(gi(u, ...y un) — gi(vi,...,un)) = 0.

By using (??), for i = 1,..., N,

/Qviwi(gi(ul, woun) — gi(v, ..., on))dz < 0.
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Hence, we obtain

N
/QZ[viwi(gi(ul, woun) — gi(vi, ..., on))]dz < 0.
i=1

By the Mean Value Theorem, for each z € 2, there exist ¢! and 2% such that

gi(ul, cey Ug—15 Ugy Uj1, ...,uN) — gi(ul, ceey Uy Uit-1, ...,uN)
o 8gi(u1,...,ui_l,t’,uiJrl,...,uN)

o0x; (ui = vi)
2.
_ agi(ulv ceey Uj—1, t’L’ Uig1yeeey UN)

8$i

and

gi(’ul, ..,Uj_l,Uj, Uj+1, ..,UN) — gi(’Ul, .‘.'.,vj_l,vj,uj_i_l, ...,uN)
7,
_ 8gi(v1,...,vj_l,zJ,Uj+1,...,uN)

e (uj —vj)
. 8gi(1}1,...,Uv_l,z”,uj_irl,...,uN)
6$j
for i,j =1,..., N, j # i. Therefore,
N i
agi(ula”'>ui—17t )ui+17"'7uN) 2
> or vi(w;)
o1 i (10)

N ij
+ 20501 i Viwi 5 Gi (1, oy V-1, 2 U1, e un ) wjldr < 0.
J=1.j Oz

If the integrand in the left side of (?7?) is positive definite, then (?7) implies that w; =0
in Q fori =1,..., N, which means the uniqueness of the coexistence state for (??). But,
for any € > 0,

0

%Qi (1)1, ceey Uj—l, Zij, Uj_|_1, ceny UN)UZ‘U)Z‘U)]'

J
(w)? | ewy)?,
2e 2

< —gi(vl, sy Uj—1, Zij, Ujt1, ...,’U,N)UZ'[

- aﬁj

So, we can see that the integrand is positive definite if for ¢ = 1,..., N and x € 2,

i 7gi(U1,...,Uj,1,Z ,Uj+1,...,uN)Ui
Agi(u, ..., ui—1, ", Uig1, s UN) N Ox;
aﬂfi U’L> Z]:L];ﬁl( %
€505 (U1, s Vie1, 27" Ui 15 oy UN )V,
1

+8:U

5 )
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or equivalently,

4 —a gi(vl,...,vj,l,zij,ujJrl,...,uN)
0gi(u1, .y i—1, 1", Ujg 1, -, UN) (3%’

aIEi

N
> Dlj=1,j 5 a1
eigj(vl, ey Ui—1, Zji, Uit-1y ey UN)’UJ
o0x; ’Uz‘)
5 .

Since Og, g, (ky,...kio1skivtkn) < Vi < a,-g,(0,..,0,-0,...,0) iIn @ for all i = 1,..., N, (??)
will hold if for i =1, ..., V,

_l’_

agi(ul, ...,ui,l,tz, Ui+1, ...,UN)

a$i
up(g)  esup(-Lg;)
a.. Y €su ;
> ZN . ( 81'] + p amlg] 0(1]'—gj((),...70,~70,...,0) )
Jj=1,j#i 2 2 0 .

a;—gi(k1,ki—1,kig1,.0kN)

Oa;—g;(0,...,0,-0,...,0)

Let K = sup; j4; . Then (??) holds if

eai*gi(kh--wki—l7',k¢+17~~-,k1v)

dg; N SUp(a(zgz‘) Ke sup(aigj)
. i J Tq
nf(5,0)> 2 2 )

Choosing € = 1, we have

2inf( agi) > EN (sup(—agi )+ Ksup(agj )
0zx; ey ox; oz’
J=1,j#i

Biologically, we can interpret the conditions in Theorem 7?7 and Theorem 77 as
follows. The constants a;’s and the functions g;’s describe how species 1(u'),2(u?), ...,

N(uV) interact among themselves and with each other. Hence, the conditions imply
that each species interacts strongly among themselves and weakly with others.

4. Uniqueness in a Neighborhood of Reproduction Rates

We consider the Lotka - Volterra model with general combined self-limitation and
competition rates

{ Aut +ui(a; — gi(ul, ..., uN)) =0 in Q, (12)

u' =0 on 09,

where €) is a bounded domain in R™ and
(N1) g; € C! is a strictly increasing function with respect to u; with i = 1,..., N,
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(N2) there exist ki, ..., kxy > 0 such that ¢;(0,...,0,2,0,...,0) > a; for x > k;.

In this section, we try to get some condition to guarantee the unique coexistence
state in a neighborhood of the reproduction rates a;,s of (77).

We know that the Implicit Function Theorem only guarantees the uniqueness of
solution locally when Frechet derivative is invertible. The importance of next theorem
is the global uniqueness. The techniques used here includes the Implicit Function
Theorem and a priori estimates on the solutions of (?7?).

Theorem 4.1 Suppose

(A) a; > M\ (gl <9a1—gl(~,0,...,0)7 ) eai,l—gifl(O,...,Og,O,...,O)7 0, Qai+1—gi+1(0,..70-70,...,0)7 )
eaN—gN(O,...,O,~))) fOT 1= 17 "'7N7

(B) (??) has a unique coezistence state (uy,...,un),

(C) the Frechet derivative of (??) at (u1,...,un) is invertible as a map from C*
to C.
Then there is a neighborhood V' of (ay,...,an) in RN such that if (a19,...,ano) € V,
then (??7) with reproduction rates (ayg, ...,ano) has a unique coeristence state.

Here, the condition (A) implies that the rates of self-reproduction are large enough.
The condition of invertibility of Frechet derivative also illustrates the similar argument
which will be in Theorem ?7?.

Proof Since the Frechet derivative of (?7?) at (u1,...,un) is invertible, by Implicit
Function Theorem, there is a neighborhood V of (ay, ...,ay) in R and a neighborhood

W of (uy,...,un) in {CgJFO‘(Q)}N such that for all (ayo,...,ano) € V, there is a unique
positive solution (ujg,...,ung) € W of (??). Suppose the conclusion of the theorem
is false. Then there are sequences (Gin, ..., ANn, Uln; -, UNn); (Q1ns <oy ANy Wiy ooy Whipy)
in V x [CSJFO‘(Q)}N such that (uip,...,unn) and (uj,,...,uy,) are the positive so-
lutions with reproduction rates (ain,...,any) and (win, ..., unn) # (Ul,, ..., uk,,) and
(@1, ...y anpn) — (a1, ...,an). By the standard elliptic theory and a priori estimate from
the previous section on (u1p, ..., uny) and (uj,, ..., ux,): (Win, ..., unp) — (41, ..., uN),
(Ulps s UNp) — (ui,...,ul). Furthermore, (uy,...,uy) and (uj,...,u}) are the so-
lutions of (??) with reproduction rates (a,...,ay). Claim w; > 0,...,uny > 0,u} >
0,...,uy > 0. It is enough to show that w1, ..., ux are not identically zero because of the
Maximum Principle. Suppose not. With no loss of generality, suppose wu; is identically

zero. Let ui, = HU% for all n € N. Then
Uln |loo

Auy, + ,I/ET/L((J/ITL - gl(ulny U2n 5y U3ny «--y uNn)) =0,
AuQn + UQn(CLQn - 92(u1n7 U2ny U3n, Udny +--y uNn)) = 07

Aunp, + unp(ann — gn (Uin, ..., uny)) = 0.
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By using elliptic theory again, w1, — u; in C%>® and

A/ZL\I + zL\]/_((ll - gl(ovd27 7U7V)) = 07
Auy + u_g(ag — 92(1171, ,’U,—N)) =0,

Hence’ ay = )\1(91(07 Uz, ..., u?\/'))
Let j =2,..., N. If u; is identically zero, then u; =0 < 0,._4.(0,..0,-0,..0)- Suppose
u; is not identically zero. Then since

Au_j + u_j(aj — g]’(O, ...,O,Ej,(), ...,0))
= Aﬂj + ﬂj(aj — gj(ftl, ...,@N)
—|—gj(U1, ey UN) — gj(O, v, 0,74,0, ., 0))

= Ej(gj(dl, ,u7v) — gj(O, ...,O,ij,O, ,0)) > O,
uj is a lower solution of

AZ + Z(a; —g95(0,...,0,7,0,...,0)) =0 in £,
Z =0 on 0N.

Since any constant which is larger than k; is an upper solution of

AZ + Z(aj — g5(0,...,0,Z,0,...,0)) =0 in Q,
Z =0 on 01,

by the uniqueness of positive solution, u; < 8,. .(0,...0,-0,...,0)- Consequently,

ar =\ (91 (O, U9, ..., U_N))
<A (gl (07 9ag—gg(0,~,0,,..,0)7 ooy eaN—gN(O,...,O7-)))7

by the monotonicity of g; and the first eigenvalue, which contradicts our assumption.
Consequently, (u1,...,un) and (uf,...,u}) are coexistence states with reproduction
rates (a1, ...,ayn). But, since the coexistence state in this case is unique by assump-
tion, (a1, ...,un) = (uf,...,uy) = (u1,...,un), which contradicts the Implicit Function
Theorem.

The proof of the theorem also tells us that if one of the species becomes extinct, in
other word, if one is excluded by others, then that means the reproduction rates are
small, i.e. the region condition of reproduction rates (A) is crucial.
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COI'OHaI'y 4.2 If (a1n7"'7aNTL7u1na"'auNn) - (ala"'aaNaula“'auN) and u; = 0
for some j = 1,.,N, then a; < A(91(0a;—g,(.0,...0)s Pa2—g2(0,,0,....0)5 -+->

eaj_l—gj_l(o,...,(],-,(],..‘,o)7 O’ 0aj+1—gj+1(0,.‘.,0~,0,...,0)’ AR eaN—gN(O,.‘.,Oy)))‘

From the argument above, it is important to get some condition to guarantee the
invertibility of the Frechet derivative of (77).

Lemma 4.3 Suppose
(A) (u1,...,un) is a positive solution to (77),

(B) 2inf(—8gl(ul’ > Z —69” UL oo N))ui—l—sup(agj (u

1, ...,’LLN))
Ou; Jj=1,j#i 8uj

aui uj)
fori=1,...,.N.
Then the Frechet derivative of (7?) at (u1,...,un) is invertible.

The condition (B) means the rates of self-limitation are relatively larger than those of
competition.
Proof The Frechet derivative M of (??) at (uq,...,un) is

3 ) 0 >
A gy (U ey uy) A ug 2N gy gl(ualu un) gl(ual un)

8u1 2
9g2(u1,...,un) 9g2(u1,...,un) 092 (u1,.. 7UN) 9g2(u1,...,un)
Us o ,— A+ ga(ug,...,un) + us T — ag, U i sy U e
BgN(ul ,,,,, uN) agN(’u.l ..... uN) 6gN('Ufl 11111 uN)
uy SR Ly St ,—A—|—gN(u1,...,uN)+uN78IN —an

By Fredholm Alternative, we need to show that any solution (¢1,...,¢n) of Mz =0 is
trivial. In fact, from the equations,

Ag1(ut, ..., u
/QW%\Q + (91<U17 e UN) + Ull(éulN) — al)ﬁ

8gl(u1,...

+ (8gl(u1,...,uN) 8u
N

,’LLN) o
D ¢N)u1<l51da? =0,

P2+ ...+

/Q|V¢>2\2 + (92(”1, s UN) T U —692(%’ o UN) a2>¢% + (—8gz(u1, ”"UN)¢1

a U9 8u1
0 . 0 3
L 0ol ) M@V)uz@daz 0,
8’&3 a’LLN
Ign (u1, ..., un) Ogn (w1, ..., un)
) 2
/Q‘VqﬁN\ + (gN(ul,...,uN)—i-uN Dun —GN)¢N+ ( ouy ¢

Ogn (uy, ..., un)
Oun—_1

+ ...+ (f)N,l)uN(bNdl‘ =0,
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since A1 (gi(u1,...,un) —a;) =0 for i =1,..., N, we see that

[ 1962 + (gi(ur, ey un) = @) 2 0
for i =1,..., N. Hence,

D91t ) ) Vo 1 < 0,

¢2 + ...+ Dun

0g1(ut, ..., un) o 0g1(uy, ..., un)
/Qul ouq o1+ ( Ous

0g2(ut, ..., un) |9 0g2(uy, ..., un) 0g2(uy, ..., un)
/ U2 Dy 5 + ( s ¢1 + s ¢3
0go(u1, ..., u
+ ...+ 'QQ(aljv)qf)N)u?gf)g <0,
un
Ogn (U1, ..., uN) o dgn(u1, ..., uN)
/Q N oun ¢N+( ouq 1
dgn (uq, ..
Tt gN(al )¢N 1)uN<Z>N<0
UN_1
Therefore,
Ogi(u1,...,un) ul,---, N gi(ut, .. un)
/ Z Zuz¢z Z '—auj ¢; <0.
J=1,j#i
It implies that
891 ul,..., N 8gl ULy eeey )
/. Z Ogilus, - un) o §n D0ilu s un) g 0y < g
J=1j#i Ou;
But,
0gi(ui,y...,un) 0g;i(u1, ...,un) qbf QS?
. . . < N —),
ou, %% S ou; uly +5)
If
3gi(u1,..-,uz\/) 8gj(u1,...,uN)
0gi(u UN) al ou;j i Ou; Ui
Muz > Z J + Ui fori=1,...,N,

2 2

then the integrand in above inequality is positive definite, which means (¢1, ..., ¢n) is
trivial. But, it holds if

. agi(ula'"a
2inf (8%) u; > Z

J=1,j#i

( dgi(u1, ..., N))

) 8gj(u17 ...,UN) ‘
o, u; + sup( ou, Ju;

fori=1,...,N.
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Corollary 4.4 Suppose
(A) a; > A\ —&—gi(kl, vy ki1, 0, ki1, ---7k7N) fori=1,...,N,

. N . .
(B) 2inf agl' > > Sup(afgl') + Ksup(ag]') fori=1,...,N, where K =
Ox Ox Ox
! J=1,j#i I ‘

‘90,]- —g]' (0,...,0,~,0,...,0)

e eai—gi(khwk’i—l7'7ki+17~-,/€1\1)
Then there is a neighborhood V of (ay,...,an) in RN such that if (ayo,...,ano) € V,

then (??7) with (a1, ...,an) = (a9, ...,ano) has a unique coexistence state.

In Theorem 7?7 we derived a uniqueness result with a fixed reproduction rates
(a1, ...,an). But, Corollary ?? implies that we can extend the region of reproduc-
tion parameter space with uniqueness to an open ball by perturbation under the same
conditions.

Proof From 6,,_4 (0...0,0,.,0 < ki and the monotonicity of g;(0,...,0,-,0,...,0)
fori=1,..., N, we have

a; >)\1 + gi(kla ceey k;i—17 05 ki+17 ceey kN)
A1 (gi(9a1—91(~,0,---70>, w00, g 1(0,,0,,0,.,0) 05 0y 11 —g:(0,...,-,0,...,0)

e GGN_gN(o,._.,O,-)))

for + = 1,..., N. The condition already guarantees that there is a unique coexistence
state (u1,...,uy) from Theorem ??. Furthermore, by the estimate of the solution in
the proof of Theorem 77,

2inf (gi) > % ‘(sup(ggi;) +Z?sup(§ii)).

7

This gives that

al 0gi 89]
)ui > Y (sup(g)ui + sup(axi)uj).

=L J

Now, the Frechet derivative of (??) is invertible from Lemma ??. Thus, the theorem

dgi
81’i

2inf(

follows from Theorem 77.

5. Uniqueness in a Region of Reproduction Rates

In this section, we find a region of reproduction rates a;s that guarantees the exis-
tence of a unique positive solution to

Aut 4+ ut(a; — gi(ut, ...;u™N)) =0 in €,

, 13
u* =0 on 01, (13)

where €2 is a bounded domain in R" and g; € C! is a strictly increasing function with
respect to u’ with i = 1,..., N.
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Theorem 5.1 Suppose

(A) T is a closed, convex region in RN such that for all (ai,...,an) € T, a; >
Al(gi(gal—gl(-,o,...,o)a e eai,lfgi,l(0,...,0,-,0,...,0)a 0, Qaiﬂngl(o,.A.,o,-,o,...,o), e 9aNng(0,A..,0,-))),
fori=1,.. N,

(B) there exist k1, ..., kn > 0 such that for all (a1, ...,an) € T, g:(0,...,0,2,0,...,0) >
a; for x> k;,

(C) (??) has a unique positive solution for all (a1, ...,an) € O and for all (ay, ...,an)
€ I, the Frechet derivative of (7?) at every positive solution to (?77) is invertible, where
OLT = {(M\as,....an)» @2, s an) € U|For any fired ag,...,an, Aa,,....ay) = inf{ai|(a1, ...;an)
eI'}}.

Then (??) has a unique positive solution for all (a1,...,an) € T'. Furthermore, there
is an open set W in RN such that T C W and for every (a1,...,an) € W, (??) has a
unique positive solution.

Theorem 77 goes even further than Theorem 77 which states the uniqueness in an
open set containing the whole region of a;’s whenever we have the uniqueness on the
left boundary and invertibility of linearized operator at any particular solution inside
the domain. We can easily see that this theorem generalizes Theorem 77.

Proof For cach fixed (ag, ..., an), let A@2+52N) = sup{ay : (a1, ...,ay) € I'}. This
Aaz2-an) g defined since a; is bounded for fixed (ag,...,an). We need to show that

for every a; such that A, y<ar < A(@2:--an) (?7) has a unique positive solution.

3o AN

Since (?7) with reproduction rates (A, . az, ...,an) has a unique positive solution

LaN)
(u1,...,uy) and the Frechet derivative of (';?) at (u1,...,uy) is invertible, Theorem
?7? implies that there is an open neighborhood V' of (A(4,,..ay)s @2, -+, an) in RN such
that if (a0, ...,an0) € V, then (??) with reproduction rates (ao, ..., ano) has a unique
positive solution.

Let Ay = sup{A(gy,. an) < A < Al@20an)
(??7) has a unique coexistence state for A, ay) < a1 < A}, We need to show that
As = Ma208) - SQuppose Ay < A@2-08) " From the definition of Ay, there is a sequence
{An} such that A, — A, and there is a sequence (u1y, ..., uny) of the unique positive
solution of (?7?) with reproduction rates (\,,asg,...,an). Then by the Elliptic theory,
there is (u1g, ..., uno) such that (uip, ..., uny) converges to (uig, ..., ung) uniformly and
(u10, .-, unp) is a solution to (??) with reproduction rates (As,as,...,an). We claim
that wu;p is not identically zero for ¢ = 1,..., N. Suppose this is false.

(1) Suppose ujg is identically zero. Let ui, = _"Mn__ foralln € N. Then

| u1n [l
Auy, + 'l/;h/@()\n - gl(ulm '-'auNn)) =0,
AUZn + UZn(CLQ - QQ(Uln, ey uNn)) = 07

Aunp, +unp(any — gN (Ui, -..sunp)) =0
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and u1, — u; uniformly in € by elliptic theory, and
Auy + ur(As — g1(0, uso, ..., ung)) = 0,
Augg + ugo(az — g2(u10, ..., uno)) = 0,
Aupno + uno(an — gn (w10, - uno)) = 0.

It implies that As = A1(g1(0,u20,...,uno)). Let j = 2,..., N. If ujo is identically zero,
then wjo =0 <6, 4.(0.,..0,0,..,0- Suppose ;o is not identically zero. Then since

Aujo + ujo(a; — g5(0,...,0,uj0,0,...,0))
= Aujo + ujo(a; — gj(uio0, ..., Uno)
+ g;(u10, ..., uno) — g5(0, ..., 0, ujo,0, ..., 0))
= ujo(g;j(u10, ..., uno) — g;(0, ..., 0,40, 0,...,0)) >0,
ujo is a lower solution of
AZ + Z(a; —g95(0,...,0,7,0,...,0)) =0 in ,

Z =0 on 0N.
By the uniqueness of positive solution, ujy < Gaj_gj(07._.,07.,07.__,0). It gives that

As = A1(91(0, u20, -, uno))
<A\ (91 (0, 9(12792(0,-,0,.“,0)7 x3) eaNng(O,...,O,-)))

by the monotonicity of g; and the first eigenvalue, which is a contradiction to our
assumption since (\g, ag, ...,an) € T

(2) Suppose ug is not identically zero and at least one of ujg,j = 2,..., N is identi-
cally zero. Without loss of generality, assume ugq is identically zero.

Let ug, = _Yon for all n € N. Then

| uzn (oo
Autp + uin(Any — 91 (Uin, .oy uny)) =0,
Auzy + uzn(az — g2(uin, - unn)) = 0,
Augp + ugn(as — g3(uin, ..., unn)) = 0,

Aunp, +unn(any — gN (Ui, -..sunp)) =0
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and ug, — us uniformly in € by elliptic theory, and

Auig + uio(As — g1 (w10, .., uno)) = 0,
Auy + uz(az — g2(u10, 0, u30, w40, ..., uno)) = 0,
Auzg + uzo(az — g3(uio, ..., uno)) = 0,
Auno + uno(any — gn (10, ..., uno)) = 0.
Hence, az = A1 (g2(u10, 0, usp, u4p, -.., ung)). Since
Auig + u19(As — g1(u10,0, ..., 0))
= Auqio + u10(As — g1(w10, .., uno)
+ g1(u10, -, uno) — g1(u10,0, ...,0))
= ulO(gl(ul()’ ...,UN()) - gl(uloa 07 ceey 0)) Z 07
u1g is a lower solution of
AZ +Z(As —91(Z,0,...,0)) =0 in Q,
Z =0 on 0f.

Since ujg is not identically zero, by the uniqueness of the positive solution, ujg <

Ore—g1(-0,..,0)- Let j =3,..., N. If ujg is identically zero, then ujo =0 < 04,4, (0,....0,-0,...,0)-

If ujo is not identically zero, then since
Auj'o -+ Ujo(aj — gj(O, .., 0, Uj0, o0, ..., 0))
= Auj'(] + Ujo(aj — gj(ulg, ceey uNo)
+ gj(ulo, ...,UN()) — gj(O, vy O,Ujo, o,..., 0))
= ’U,j()(gj(ulo, ...,’U,No) — gj(O, ceuy O,Uj[), 0, ceuy 0)) Z 0,
ujo is a lower solution of
AZ + Z(a; — g95(0,...,0,7,0,...,0)) =0 in ,
Z =0 on 0.

By the uniqueness of positive solution, ujo < 64, .(0,...0,0,.,0- Consequently, we
obtain

az = A (g2(u10, 0, uso, wao, ..., uN0))
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< A1(92(0x,—g1(-0,...,0)5 0, 03— g3(0,0,-,0,...,0)5 > an —gn (0,...,0,))

by the monotonicity of go and the first eigenvalue, which is a contradiction to our as-
sumption since (\g, ag, ...,an) € I'. Thus, u;g is not identically zero for i = 1,..., N. We
claim that (??) has a unique coexistence state with reproduction rates (\s, ag, ..., an).
In fact, if not, assume that (uio, ..., uno) # (w10, ..., unp) is another coexistence state.
By Implicit Function Theorem, there exists a A4, ay) < @ < As and very close to A,
(??) has a coexistence state very close to (u1g, ..., uno) which means that (??) has more
than one coexistence state for reproduction rates (a, ag, ..., an). This is a contradiction
to the definition of A\;. But since (?7) has a unique coexistence state with reproduction
rates (g, ag, ...,an) and Frechet derivative is invertible, Theorem ?? concluded that A
can not be as defined. Therefore, for each (aj,...,any) € I', (??) has a unique coexis-
tence state (uq,...,uy). Furthermore, by the assumption, for each (ay,...,ay) € T, the
Frechet derivative of (?7) at the unique solution (uq,...,uy) is invertible. Hence, The-
orem 77 concludes that there is an open neighborhood Vi, . qy) of (ai,...,ay) in RN
such that if (a19,...,an0) € Via,,....an)> then (?7) with reproduction rates (a1o, ..., ano)
has a unique coexistence state. Let W = U(al,...,aN)eF Viai,....an)- Then W is an open set
in RN such that ' C W and for each (@10, -..,ano) € W, (??) has a unique coexistence
state.

Corollary 5.2 Suppose

(A) I is a closed, convex region in RY,

(B) there exist ki, ..., kny > 0 such that for all (a1, ...,an) € T, a; > Mi+gi(k1, ..., ki—1,
0,kit1,...., kn) and g;(0,...,0,2,0,...,0) > a; for z > k;.

. .00 al dgi 9g, _ _
(C) 2mf(8xi) > j:§¢i(sup(8xj) + Ksup(axi)) for i = 1,.. N, where K =

eaj —9j (07'-'707'a07"'70)

SUP(qy,...,an )€l SUPi j#i O g1 (o der s )
1 gi\R1,. .y Ri—1,5Ri415.- AN

Then there is an open set W in RN such thatT' C W and for every (a1,....,an) € W,
(??) has a unique positive solution.

Proof From 0,,_g,0,..0,0,..,0 < ki and the monotonicity of g;(0,...,0,,0,...,0),
we have

a; > A+ gi(k1, oo kic1,0, kg1, o k)
Z Al(gz(eal_gl(70770)7 o 0(17;,1—gifl(o,...,o,‘,o,...,o)7 07 0ai+l_gi+l(07"'707'707"'70)7

o Oan—gn(0,.,0,)))

for all (ay,...,an) € T'. The condition already guarantees that for all (a1, ...,an) € OLT
andi=1,..., N,

2inf( 392 ) > i (su 891 + K su (6gj))
al'l = p( 8x] (a1,...,an) SUP 9z,
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0a;—g,(0,...0,-0,...,0)

where K4, ay) = SUDj; , and so by Theorem ?7?, (??) has

Haz'*gi(kl,~~~7ki—17'7ki+1,-~,kN)
a unique positive solution for all (ai,...,an) € OrI'. Furthermore, by the estimate

of the solution in the proof of Theorem ?7, if (uq,...,uy) is a positive solution for
(a1, ...,an) € T, then

.. 0gi a 9gi
21nf(%)ui > Z (sup(%)ui + sup(
i j=Li#i J

9g;
%)Uy)
for i = 1,..., N. Hence, by Lemma ??, if (u1,...,uy) is a positive solution of (??) for
(a1, ...,an) € T', then the Frechet derivative at (uq, ..., un) is invertible. Therefore, the
theorem follows from Theorem ?7.
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