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Abstract We discuss the solution of the Cauchy problem of the generalized Davey-
Stewartson equation. When the initial value is small enough, we obtain the global
wellposedness of the solution and scattering.
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1. Introduction

In this paper we will prove the global wellposedess and scattering result for the
Cauchy problem of the generalized Davey-Stewartson equation when the datum is small
enough.In [1], Wang Baoxiang, Guo Boling studied the generalized Davey-Stewartson
equation,

iug + Au = M |ulP'u + AolulP2u + pE(Jul?)u, (1.1)

where u(t, x)(x = (z1, z2, ..., 5,))is a complex function of (t,z) € Ry X R™. A1, Ao, u € C,
32
A = Z (17;]'7,
1<i<n 89@18;3]
&

Z1§z‘,j§n bijfifj
In the above, F(F 1) denotes Fourier (converse) transform, (a;;), (b;;) are real invert-
ible matrices satisfying

B(y)=F'] |7e. (1.2)

] 3 bijgigj] > Cl¢), Ve € R™, (1.3)

1<ij<n

In this paper, we will study the initial value problem of the generalized Davey-
Stewartson equation with the form :

iug + Au = Nu**2u + pB(|u|?) |u| %y, (1.4)
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u(0, ) = ug(x), (1.5)

where A\, € C, A, E(p)are defined in (1.2), respectively.
For any 4/n < p < oo and r € [2,00),we denote:

2n , n>2
a(n) = n—2 ., . (1.7)

Our main result is as follows: " 1
Theorem 1.1 Suppose n > 2,2 < g < 00,5(2q — 2) = i
q —_—
91 > 0, such that, when ||upl| g2a—2 < 1, (1.4),(1.5) has a unique solution satisfying
ueC (O, 00; HS(2q72)) m m )R] (07 00; B;f(;q*?)) ‘

2<r<a(n)

,and there exists

1
Theorem 1.2  Suppose n > 2,2 < g < 00,5(2¢ —2) = g — ﬁ,and there exists
q pe—

01 > 0 such that, when ||ug|| g2a—2 < d1,the solution of (1.4)(1.5) has scattering.

The proof of Theorem 1.2 is omitted.

Let S(t) be a semi-group generated by i%JrA. From [2] we can obtain the time-space
Strichartz estimate:

t
[ st=nswar < Clfll oo, (1.9)
0

L7(M(0,T;Bg )

where ¢, € [2,a(n)),0 < T < oo, and C is independent of T. If f = 25:1 fis rq €
[2,a(n)),i=1,2,...,1, from (1.9) we get:

A I
[ = < S Uil o o (1.10)
0

5 o)
q’,2
. =1 7’
LY((0,T3B;5 5)

2. The Nonlinear Estimates

Lemma 2.1([1]) V1 < p < oo, we get:

=: 5% S
> i<ij<n Dis&i&;

where (bi;) satisfies (1.3), M,, denotes multiplier space.

p(§) M,.
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Lemma 2.2([3]) Suppose f(u) be a continuous and differentiable k power func-
tion, we obtain:

p

> Df(u ZZC’ (01, oy ) f2(u) [ [ D (), (2.1)

la|=k p=1 AP i=1

| > D) - s < ciz £ ) = 1P ()] 11 D' (v)]
p=1 AP i=1

|al=k

+C§:Z‘f(p)(u)‘zp:‘ﬁDaju ﬁ DYy D% (u —v)|,

(2.2)
p=1 AP =1 j=1 j=itl
where (a1, -+ ,ap) is dependent on aq, -+ , . HJ vaj =110 a5 =1
o (o= )
F ‘041’,”-,’@1;‘21

2
Lemma 2.3 Let E(p) = F~! [m}}"go Apu(-) = u(- + h) —u(-), we
have A (E(p)) = E(ARp).
Proof From the definition of F(y)and Apu,

ArlBE) = (F_l [lem‘i bij&i&; } ﬂgp)) (y+h) = (F_l [Zlgi,ji bij&&j}f(@)) )
~ J Z1<z’,ji bij&i&; eiﬂﬁh}/ne—i&‘ﬂ(fﬁ)dwdi
e Zmi e / e p(a)dudg
- /R" Rr 219‘4‘; bij&i; o <6i§h a 1) e p(w)duds. (2.3)

For the same reason:

_ 52
E(A =F1 1 s By
(B0 [Zl<i,j<nbij§i£j} (p(@ +h) = ()
Rr D1<ij<n b z‘jfzfje /ne (p(z +h) — p(z))dzdE

eV (e =ME o4 + h) — e p(x) ) dad€
/n R™ Zl<2,]<n Z‘]ng] < ( ) ( ))

/ & Ve (1) (eiﬁh — 1) dxdg. (2.4)

n JRn Zl<z]<n bij&i&;

So we get :AR(E(p)) = E(App).
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2n(2 +p) .
Lemma 2.4([1 Letn > 2,4/n < p < oo,r = ——"0< s <00, in
addition, if p is not even, we suppose [s] < p. We have:
Pyl P . 2.
[[lul UIIB?sQ(p)/’2 CIIUIIB:EgQ\I Iz, (2.5)

Lemma 2.5 Let 0 < s < s(2g —2),n > 2,r = r(2q — 2),there ezists a constant
C > 0 such that
[ (Jual) u]t=2

2q—2
< CHUH qs(2q 2) ‘UHB:Q (26)

Proof The first step. When 1 < s < s(2q —2),

o dt\1/2
|l lul* ]|, = ( / 237 sup 8D Bl a7, ) @)
T jal=(s) "=
where v = s — [s].
Noticed DY(uv) = 3, _p14 02 D™ uD**v we have
ApDuv) = Y [Do‘luh(AhD"“Qv) + (Ahmlu)pa%]. (2.8)
a=al+a?
By virtue of (2.8),
| ARDE(lu) a2, < 3 HDO‘IE(|uh|q)AhDO‘2|u\q_2uH ,
a=al+a? L
+ HAhDQIE(|qu)Da"’(\u|q—2u)‘ - (2.9)
Now we estimate
I = [0 B(un 54Dt .
From Holder inequality:
ol « q—2
1< HD E(Jup|? ‘ e ‘AhD | ‘ - (2.10)
1 2q — 2 1 2¢—2), 1 !
where aO:q(f—S( 1 ))—i— o’ | =(q—2)(- L)—l—f—m.lt is easy
r n n r n rooon

to show ag,a1 > 0,a9 + a1 = —-
r

From Lemma 2.1, Lemma 2.2 and Hoélder inequality,

| D" Bjunl)|

seleio
L1/ag

<CZ 2 1l 1o

p=1 AP

L1/ag

HDO‘ZU‘

o S Oy, (211)
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1 2q — 2 1 2q — 2)
where b():(q_p)(f_S(q ))>bi:7_8(q ‘a’a _1>27"'7p7b07bi>
r n r n

p
0, by + Z b; = ag, are clear.
i=1
From Lemma 2.2,

|al P
a2, 1q—2 q—p—2 q—p—2 _ a?
HAhD |ul u’ L §CZZ {H(M + |up| )|u uh|HD u’ e
p=1 Az i=1
q—p—1 % a? .
+2H\uh\ HD T H D uD (up u)‘Ll/ } (2.12)
Jj=t+1
First, estimate I’ = |||u|"P~2|u), — u| []5_, D‘“?uHLl/a1 and let
1 s(2¢—2)
co=(¢-p-1( - ——),
r n
o 1 5w
S o
Cizf_S(q_ ) |a|a 1=1,2,---,p,
T n

It is easy to verify that cg,cf,c;(i =1,2,--+,p) >0and co+ ¢ + > by ¢ = an,

by modified Holder inequality:
I'< C’Hqu aa-2) lun = ull1e- (2.13)

D uDe (up —u)| 174, - Taking

Second,estimate I" = |||u|?9—P~! HZ ! Dafuh H] i+1
1 s(2¢g—2
qw=(g—p-1( -2

1 s(2g-2)—|oj|
J?]#Za]:LZW”?p?

cj=—-—
Ty
1 s—|a?|—w
G ==,
r n

from modified Holder inequality and cg + ¢; + Z?zl j£iCj = a1, ,we get

2
1" < CHUIIq (2a-2) | D% (up — )|l p1/e; - (2.14)
From(2.11)(2.13)(2.14),we conclude
2q—2 2q—2 2
<l o =l +02Huu [, @)
As the same we estimate
(2.15)

11 = || 8D B(lul) D" (20| .
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By virtue of Lemma 2.3 and Holder inequality,

< al q ’ o? q—2 ‘
11 < 8D B (107 (el 20|
ol q a? q—2 ‘
gCHAhD (Ju| )‘ P )| (2.16)
1 s(2¢g—2 all+v 1 s(2¢-2 1 s |a?
where ag = g+~ "2 L) g gy o2 Le o]
r n n r n ron n
with ag,a; > 0,a9 + a1 = 1/r".
From Lemma2.2 and Hoélder inequality,
o? q—2 q—p—1 ;g
[P Qi .., < ZZ [ HD
2
< CZZ 1l HD ul| L,
p=1 AP ;
< Clull s Il 217)
1 2qg — 2 1 2qg — 2 1
Wherebi:f—s(q )= |a\7 1,2,---,p.boz(q—p—Q)(f—M)—Ff—
r , N r n r
%. bo.bi > 0,by + > b; = ag.
i=1
From Lemma 2.2,
, || p .
|anD || |, <033 {Hqur”l o un "D = [ 07|
p=1 AP i=1
—I-ZH]uh]q pHDaJuh H DY uD™ ( uh—u)’ 1eo (2.18)
Jj=i+1
First, estimate I1’ = H|u|‘1_p_1]u — up| TT2_, D% ‘Ll/ , and let
ag
1 s(2¢—2)
co=(q—p-— 1)(; - T)’
1 2q —2) —
gt sz -v
1 s(2¢-2)—|al| .
cizf_s a 3 1 _1727”'7])'
r n

co,¢h,ci(i=1,2,-- ,p) > 0and cg + ¢ + D1 ¢i = ap.
From modified Holder inequality:

-1
1T < Cllull g2 llun = ull /e, (2.19)
7,2



No.1 The global wellposedness and scattering of the generalized 95

Second, estimate

IH— |uh|q pHD Jup, H D~ 7uD°‘ ( h—u)
j=1 j=i+1 Ll/ag
Let ) (24— 2)
s(2q —
=(@=p)( ————)
1 s(2¢-2)—laj|
Cjzf_ J?]%Zaj:1727'”7p7
r n
1 s(2¢—2) —|ai| —w
C; = — — .
r n

: p _
It is clear cp, cj,¢; > 0 and ¢ + ¢; + ijl,j#i cj = ag.

From modified Holder inequality:
1
11" < Clulf |0 = )1 (2.20)

Then from (2.17), (2.19), (2.20)

p
2q—3 1
11 < Ollulf (Huh—uuﬁ/céuuugﬁg Y[t . \uugﬁﬂ). (215)
i=1

.5(2q 2)

), (2.10%), (2.15") and Besov space embedding theorem,

So from (2.7), (2.9
292 (2.21)

HE(\UI‘Z))IUIC’_QUIIB;, < Ofull, B Jull gs -

In the case when 0 < s < 1,the estimation of

~ N AN
B = t SSUprtHAh(E(|U|q)|u|q w7,
/2 0 t

| E(Ju|?)|ul "2
is easy to prove and the proof is omitted.

3. The Proof of Theorem 1.1

(1.4), (1.5) is equal to the integral equation

u(t) = S(t)uo — i/o S(t—7)F(u(r))dr (3.1)

where F(u) = Mu|?**2u + pE(|u|?)|u|?%u.
Let 9 > 0, define

2 5(29—2)
D= {u e L q(o 00; B (2q—2),2 ) HUHL2‘1 0,00 sgg 3)) ) < (5} (32)
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is metric space with
d(u,v) = |lu — UHL%(O,oo;Lr(?r?))- (3.3)

We consider the mapping;:

T ult) o S(ug — i /0 S(t — 1) (u(r))dr (3.4)

It is wanted to prove J : (D,d) — (D, d) is a contractive mapping.
From Lemma 2.4 and Lemma 2.5,we get

_ 2q—1
H|u‘2q QUHBS(QQ_Q) < CHUH qa(Zq 2)
r(2q—2)’,2

7‘(2q 2),2

[ £ (ful) || ?ul

2qg—1
Bs(2q72) < Cllull qs(2q 2) -
r(29—2)/,

B (2g-2),2
Since 1 = E,We have
(29 2
H|U’2q QUHLtzq) (oooB‘(Qq 2§ ) < CHu”iq?q(lo 00; rg;’ 52
1B el s o szns, ) < Ol o potzns

Therefore, Yu € D, by virtue of (1.8) and (1.10),

HJU”LZLI Bi(2a-2) ) < CHUOHHS(%*Z) =+ Cs*Pt
1"(2(1—2),2
Taking 2C/|uo|| js(2q-2) < 6,C6%P~2 = 1, we find
5 0
B® . - = (5

d
Thus J : D — D, and Vu,v € D. Following the similar way, we get d(Ju, Jv) < M

So from Banach contraction mapping theorem, we obtain a unique fixed point u € D.
Thus (1.4) (1.5) has a unique global solution v € L7(")(0, oo; ngqﬂ)), (Vr € [2,a(n)))
is an immediate consequence of Strichartz estimate. The proof of Theorem 1.1 is
completed.
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