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Abstract We prove that the C° boundedness of solution implies the global exis-
tence and uniqueness of C'! solution to the initial-boundary value problem for linearly
degenerate quasilinear hyperbolic systems of diagonal form with nonlinear boundary
conditions. Thus, if the C'' solution to the initial-boundary value problem blows up in
a finite time, then the solution itself must tend to the infinity at the starting point of
singularity.
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1. Introduction

For first order quasilinear hyperbolic systems, generically speaking, the classical
solution exists only locally in time and the singularity will appear in a finite time
(see [1-3] and the references therein). In some cases, however, the global existence of
classical solution can be obtained. For example, for the Cauchy problem for quasilinear
hyperbolic systems with weakly linearly degenerate characteristic fields (WLD), the
classical solution exists globally in time provided that the initial data are suitably small
and decay at the infinity [4]. This tells us that the formation of singularity depends
strongly on the character of characteristics of the system. For the initial-boundary
value problem, the situation is quite different. Even for quasilinear hyperbolic systems
of diagonal form with linearly degenerate characteristic fields (a special case of WLD),
the solution itself may blow up in a finite time (see [5]). Then it is natural to ask whether
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the classical C'! solution exists globally in time when the solution itself can be controlled.
The answer of this question is positive for homogeneous reducible hyperbolic systems
and, more generally, for homogeneous rich hyperbolic systems with linearly degenerate
characteristic fields, for which Lax transformation can be used to simplify the equations
[5, 6]. In this paper, we want to extend this result to general homogeneous hyperbolic
systems of diagonal form with linearly degenerate characteristic fields.
We consider then the following strictly hyperbolic system of diagonal form :

Gui

du; _ .
5 + )\l(u)% =0 (i=1,..,n) (1.1)

for t > 0 and x € [0, 1], where v = (u1,...,uy), the eigenvalues \;(u) (i = 1,...,n) are

supposed to be smooth and satisfy

Al(u) < oo < Ap(u) <0< Apg1(u) < oo < Ap(u) (1.2)

for any given u on the domain under consideration. Moreover, suppose \;(u) (i =
1,...,n) are all linearly degenerate in the sense of P.D.Lax, i.e.,

aui
The system (1.1) is supplemented by the initial conditions

0 (i=1,...n). (1.3)

t=0: w=pi(z) (i=1,..,n) (1.4)

for x € [0, 1] and the boundary conditions

x=0: wup=gxt,ur,...;un) (k=m-+1,..,n), (1.5)

r=1: u;j=gj(t,Ums1, ., un) (J=1,....,m) (1.6)

for t > 0, where ¢; and g; (i = 1,...,n) are all C! functions with respect to their
arguments, and the conditions of C! compatibility are supposed to be satisfied at
points (¢,z) = (0,0) and (0, 1) respectively.

When A; (i = 1,...,n) are constants, it has been proved (see [5]) that the initial-
boundary value problem (1.1)-(1.6) always admits a unique global C' solution. This
shows that without the nonlinearity of system, the nonlinear boundary conditions can
not lead to the formation of singularity; otherwise, the C' solution may blow up in a
finite time. The goal of this paper is to prove that if the C' solution to the initial-
boundary value problem (1.1)-(1.6) blows up in a finite time, then the solution itself
must tend to the infinity at the starting point of singularity. This kind of blow up
phenomenon is similar to the breakdown of C' solution to the Cauchy problem for
inhomogeneous reducible quasilinear hyperbolic systems of diagonal form with linearly
degenerate characteristic fields (see [7] or Chapter 2 in [3]).
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According to the local existence and uniqueness of C'! solution (see [8], [9]), there
exists § > 0 depending on the C'! norm of the given data such that the problem (1.1)-
(1.6) has a unique C'! solution u = u(t, z) on the domain

D) ¥ ((t,z)|0<t <5 0<z <1} (1.7)

Then, in order to get the global existence and uniqueness of C! solution u = u(t, )
to the problem (1.1)-(1.6) for all time ¢ > 0, it suffices to prove that for any given
Tp > 0, if this problem admits a unique C! solution on D(T) with 0 < T' < Ty, then
the following uniform a priori estimate on the C' norm of solution holds :

lu(t, e,y o Z (||Uz( Meop,1 + 10zui(t, ) cojo 1) < Gi(T), vte[o,1],

=1
(1.8)
where C1(Tp) is a positive constant independent of T' but possibly depending on 7.
Thus, we formulate our theorem as follows.
Theorem 1 For any given Ty > 0, let u = u(t, ) be the unique C solution to the
initial-boundary value problem (1.1)-(1.6) on the domain D(T') with 0 < T < Ty. If
u = u(t,x) satisfies the following uniform a priori estimate :

def
Ju(t, lcop,y = ZHuz Moy < Co(To), Viel0,T], (1.9)

where Co(Ty) is a positive constant independent of T but possibly depending on Ty,
then the initial-boundary value problem (1.1)-(1.6) admits a unique global C* solution
u=u(t,x) on the domain {(t,z)[t >0, 0 <z <1}.

This paper is organized as follows. In the next section, we give the main steps
for proving Theorem 1. Then the proof of Theorem 1 is reduced to get an a priori
estimate on an integral form in which we have to control the quantity % ul along the
i-th characteristic for all [ # ¢. This is achieved in the last section through an analysis
of the relation between the i-th and the [-th characteristics for all | # .

2. Main steps of proving Theorem 1

Since the C° norm of solution u = u(t, z) is bounded, it remains to show that

def
102u(t, ) |cop,1) = Z |0:ui(t, ) copa < Ci(To), Vte[0,T]. (2.1)
=1
To this end, let
ou; .
= =1,.., 2.9
vi=2U (=1, ) (2.2
and 1
Ty = min  min > 0. (2.3)

1<i<n |u|<Co(To) ’A( )‘



No.1 Global C! solution to the initial-boundary value problem for ... 11

In the sequel, we denote by D; (i = 1,2,...) various constants depending only on Tj.
Without loss of generality, we may suppose that D; > 1. Then (2.1) follows if we prove
the following a priori uniform estimate for all ¢ € [0, T1] :

def
L+ Jo(t, Yleopy = 1+ZHUZ o,

< (1+Zm HCO[Ol]> = Dy (141000, Yleopy) - (24)

In fact, if (2.4) holds, we may take u(71, z) as the new initial data on ¢ = T} and repeat
the same procedure. Since D; is independent of T', we have for all t € [T1, 271],

IN

Dy (14 Jo(Th, loopo 1))
D} (1+ 100, Yleopoy) - (2.5)

Hence (2.5) holds for all ¢ € [0,271]. By induction, repeating this procedure at most
N < { }+1t1mes we get

L+ |u(t, )leogo

IN

L+ ot Meopyy < DY (1400, )lcop)
= DY (1+]¢'lcopy) (2.6)

in which

n
def
[ lcop,; = Y 1€ileoo-
=1

This proves (2.1).

For simplicity, we denote by v* = (v1,---,v;_1,Vit1, -, v,) for i = 1,...,n. Differ-
entiating the system (1.1) with respect to x and using the condition (1.3), we get
v v .
a? + Ai(u)a% = —ai(u, o))y (i=1,..,n), (2.7)
where
Z . (2.8)
iz Oul

Next, differentiating the boundary condition (1.5) with respect to ¢ yields

Ou, _ Ogi Z A9k Ou;

TEY S T T oy o

(k=m+1,...,n),
then, using the system (1.1) we get

r=0: —/\k(u)vk:%—Z)\j(u)%v‘ (k=m+1,...,n).



12 Li Ta-tsien and Peng Yuejun Vol.16

Therefore, the boundary conditions of v = (v1, ..., v,) on & = 0 can be expressed as

e P WAL _
r=0: vp= @) (JZI )\](u)auj Ui~ ) (k=m+1,...,n). (2.9)
Similarly, we have
1 o= L 3 995 095\ . _
r=1: wv;= ) (k:zm:H A (w) Duy Ly (j=1,....,m). (2.10)

Noting that for given u, (2.9)-(2.10) are linear boundary conditions for v, (2.9)-(2.10)
can be rewritten as

z=0: Uk:Zbkj(t)vj—l-Ck(t) (k=m+1,...,n), (2.11)
J=1

r=1: wv;= Z bir(vg +¢i(t) (5 =1,...,m), (2.12)
k=m+1

where by, by;, ¢j and ¢ are continuous functions of ¢ > 0. Since j # k, there is no
ambiguity in the above notations. Finally, the initial condition of v is given by

t=0: vi=¢i(z) (i=1,..,n) (2.13)

for x € [0, 1].
Let (t,z) € D(T1). Fori =1, ...,n, the i-th characteristic z = z;(s) passing through
(t,z) is defined by
7i(s) = Ni(u(s, xi(s))), mi(t) = .
From the definition (2.3) of Ty, for j = 1,...,m, it is easy to see that there are only two
possibilities :

(i) The j-th characteristic x = x;(s) passing through (¢, z) intersects the z-axis at
a point (0, ;). Then it follows from (2.7) and (2.13) that

de(S, $j<3>)

Is = —a;(s,2;(s))v;

and
t=0: v =¢ja;),
in which
ai(s,xi(s)) = a;(u(s, z;i(s)),v'(s, zi(s))) (i=1,...,n). (2.14)

Hence, we have

vi(t,x) = vj(t,z;(t)) = ¢j(a;) exp {— /Ot a;(s,z;(s)) ds} : (2.15)



No.1 Global C! solution to the initial-boundary value problem for ... 13

(ii) The j-th characteristic = x;(s) passing through (¢, z) intersects the line z = 1
at a point (¢;,1) and the k-th (k > m) characteristic z = 4 (s) passing through (¢;,1)
intersects the z-axis at a point (0, 8j). Similarly to (2.15), we have

vj(t,x) = v;(t,z;(t)) = v;(t;, 1) exp {— /tt a;(s,z;(s)) ds} , (2.16)

J

where, noting (2.12),

) = 3 bt el 1) + es(t)). (2.17)
k=m-+1

and similarly to (2.15) and noting (2.13), we have

ok(t5,1) = Ph(Bon) exp {— /Otj a5, 2(5)) ds} (k=m+1,.n).  (218)

Similarly, for k = m + 1, ..., n, there are only two possibilities :

(iii) The k-th characteristic z = x(s) passing through (¢, ) intersects the z-axis
at a point (0, o). In this case

vp(t, z) = vp(t, 21 (t)) = @) (ax) exp {— /Ot ak (s, xi(s)) ds} . (2.19)

(iv) The k-th characteristic x = x(s) passing through (¢,z) intersects the t-axis
at a point (t;,0) and the j-th (j < m) characteristic = x;(s) passing through (tx,0)
intersects the z-axis at a point (0, Bx;). Similarly, we have

vi(t, x) = vg(t, vx(t)) = vi(tx, 0) exp {— /t ag (s, zx(s)) ds} , (2.20)

tx
where .
Uty 0) = Y iy (tr)v; (t, 0) + cr(t) (2.21)
j=1
and

i (tr,0) = &} (Brs) exp {—/Otk aj(s,a:j(s))ds} (j=1,...,m). (2.22)

Since both the C° norm of u = wu(t,z) and the C! norm of ¢; (i = 1,...,n) are
bounded, it is easy to see from (2.8) and (2.15)-(2.22) that in order to prove (2.4), it
suffices to estimate the term

t
‘1}[(8,$1(8))‘d3 (l #Zv i, = 177”)7 (223)
t1
for any given t1,¢ € [0,71] such that (s,z;(s)) € D(T1) as s € [t1,t], where a;(s, z;(s))
is defined by (2.8) and (2.14). This is the task of the next section.
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3. Estimate of (2.23)

Lemma 1 Under the assumption of Theorem 1, for all i = 1,...,n and for any
given t1,t € [0,T1] such that (s, zi(s)) € D(T1) as s € [t1,t], we have
t
lui(s, zi(s))|ds < Dy (I #1). (3.1)
t1
Proof For any given i = 1,...,n, let z = z;(s) be the i-th characteristic passing
through any given point (¢,2) € D(T}). For any given [ # i, by the definition (2.3)
of Ty, there are only three possibilities for the I-th characteristic passing through the
same point (¢, ).

Case 1: This [-th characteristic intersects the z-axis at a point (0, y;;(t)). We denote
by © = x;(s,y;(t)) this I-th characteristic. Since these two characteristics coincide at
the point (¢,x) = (¢,z;(t)), we have

zi(t) = zi(t,ya(t)) (1 #1). (32)
Differentiating (3.2) with respect to ¢ and using the definition of characteristics, we

Ni(u(t, 2:(1))) = N(u(t, z:(6))) + W ().

obtain

Then it follows from the strict hyperbolicity (1.2) that y};(¢) (I # i) never vanishes,
hence, t — y;;(t) is a strictly monotone function. From the I-th equation in (1.1), u; is
constant along any I-th characteristic, then

w(t, i (t) = w(t, o (t, ya(t))) = oi(ya(t)),

which yields
P2 0) ot tya(t) i) (33

On the other hand, note the system (1.1), a direct computation gives

W (%Qjm(u)";j) <t,xi<t>>=((Mu)—Az(u))@f) (t,i(t)- (3-4)

Therefore,

iy () vy (0)
(Ni(w) = N(w)) (¢, i(t)) -
This allows to obtain the following estimate for any given ¢; € [0,71] such that
(s,xi(s)) € D(T1) as s € [t1,t] and the [-th characteristics passing through (s, z;(s)) as
s € [t1,t] intersect the z-axis :

/tlt|vl(s,xi(s))|ds _ /tt

u(t, zi(t)) = (3.5)

1
(Ai(u) = Mi(u))(s, zi(s))

i(yals)) vi(s) | ds
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< Ds ’/:Z/éz(s)ds‘
= D3 |y7;z(t) - yil(tl) |
- D, (3.6)

Here, we have used the fact that 0 < y;(t) < 1 and t — y;(t) is a strictly monotone
function.

Case 2 : This [-th characteristic intersects the line x = 1 at a point (7;(¢),1). We
denote by x = zi(s, 7;(t)) this [-th characteristic. Obviously, we have I < m and

zi(t) = m(t, ) (I #£i, 1 <m). (3.7)

Differentiating (3.7) with respect to ¢ and using the definition of characteristics, we
obtain

Ai(u(t, () = Ni(u(t, zi(t))) + Tm(t)-

It follows again from the strict hyperbolicity (1.2) that ¢ — 7;() is a strictly monotone
function.

Let us look at the k-th (k > m) characteristic passing through the point (7;(¢),1).
By the definition of 77, this k-th characteristic must intersect the z-axis at a point
(0, yix(t)) and can be denoted by x = zk(s, yix(t)). Now, we show that ¢ — y;x(¢) is
still a strictly monotone function. Indeed, from the definition of y;(t), we may write

yar(t) = y® (&)

with £ = 7;(t). Since t — 7;(t) is a strictly monotone function, it remains to show that
¢ — y®)(€) is also a strictly monotone function. Noting that the k-th characteristic
x = xk (s, yar(t)) passes through the point (74(¢),1), we have

1= (7 (t), yar(t) = zx(&, y™*) (€)).
Differentiating the above relation with respect to & gives

(& u®) (& u®)
0 = 9 k(ﬁ,ay{ €) 9 k(&b:i/ (5))(y(k>(§))/

o (£ ()
— aw(ulg (e s ) + E D gy

Since Ar(u) > 0, we obtain (y*)(€)) # 0, which yields the strict monotonicity of
¢ — y®)(€). This shows that t — ;. (t) is a strictly monotone function.

From x;(t) = x;(t, 7;1(t)) and the fact that u, is constant along any p-th character-
istic (p =1, ...,n), we have

w(t, zi(t)) = wit, v (t, 7 (1)) = w(ru(t), 1).
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Then, it follows from the boundary condition (1.6) that

ul(t, .Z‘Z(t)) = gl(’i‘il(t), um+1(m(t), 1), ey un(m(t), 1))
9i(Tit(t)s um+1(0, Yit,m+1(2))s - un (0, Yirn (¢)))
= gl(Til(t)a Pm+1 (yil,m—I—l (t))v o0y Pn (yiln (t)))

Therefore,
dul(taxi(t)) 8gl / = agl / /

_— t — k(T 2 (T).

i =9, Ta(t) + m§+1 ous (Y () virk (1)

This together with (3.4) gives

(050 = Gy ) (ggl 0+ oo *”k@“k(’f”%lk“’)'

Thus, for any given t; € [0,71] such that (s,t;(s)) € D(Ty) as s € [t1,t] and the [-th
characteristics passing through (s, z;(s)) as s € [t1, ] intersect the line 2 = 1, we have

t

|vi(s,24(s)) | ds

t1

dg /( g
()\Z ))(s,mi(s)) (al )+ Z Dy, l Ok (Yirk (s)) Yi (s ) ‘ds

‘ ds‘—i— Z /y,lk ds)

IN

= (!Tzl —Tu(t1) | + Z Yk ( yilk(h)!)

k=m+1
< Dy(Th +n—m

Here, we have used the monotonicity of 7;;(¢) and y;x(¢) and the properties 0 < 7;(¢) <
t § T1 and 0 S yilk(t) S 1.

Case 3 : The I-th characteristic intersects the line x = 0 at a point. Obviously, we
have [ > m. Similar results can be obtained as in Case 2.
Thus, the proof of Lemma 1 is complete.
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