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Abstract In this paper, the perturbed higher-order NLS equation with periodic
boundary condition is considered. The existence of the homoclinic orbits for the trun-
cation equation is established by Melnikov analysis and geometric singular perturbation
theory.
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1. Introduction

By using the reductive perturbation method, Kodama and Hasegawa proposed a
higher-order nonlinear Schrodinger (HNLS) equation

iQt + %qu:px + 1 |q|2q
= —ie [~ Ehadure + M (alal?)e — h2(]g)eq]

(1)

It can be used to describe the propagation of a femtosecond optical pulse in a monomode
optical fiber.
In this paper, we consider the following perturbation HNLS equation

g+ Uge + (Ju? — 1u

= i€ [au + Brugze + Bo(|ul*u)s + Bs(Jul?)pu + T )

with periodic boundary conditionu(x + 2, t) = u(z,t).Where u = u(x, t) is a complex-
value function of two real variables t and z, «, 31, 32, 33 and T" are real parameters (« >
0,I' > 0), and € > 0 is a small perturbation parameter. We adopt a three mode Fourier
truncation and get a six dimensional ordinary differential equations. This equations
will be considered and the persistence of the homoclinic orbits will be obtained by
Melnikov’s analysis together with the geometrical singular perturbation theory.
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2. The Fourier Truncation of the Perturbation HNLS Equation

Suppose that the equation (2) have a solution with the following type

1 .
u(z,t) = Ea(t) + b(t) cosz + ¢(t) sinz. (3)

where a, b, and ¢ are complex. Inserting (3) into the perturbed HNLS equation (2) and
neglecting the higher Fourier modes yields

P (Glal? + b2+ 1o — Da+ (ab +ab)b+ J(ac +ac)e
=iclaa + %ﬂgb(ac* +a*c) — 1ﬂgc(ab* +a*b) + \/§F]
b (G lal? + S+ e~ 2)b+ (ab*—l—a ba+ (b + be)e
—iclBa(lal + b2+ Slelhe+ 5 (8 + Ba)lac” +a”ca
+5@+amxmww%W—gm+a@xw%+dwhwdm—ﬁw> @
&+ lal? + 3o + 2lel? —~ 2)e + 5 (ac” + a*c)a+ 3 (be” + be)p
——M@@w%ﬂwﬁ 4\%+<@+@Mﬁ+ﬁ@a
(52 + 203)(bc* + b*c)c + — (,62 +263) (|b]* — |¢|?)b] + ic(ac + Bib).
From (4) the unperturbed equations are obtained by setting e = 0
ia —i—(%]a\Q + %]b|2 —lef* = 1a+ = (ab* +a*b)b + ;(ac* +a*c)ce=0
b lal + S+ 4 1y =2t (@b +abat (b F B =0 ()
Pe (g lal + 1P + e — 2)e + ;(ac Fate)at J(be" + )b =0,

By inspection, we see that the unperturbed equations are invariant under the following
coordinate transformations

(a,b,¢) = (—a,b,c); (a,b,c) — (a,—b,—c). (6a,6Db)

We want to describe the invariant manifold structure and phase space geometry of (5),
we also want ultimately to utilize the generalized Melnikov theory described in [1]. For
these purpose, we rewrite the equations (4) in the appropriate form by introducing the
following coordinate transformation

a = p(t) expli6(t)}
b= [e1(t) + iwa(t)] exp{ib(1)} (7)
¢ = [y1 (1) + iga (1)) exp{i0 (1)}
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and Let I = %(p2 + 22 +y?). In these coordinates the perturbed equations (4) become

I=2ecad + V/2eT\/2I — 22 — y2 cos 0

) 1

=1 — 1+ m% + y% + efs(xoy1 — z1Y2) — ;\/ﬁsf sin 6
T1=x +§x2x —lx?’—i-?m 2+1x T
1=T2 + %2 — % 423/1 4292 5

+e(azy — Biy) + e{Boyi I + p*(Ba + Bs)y1 + %(52 +263)(21y1 + T2y2) 11

(x1y1 + 22y2)y2

1 1 .
- Z(ﬁz +283) (2% — y*)y1 } + e03(xay1 — w1y2) 0 — ;\/561_‘1‘2 sin @

. 3 7 9 5 1
To=(21 — 1)z1 — 1951333 - 13?? - Zﬂfly% - Zfﬂly% + Q(ﬂflyl + 22y2) Y1

+ (oo — Bry2) + e{ oyl + %(52 +2083) (2191 + 22Y2) 72

1 1 .
- Z(ﬂQ +283) (2% — y*)y2} — eBs(ways — T1y2)T1 + ;\@EF-%'I sin 0 (8)
Vi=y2 + YTy = qYa QY2 T Ty — 5(:1:1.7;1 + z2y2) 2

+ e(ayy + Prwy) — e{Boxi ] + p*(B2 + B3)a1 + %(52 + 203)(z1y1 + T2y2)y1

1 1 .
+ Z(ﬁz +263) (2 — y*)z1} + eB3(T2y1 — T1Y2)Y2 — ;\/§€Fy2 sin 6

Syiys — Zy?’ — ngyl ~ §=T2y1 + 1(mlyl + Zoyo) T
4772 g7yt 472 2

+ e(ays + Prx2) — e{Powal + %(& +2063)(x191 + T2y2) Y2

92:(21 - 1)91 -

1 1 .
+ Z(ﬁz +283) (2% — y*)m2} — eBs(z2y1 — T1y2)Y1 + ;\/§€Fy1 sin ),

2

where 22 = 23 + 23,y =y +y3 and p = \/21 — 2% — 22 — y? — y2. Under the coordi-

nate transformation (7) the unperturbed equations (5) become

b 0H oH
1_8.%'27 8331
oH oH
Yi=5—; =—2; 9
oy oy ©)
oH
1=0; = ———.
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Where H is the following energy integration

1 1 7 9 3
H=— I+ 1~ (af +y])I + gaf + ppotf + gafyf + Sotad
5 1 7 3 5 1
+ gfﬂfyg + oyt + Ey? + gyfyg + gwgyf + 5 (@5 +43)
1, 1,, 1 1

— gt T §$§y2 — Eyg - Z(xlyl + T2y2)?. (10)

Hence, when € = 0 the unperturbed system is an integrable Hamiltonian system.

3. The unperturbed integrable structure

In order to show that (9) has the invariant manifold structure described in the
general theory [1] we must consider the (x1,22,y1,y2) component of (9) which we
rewrite below

. 3, 14 5 , 1 o 1

Tr1=x9 + 13?1.%'2 — ng + ngyl + ngyg - 5(9012/1 + 902y2>y2

. 7 9 5 1

zo=(2I — 1)z — lex% — in’ — ley% - Z:rlyg + §(x1y1 + x2y2) Y1

Yi=y2 + Yy — gYa T2 T Ty — 5(9611/1 + z2y2) 2

. 3 7 9 5 1

Yo=(2I — 1)y1 — 4y1y§ — Z?J? - 156%3/1 - ZCU%% + 5(9611/1 + 2oy2) 1. (11)

Note that (11) has a fixed point at (x1,z2,y1,y2) = (0,0,0,0) for all values of I,
this is a result of the symmetry given by (6b). A simple linear stability analysis shows
that (z1,z2,y1,y2) = (0,0,0,0) is a saddle point for I > % Moreover, an examination
of the level set of the Hamiltonian that contains the origin, i.e.,

{(z1,22,91,92) | H(21,22,51,92,1) = H(0,0,0,0,I) = 0}

shows that for each [ in this range the origin has a pair of symmetric homoclinic orbits.
Interpreting these results in the full six-dimensional phase space, the set

M0:{$1:$2:y1:y2:0,11 <I<I0e€e [0,271‘]}

is a two-dimensional invariant manifold under the flow generated by (9)(where I; and
I5 are given constants).

In calculating the Melnikov functions it will be important to have analytical expres-
sions for the homoclinic orbits of (11) that connect the origin as a function of I. For
+ < I < 4, the hyperbolic fixed point (0,0,0,0) for the system (11) has two dimensional
stable and unstable manifolds. These two manifolds intersect into a two-dimensional
homoclinic manifold.

Proposition 2.1 For any point (I1,0) (% < I < 4,0 € [0,27]), the homoclinic
manifold has the following form:
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(1) If x1 # 0 or xg # 0, then for any k € R,

21(t) =r() cos (1)
za(t) =r(t) sin p(2)
y1(t) =kr(t) cos p(t)
ya(t) =kr(t) sin p(t).

(2) If T = X9 = 0, then

y1(t) =r(t) cos p(1)
y2(t) =r(t) sin p(2)
Where
2 8I(1+ cos2yp) — 8
(14 k2)(3+4cos2p)’
tan ¢ =\ tanh(—At)
and A = /21 — 1.

Proof One would notice that the eigenfunction of the fixed point (0,0,0,0) for
system (11) is

A -1 0 0
1—-2 A

FO) = 0 0
0 0 A ~1
0 0 1-2I A

The eigenvalues are \j = A3 = V21 — 1, Ao = My = —v/2I —1 for % < I, and the
eigenvectors are
v =(f(1), f2(1),0,0)"
2 =(f1(1), = f2(1),0,0)"
(
(

<

0,0, f1(1), f2(1))"
vy =(0,0, f1(1), —fo(I)T.

So the local unstable manifold near (0,0,0,0) is the combination of the two vectors
v; and vs, i. e, {v|v = civ; + c3vs}. If ¢ # 0, we have y; = kx1,y2 = kxo (where
k=3 €eR).

We would also notice that for any k € R, manifold {(x1,x2,y1,y2)|y1 = kx1,y2 =
kxo} is invariant for system (11). The system restricted on the invariant plane is

V3 =

. 3 1
T1=x9 + Z(l + k?)zdzy — 1(1 + k)3

. 3 7
2o=(2I — 1)z — Z(l + k)23 — Z(l + k?)z3. (12)
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It is also a Hamilton system with energy function

1 1 1 7
Hy=— 512 +I—(I— 5)a;% + 5935 + 61+ k)]
1 3
TN k?)xy + g1+ E?)xizd. (13)
Simple analysis gives that the point (0,0) is a hyperbolic fixed point, there is a homo-
clinic orbit connecting the fixed point. Now we give the explicit form of the homoclinic
orbit.
Let x1 = rcosp and x2 = rsin g, then

1
7’:5[2I7‘ - (14 k:2)r3] sin 2¢p,

. 3

o= —1+I(1 + cos2p) — (1+k2)7‘2(1+c082g0). (14)

The Hamilton energy function (13) becomes

1 3 1 1 1
Hy = —512 + T4+ (1+E)r* (= + = cos2p) — r?[=T + 5([0082@ —1)].

16 4 2
Then
2 8I(1 + cos2yp) — 8 (15)
(14 k2)(3 +4cos2p)
and

©=1—1(1+ cos2p).
For < I < 4 with initial condition ¢(t = 0) = 0, we have

tan @ = Atanh(—At). (16)
where A = v/2I — 1. So we get

2 _ 8\? -
"o (1+ k2)[(4 — I)cosh(2\t) + 3 + 1] (17)

Then the proposition is true.
Next we let £ = 6 + ¢, then

S 1
§=0+¢=T-1+2(1+ k2)r2. (18)
Using (17) and (18) with the initial condition £(t = 0) = £, we have

£(t) = M tanh_l[\% tanh(At)] + (1 — 1)t + &. (19)

The unperturbed vector field restricted to My is given by
=0
o=I — 1. (20)
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The dynamics described by (20) is quite simple; all trajectories lie on periodic orbits
except at I = 1. At I = 1 the frequency (§) vanishes, which results in a circle of fixed
points. Thus we have a resonance and we will often refer to I = 1 as the resonant [
level or value.

Using (16) and (19) at I =1 gives

s 1 4, 1
f(—o0) =&o — 1 7\ﬁ(1 ) tanh 1(7\ﬁ)
T 1 4.1

Af =0(c0) — 0(—00)
T 2 _
=5+ Vi) tanh 1(W) (22)

4. The Persistence of the Normally Hyperbolic Invariant Manifold

In this section, we will list some results about the existence of the normal hyperbolic
invariant manifold and its stable and unstable manifolds. First, for ¢ = 0, My is a
normal hyperbolic invariant manifold.

For € # 0, we have that x1 = o = y; = y» = 0 is invariant under the perturbed
system (8). Thus, the set

1
Mgz{(x,y,l,e)|x=y=0,§<l<4,0€[0,27r]} (23)

is an invariant manifold for the perturbed problem (here we denote ( x1, z2 ) and (y1,y2)
by x and y respectively). However, there is an important, general difference in the
behavior of trajectories in My and M. Since [# 0 in the perturbed problem, M, must
be considered as an invariant manifold with boundary. This means that trajectories in
M, may leave M. but only by crossing the boundary of M,. In this case one can show
that, for e sufficiently small, there exists locally invariant manifolds of the perturbed
problem, denoted W} (M.) and W% (M,), that can be represented as graphs over the
local unperturbed stable and unstable manifolds, W} .(My) and W}%_(My), respectively.
Moreover, these manifolds are as differentiable as the vector field. We define the global
stable and unstable manifolds of M., denote W*(M;.) and W*"(M,), respectively, as
follows: let @4(-) denote the flow generated by (8),then

W* (M) = @(Wpi,(M:) N U°)
t<0
WH(M.) = | (Wit (M) N U°).

>0

Where U° is a 6 neighborhood of My. A more detailed description of the perturbed
stable and unstable manifolds can be found in [1].
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Next we study the dynamics on M, near resonance. The perturbed vector field (8)
restricted to M; is given by

1=2¢[TV1 cos 6 + al]
o=I—-1— L gino. (24)

VI

Let I =1+ v2elh, 7 = v/2eI't, the equations (24) can be written as

a 1 9
f+§cosﬁ)h+0(n )

0 =h— %nsin@ + O(n?). (25)

W :cos¢9+%—|—77(

where the prime denotes differentiation with respect to 7 and n = v/2¢I. Since we will
be interested mainly in the dynamics near the resonance we will restrict the domain of
M. to an annulus containing the resonance. More precisely, the region of interest on
M. is defined as follows:

Ac ={(z,y,h,0) |z =y =0,|h| < C,0 € [0,27]}

where C' is an O(1) constant chosen sufficiently large to contain the resonance struc-
tures.
For n = 0 the equations (25) reduce to

’ (6%
h =cosf + T
0 =h. (26)

A simple analysis shows:
(1) The system (26) is a Hamiltonian system with Hamilton energy function
h2
H:—7+sm0+%9. (27)

(2) The system (26) has two fixed points: a center py and a saddle g, their coordi-
nates are given by

0 =(hpg, Opy) = (0, — arccos%)
o =(hgy, 040) = (0,7 + arc cos %). (28)

From an application of the implicit function theorem and standard phase plane
results, for n sufficiently small and 0 < § < 1, pp becomes a sink, denoted pe, qo
remains a saddle, denoted ¢., and the homoclinic orbit breaks with a branch of the

unstable manifold of ¢. falling into p.. We emphasize here that

pe =po + O(e) = po + O(n?)
4= =qo + O(e) = qo + O(n*).
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For the stable and unstable manifolds of A., we have a fibers theorem which is sim-
ilar to the theorem 7.52 in ref.[2]. Moreover, we can construct the fiber representations
of W*(ge) and W*(q.).

5. The Persistence of the Homoclinic Orbits

The perturbed system (8) can be rewritten as

0H o
xliﬁixQ +eg,
0H o
To= — dr1 +egs,
. O0H
=g +eg", (29)
0H
Yo=— — + g,
o
[=0+¢g",
0= — o +eg’
or 0

Where H have been given in (10). (¢, g2, g%, g2, g", g?)7 is defined by (8) and have
the following representation

g™ % 231 g1
g2 _%71;111 Lo g2
O0H; Y1
gz: _ ﬁTng cal U4 9?1J2 . (30)
g oy1 Y2 91
g’ o 21 g1
g’ —%h 0 g7

Where H; = ﬂf‘\/ﬂ' —2? — 23—y} —y3sinf and (g7, g7, 9}, 912, g1, 9!)T consists
of terms that have 3; (j = 1,2, 3) coefficients in (8).

To show the existence of the homoclinic orbit for the system (29) we use two steps
to analysis this problem. First, we use Melnikov’s method to compute the distance of
W#(M,.) and W*(M,). By this method we will show that the unstable manifold of the
fixed point in M, is in W#(M,.). The second step we show that the unstable manifold
will be intersect to the stable fiber of the stable manifold of the fixed point in M,.

Now we discuss the distance of W*(q.) and W*(A. C M,). From the higher dimen-
sional Melnikov theory in [1] we known that for any point in the homoclinic manifold,

OH OH 0H 0H O0H

denote (x1, x2,y1,y2, I, 0), the normal vector of the point is n= (87:1’ Dg Oyr> Dys® 01 0)

and the Melnikov function is given by

M (o) :/ <n, (g%, %%, g%, 9", ¢', ¢%) > (¢"(t, T = 1,60))dt. (31)

— 00
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Where ¢"(t,I = 1,6p) is a homoclinic orbit in the homoclinic manifold which pass the
point (z1,x2,y1,y2,1,0) = (0,0,0,0,1,60p). It is easy to show that the function M (6p)
is independent in ;(j = 1,2, 3). Hence,in the homoclinic manifold we have

<n,(g",9"2, 9", g2, g", ¢%) > (¢"(t, I = 1,0))

. OH Y . OH
=— G (5 + amy)+ &1 (——— + ama)— Yo (—— + o)

0x9 o0x 892
. oH, . OH,
= — — +2
+ Y ( oy + ay?) 0 ( 96 + Oé)
dH . . :
:_T;+a(1+k2)(ml Tog — X1 T) — 26 . (32)

We now integrate (32) around the unperturbed heteroclinic orbit at I = 1 that
approaches qo asymptotically as t — —oo. It is clear that the first term and the third
term in (32) can be integrated directly to give

- / %dt — _2T[sin(f,, + A9) — sin by, (33)
—/ 200 § dt = —2aAf. (34)

We now examine the second term in (32). Since x; = 7 cos ¢ and x3 = rsin ¢, then
. . _ 2 .
T1 T9g — X1 To= —T1" @Y.
Hence

oo D .
/ (iL'l To — X1 it'g)dt = — / r? Y dt
— 50 —00
B 8 /‘/’(+°°) cos 2p
14+ k2 o(—c0) 3+ 4cos2p 14
2 6 ¢(+00) d
1+ k& 1+ k% Jp(—o0) 3+ 4cos2p

2 \/?
— Ap — tanh~!(~).
1+ k2% VT(1 4 k2) o (4)

Where Ay = ¢(400) — p(—00) = 7.
Using (33), (34) and (35), the Melnikov function becomes

M(a, T, k;04) = — 2I'[sin(0y, + AB) — sin by, ]

20 _ 1 6o T
_ mtanh 1(\/;) - Wtanh I(T) (36)

Where 0y, = m + arccos §. and Af = § + ﬁ(12+k2) tanhfl(\@).
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Following the theory developed in [1, 3|, in order to show that there exists an orbit
homoclinic to ¢. we must first show that the Melnikov function has a simple zero. This
condition is a sufficient condition for the existence of an orbit that is asymptotic to g.
as t — —oo and asymptotic to an orbit in A, as t — +o0o. Further, in order to verify
that the unstable manifold W*(q.) is intersect to the stable fiber of the stable manifold
of the fixed point in A., we define

AH = H(0,6,) — H(0,  + arccos %),

where H is given by (27). Hence, the location that the unstable manifold of ¢. returns
to A is given by the solution of the following equation

AH = %(eb — B4 + sin by — sinf,, = 0. (37)

Where 6, is called as “take off angle”.

By the above discussion we can get the following theorem for the existence of ho-
moclinic orbit for the saddle point ¢..

Theorem 5.1 Choosing the parameters such that M («,T', k;0,,) has simple zero
with parameters and
(91, — qu) + sin 91, — sin qu =0

Ml e

take value throughout an O(1) interval at a zero point of the Melnikov function. Then
for € sufficiently small, there are homoclinic orbits connecting to q..

Remark (1) Taking the similar discussion in [4, 6] we may show that the condi-
tions of the theorem 5.1 can be satisfied for the appropriate parameters o and T'.

(2) By the same discussion we can get the existence of homoclinic orbit for the fixed
point p..
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