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Abstract In the paper, the existence and uniqueness of the generalized global
solution and the classical global solution of the initial boundary value problems for the
nonlinear hyperbolic equation

Ut + klua::rxw + k?'u/ma:m:ct + g(ua:m)xx = f(l', t)

are proved by Galerkin method and the sufficient conditions of blow-up of solution in
finite time are given.
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1. Introduction

In this work we devote to the following damped nonlinear hyperbolic equation
gt + kpuga + kotgay + g(Uge) e = f(2,t), reQ, t>0 (1.1)

with the initial boundary value conditions

uw(0,t) = u(1,t) =0,  uge(0,t) = uge(1,¢) =0, >0, (1.2)
w(x,0) =p(x), w(z,0)=1v(), z€Q (1.3)
or with
ugp(0,8) = ugp(1,8) =0,  wys(0,t) =wus(1,¢) =0, t>0, (1.4)
w(x,0) = p(x), w(z,0) =), €
or with
u(0,t) = u(1,t) =0, uz(0,t) = ug(1,¢) =0, t>0, (1.6)
w(x,0) = p(x), w(z,0)=1v(), z€Q, (1.7)
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where u(z,t) denotes an unknown function, k; and ks are two positive constants, g(s)
is a given nonlinear function, f(z,t) is a given function, ¢(z) and ¥ (x) are given initial

value functions which satisfy the continuous conditions:

026 (0) = @2k (1) = 2k (0) = 1,26 (1) = 0, (k=0,1) in (1.3);
P p2k+1 (O) = (px2k+1(1) = ¢xzk+1(0) = wxzkﬂ(l) = 0, (k = 0, 1) n (1.5)

and Q = (0,1).

The equation (1.1) describes the motion for a class of nonlinear beam models with
linear damping and general external time dependent forcing; for more physical inter-
pretation of the equation (1.1) we refer to [1, 2].

The equation (1.1) and its multidimensional case have attracted much attention in
recent years; for the well-posedness we refer to [3-5]. In [2] the authors have proved
that the problem (1.1), (1.6), (1.7) has a unique global weak solution. In [1] the
authors have been successful in proving the global existence of weak solutions for the
multidimensional problem (1.1), (1.6), (1.7) by using a variational approach and the
semigroup formulation. The energy decay of the mutidimensional problem (1.1), (1.6),
(1.7) was given in [6].

In this paper, we are going to prove that the problem (1.1)-(1.3) or the problem
(1.1), (1.4),(1.5) has a unique generalized global solution and a unique classical global
solution by Galerkin method. We shall also show that the problem (1.1), (1.6), (1.7)
has a unique generalized local solution. Finally, some sufficient conditions of blow-up
of the solution for the problem (1.1), (1.6), (1.7) are given.

Throughout this paper, we use the following notations:|| - [|, [| - [|g,, I| - [leos | - lp)
and || - [|,(g,) denote the norm of spaces L*(Q), L*(Q), L*(Q), HP(Q) and HP(Qy),
where Q; = Q x (0,¢) and 1 < p < oc.

2. Global existence and uniqueness of solutions

In order to prove that the problem (1.1)-(1.3) has the generalized global solution
and the classical global solution, we now introduce an orthonormal base in L?(2). Let
{y;(z)} be the orthonormal base in L?(2) composed of the eigenvalue problem

Yy + Xy =0, x €,
y(0) =y(1)=0

corresponding to eigenvalue \;(i = 1,2, ---), where ””” denotes the derivative. Let
N
un(z,t) = Z ani(t)yi(z) (2.1)
i=1

be Galerkin approximate solution of the problem (1.1)-(1.3), where an;(t) (i =1,2,-- -,
N) are the undetermined functions, N is a natural number. Suppose that the initial

value functions ¢(x) and ¢ (z) may be expressed
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p(x) = ayi(z), P(x) = biyi(x),
i=1 i—1

where a;, b;(i =1,2,--+) are constants. Substituting the approximate solution uy(z,t)
into (1.1), multiplying both sides by ys(z) and integrating on 2, we obtain

(uNtt+kluNx4 +k2uNx4t+g(uNxx)CtxayS) - (f)ys)a S = ]-727”'7N7 (22)

where (-, ) denotes the inner product of L?(£2). Substituting the approximate solution
un(z,t) and the approximations

N N
on(@) = awi(z), Un(x)=) biyi(x)
i=1 i=1

of the initial value functions into (1.3), we have
ans(0) =as,  ans(0) =bs, s=1,2,--- N. (2.3)

Lemma 2.1 Suppose that g € C*(R), G(s) = [ g(y)dy > 0, Vs € R, ¢(0) = 0;
f € L2Qr); ¢ € H3(Q) and v € L*(Q). Then for every N, the Cauchy problem
(2.2), (2.3) for the system of the ordinary differential equations has a classical solution
ans € C?10,T)(s=1,2,---,N) and the following estimation holds

uNz2
lunll3q) + llune® + lluna2 15, +/Q/0 g()dydz < CL(T), te[0,T], (2.4)

where and in the sequel C1(T) and C;(T)(i = 2,3,---) are constants which depend on
T, but do not depend on N.

Proof Multiplying both sides of (2.2) by 2ans, summing up the products for
s =1,2,---, N, adding 2(un,un:) to the above both sides and integrating by parts
with respect to x, we get

d UNz2
Sl e 2 + kslfus |2 +2 [ g(y)dyda)
+ 2halfuaadl? < 112 + 2wl + un 2. (25)

Observe that the following properties of the orthonormal base {y;(z)} on the boundary
points of 2 have been used in (2.5):

y(2m)(0) = yz(2m)(1)7m = 07 172" = 1727 )

2

where (2m) denotes the order of the derivatives of the function y;(z). Gronwall in-
equality yields from (2.5)

2 2 4k 2 4 o 2 4o [ [ dyd
Jun|I” + [Junell” + K1 llung2 |1+ 2k2l|ung2lo), + o g(y)dydzx

P2
< {1+ k)l + 62 +2 [ [ gy
+ 1715, +1},  te[o,T]. (2.6)
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It follows from (2.6) that the estimation (2.4) holds.
Similarly in [7], we can prove from (2.6) by Leray-Schauder fixed point theorem

that the Cauchy problem (2.2),(2.3) has a solution ays € C?[0,T](s = 1,2,---,N).
The lemma is proved.

Lemma 2.2 Suppose that the conditions of Lemma 2.1 and the following con-
ditions hold: g € C3(R), Vs € R, ¢'(s) > 0, ¢"(0) = 0; ¢ € H>(Q); v € H3(Q);
fe € L2(Qr) and f(0,t) = f(1,t) = 0. Then the approzimate solution uy(x,t) has the
estimation

lunezll, + llunllZg) + lunell3q) + lunellZg,) < C2(T),  t€[0,T]. (2.7)

Proof Multiplying both sides of (2.2) by Asans(t), summing up the products for
s=1,2,---, N, integrating with respect to ¢ and integrating by parts with respect to
x, we have

t ¢ td
—2/ /uNtzuNxzda:dT+2k1/ /U?Vmg,dZEdT—'—k’Q/ — |Jupgs ||Pdr
0 Ja 0 Ja o dr
t ¢
—1—2/ /g’(uNxz)u?ngd:rdT: —2/ /fuNx2d£L'd7'. (2.8)
0 Jo 0 Jo
Integrating by parts with respect to ¢, we get
t
—2/ /uNxQUNtzdde:—Q/ uNtuNxzd:U+2/ UNPNg2dT
0 JQ Q Q

t
—1—2// UNUN g2 dTdT. (2.9)
aJo

Substituting (2.9) into (2.8), using Holder inequality, assumptions and (2.4), we obtain
lunasl® + llunzslly, < C3(T), ¢ €0,T]. (2.10)

Multiplying both sides of (2.2) by 2A\2apy(t), summing up the products for s =
1,2,---, N, we have

d
77 (lunae1” + Fluwan %) + 2k2flunga|* = _2/9(9"(UN12)U?\1963UN$H
+ ¢ (U g2 ) UNpaUNpag)dT + 2/ fupngade. (2.11)
Q
It follows from (2.4), (2.10) and Sobolev embedding theorem, that
HUNHCQ(Q) < C4(T), te [O,T]. (2.12)

Using Gagliardo-Nirenberg interpolation theorem, we have

3 1
[unzsllza) < Csllungs || lungs ll1q)- (2.13)
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By use of Young inequality, (2.4), (2.10), (2.12) and (2.13), it follows from (2.11) that

2 (a2l + Frflunga %) + Folluas

<Co(T)|lunza|® + CrlI f|I> + Cs(T),  te[0,T]. (2.14)
Gronwall inequality yields from (2.14)
luna2ell® + llunas|? + lunase|l, < Co(T), ¢ €[0,T]. (2.15)

Multiplying both sides of (2.2) by a2 (t), summing up the products for s = 1,2,--- | N,
integrating over (0, ¢) with respect to ¢, observing (2.4), (2.15) and Sobolev embedding
theorem, we obtain

HuNtt”Qt S CIO(T)7 te [OaT] (216)

Multiplying both sides of (2.2) by —2A3ays(t), summing up the products for s =
1,2,---, N and integrating by parts with respect to x, we have

d
%(HuNx?’tHZ + leUNz5H2) + 2k2”uNx5tH2 + Q/QQ(UNxQ):B?’uN;ﬁtdx
= 2(fx7uNx5t>' (217)

By use of Holder inequality, (2.4), (2.15) and Sobolev embedding theorem, it follows
from (2.17) that

lunasill? + llunas | + lunasillo. < Cn(T), ¢ €[0,T]. (2.18)

From (2.4), (2.16) and (2.18) we see that (2.7) holds. This completes the proof of the
lemma.

Theorem 2.1 Under the conditions of Lemma 2.2, the problem (1.1)-(1.3) has a
unique generalized global solution u(x,t), i.e. u(x,t) satisfies the identity

T
/ / (gt + krtigs + Fytige; + g(tae)an — F(z, ) h(z, t)dadt =0,  Yh e LA(Qr)
0 Q

and the initial boundary value conditions (1.2), (1.3) in the classical sense. The solution
u(zx,t) has the continuous derivatives uyi(x,t)(i = 1,2 ) and the generalized derivatives

Uy (T, 1), Upiy(x,t)(i = 3,4,5) and uy(x,t).
Proof From Lemma 2.2 and Sobolev embedding theorem we know that

lunllcaag < Cr2(T),  luntllczngy < Cis(T),  t€[0,T], (2.19)

where 0 < A < 3. It follows from (2.19) and Ascoli-Arzeld theorem that there exist a
function u(z,t) and a subsequence of {uy(z,t)} still denoted by {upn(x,t)} such that

when N — oo, {un(x,t)}, {un(x,t)} and {up,2(z,t)} uniformly converge to u(x,t),
ugz(z,t) and wu,e(z,t) on Qp respectively. We also know from the estimation (2.7)
that subsequences {un,i(z,t)}, {unyi(x,t)}(i = 3,4 5) {u3, s(z,t)} and {uyp(z,t)}
weakly converge t0 uyi(x,t), ugi(z,t) (i = 3,4,5), us(2,t) and u,2(x,t) in L*(Qr)
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respectively. Thus we can prove by weakly compact theorem of the space L?(Qr) that
the problem (1.1)-(1.3) has a generalized global solution.

Now, we prove the uniqueness of the generalized solution wu(z,t). Suppose that
ui(x,t) and ug(z,t) are two generalized solutions of the problem (1.1)-(1.3). Let
w(z,t) = ui(z,t) — ug(x,t). Then w(x,t) satisfies the initial boundary value prob-
lem

Wy + k1wga + kowgay + 9(Uize)ar — 9(U22)ze = 0, xet>0, (2.20)
w(0,t) = w(l,t) =0, Wez(0,1) = wez(1,8) =0, > 0, (2.21)
w(z,0) =0,  wyz,0)=0, 2x€. (2.22)

Multiplying both sides of the equation (2.20) by 2w (zx,t), adding 2ww; to the both
sides and integrating over (), we get by calculation

d
27 (] well® + R flwge ) + 22wy |

= —2/ g (U1ze + 0(Uopy — Ulze ) WezwidT + 2/ wwde, (2.23)
Q Q

where 0 < 6 < 1. Since ¢'(u1zy + 0(u2z — U125)) is bounded, it follows from (2.23)
that

ot
[l + [wel? + e ” + llwzaellE, < C/ ([wl? + flwe? + wge|*)dr,
o

where C is a constant, Gronwall inequality yields

lw]|* + llwel® + [|wea||* = 0.

Therefore, uy(z,t) = ua(x,t).

The theorem is proved.

In order to prove that the problem (1.1)-(1.3) has a classical global solution, we
make further estimations for the approximate solution uy(x,t).

Lemma 2.3 Suppose that the conditions of Lemma 2.2 and the following con-
ditions hold: g € CT(R), g@™(0) = 0(m = 2,3); ¢ € H'(Q); v € H'(Q); f €
HY(0,7); H3(Q) 1 CH([0,T]; H(Q)), f(2,0) € HYQ) and fro(0,8) = fyan(1,8) =
0(m = 1,2). Then the approximate solution un(x,t) has the estimation

lunllFq) + llunellF) + lunel3o) + lunsllfq) < Cra(T),  te[0,T].  (224)

Proof Multiplying both sides of (2.2) by —2A3a(t), summing up the products
for s =1,2,---, N and integrating by parts with respect to z, we obtain

d
%(HUNCCWHZ + leU’Nx7”2) + 2k2HUNa:7t||2 + 2/§)9(“N$2)$5uNx7tdx

= 2/ fe3tunprede. (2.25)
Q
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By use of straightforward calculation, it follows from (2.25) that

d
— (lunzsil® + ke llungr ) + kallung |

dt
< C15(T) ||lunar|? + Crsll fuz I + Car(T). (2.26)

Gronwalll inequality from (2.26) yields

lunzsil® + llunzrl* + lunemell, < Cis(T), ¢ €[0,7]. (2.27)
Differentiating (2.2) with respect to ¢, we have

(une + krungs + kaungae + 9(ung2)e2e ys) = (fovs)- (2.28)

Multiplying both sides of (2.28) by —AJa 2 (t), summing up the products for s =
1,2,---, N, integrating by parts with respect to x, using (2.27) and Sobolev embedding
theorem, we obtain

d
@(HUNW’)# 12+ K llunarelI?) + 2k |lung7e]?

< Cro(T) lunarell® + || fusell® + Coo(T). (2.29)

Multiplying both sides of (2.2) by —A3apyge (t), summing up the products for
s = 1,2,---, N, integrating by parts with respect to = and taking ¢ = 0, we have
lungsez (-, 0)]|? < C91. By use of Gronwall inequality, it follows from (2.29) that

lunzsez | + lunardl® + lunerely, < Coa(T), € [0,T]. (2.30)

Multiplying both sides of (2.28) by apngs(t) and summing up the products for s =
1,2,---, N, we obtain

lune||* < Cos, €[0T (2.31)
Multiplying both sides of (2.28) by —Asags(t), summing up the products for s =
1,2,---, N and integrating by parts with respect to x, we have

[unaes|? < Coa(T),  t€[0,T]. (2.32)

It follows from (2.7), (2.27), (2.30), (2.31) and (2.32) that (2.24) holds. The lemma is
proved.

Theorem 2.2 Under the conditions of Lemma 2.3, the problem (1.1)-(1.3) has a
unique classical global solution u(x,t).
Proof We know from (2.24) and Sobolev embedding theorem that

HUNH(;G@) < Co5(T), HUNtHC6(§) < Co(T),
luvillea@ < Cor(T), llunssllo@ < Cas(T).  te0,T) (2:33)

Using the estimation (2.33) and Ascoli-Arzeld theorem, we can prove that the problem
(1.1)-(1.3) has a unique classical global solution wu(z,t). Since the generalized solution

is unique, the classical solution also is unique. The theorem is proved.
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Similarly, we can prove the following theorem.

Theorem 2.3 Suppose that g € C3(R), Vs € R, G(s) = [ g(y)dy > 0, ¢'(s) > 0;
© € H>(Q); v € H3(Q) and f, € L*(Qr). Then the problem (1.1), (1.4), (1.5) has a
unique generalized global solution u(x,t), i.e. u(x,t) satisfies the identity

T
/ /{Utt + k1Um4 + k2ux4t + g(uzx)xx - f(l’, t)}h(l’, t)dl’dt =0, Vh € LQ(QT)
0 Q

and the initial boundary value conditions (1.4), (1.5) in the classical sense. The solution
u(z,t) has the continuous derivatives u:(x,t) (i = 1,2) and the generalized derivatives
Ugi (2, 1), ugir(z,t) (i =3,4,5) and uy(x,t).

Ezxcept the above assumptions if g € C7(R); p € H(Q); ¢ € H(Q); f € HY((0,T);
H3(Q)) n CH[0,T); HY(Q)), f(x,0) € H>(Q) and f.(0,t) = f.(1,t) = 0, then the
problem (1.1), (1.4), (1.5) has a unique classical global solution u(z,t).

3. Blow-up of solution

In this section we are going to consider the blow-up of solution. First of all, we can
prove the existence and uniqueness of the generalized local solution for the equation
(1.1) (f(=z,t) = 0) with (1.6), (1.7) by the contraction mapping principle as in [8]. Thus
we obtain the following theorem.

Theorem 3.1 Suppose that ¢ € H*(Q), 1 € H*(Q) and g € C3(R). Then the
problem (1.1), (1.6), (1.7) has a unique generalized local solution u € C([0,Ty); H*(Q)),
uy € C([0,T0); H2(R)) N L2([0, Tp); HA()), uw € L*(Qr,), where [0,Ty) is a mazimal
time interval.

In order to give the sufficient conditions of blow-up of the solution, we introduce
the following lemma.

Lemma 3.1[9] Suppose that © = F(t,u), v > F(t,
—o0 < u < oo and u(ty) = v(ty), then when t > tg, v ( ) > u(

Theorem 3.2 Suppose that (1) sg(s) < KG(s), G(s) <
Jog(r)dr, K > 2, >0 and p > 1 are constants,

(2) k2 =1, p € H*(Q), ¢ € L*(Q),
B(0) = 611 + kallgacl® +2 | Gloprr)do
< - — <0,
(K =2)a/(p+3)rT(1—e 7 )T

then the generalized solution of the problem (1.1) (f(z,t) = 0), (1.6), (1.7) blows-up
i finite time T, i.e.

llu(-, ||2+// :UTda:dT—i—/// (z, 8)dxdsdT — oo, ast —T .

v), F el t)y <t < oo,

)

~

—a|s[Pt, where G(s) =
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Proof Multiplying both sides of the equation (1.1) by 2wy, integrating the product
over (), we obtain

E(t)=0, t>0, (3.1)
where - = %,

t
B(E) = (D12 + Falltza ()2 42 | Gl () + 2k [l P

Hence
E(t) = E(0), t>0. (3.2)
Let
M(t) = |lu(-, H2+/ / (x,7) da;d7'+/ / / (z, s)dxdsdr. (3.3)
We have

M(t) = 2/Q u(x, t)uy(z,t) dx+/ (z,1) daz+/ / (x,7)dxdr. (3.4)

Using the condition (1) of Theorem 3.2 and observing

K [ Glaaee =EO) = I = 2k [ Tataaa,) P = K ftaa - O
+ (K —2) /Q Gt (x, 1)) de, (3.5)
we get
. ) Lo
M(t) =2 /Q{ut (x,t) + u(x, t)ug(x, t) + tpe (T, O)ugge (2, t) + ium(az, t)}dx
:2/9{uf($,t) — k2 (2, 1) — kotpe (@, ) Uper (2, 1) — e (2, 1) g(Ugs (2, 1))
+ Upg (2, ) Ugge (2, 1) + 1u L(z, 1) dx

2
>9 /Q (2(2, ) — k2, (2, 8) — KGuaa(z,1)) + ;um(:n,t)}dx
>4, 02 = 2B(0) +2(K = 2)a [ fuss(a. O da
+ |tz (-, )12 >0, ¢ >0. (3.6)
It follows from (3.6) that
M(t) > —2E(0)t + 2(K — 2)« /Ot/Q e (x, 7)|PT dadr + M(0), (3.7)

M(t) > —E(0) +2(K — 2)a /O t /0 ’ /Q (g, 5)[PLdadsdr + M(0)t + M(0), (3.8)
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where

0 =2 [ p@p@da+ [ vi(@ydz, MO =l
From (3.6)-(3.8) we have

M(t) + M(t) + M(t) >4||lu (-, 1)]|* + 2(K — 2)04{/Q g (2, 1) [P da

t t T
—I—/ / ]um(x,v')]p“dxdr—i—/ / /|um(:c,s)\p+1dwdsd7'}
0 /o 0o Jo Jo

2
+ e (DI = 2BO)( +141)
+ M(0)(t + 1) + M(0). (3.9)

Substituting (3.4) into the left side of (3.9) we obtain

M(t)~|—2/ (a?t)ut(xtdt+/ :Utdm+// (@, 7)dzdr + M(1)

> 4llua( )| + 2K ~ Dl [ w7 da
Q
t t T
—I-/ / |um(:c,7')|p+1d:nd7‘+// /|um(x,s)|p+1dxdsd7'}
0 JQ 0 Jo JQ
12 .
+ (|t (- 1) ||* — 2B(0)(5 +t+1) + M(0)(¢ + 1) + M(0). (3.10)

Since M(t) >0, M(t) > 0 and

2 [ ula.ue, e < o]+ Ju, O
from (3.10) we have

NI(E) + M(t) >(K — 2)af / g (2, )P + / t / |um(az,7')|p+1dxd7

/ / / Uz (2, 8) [P dzdsdr} — 2E(0 )( +t+1)

+§M(O)(t+1)+§M(O). (3.11)

Using Holder inequality and Poincaré inequality, we can obtain
/Q|um(:v,t)|p+1dw > [Juge|[PF 2> flug|PF > [P, (3.12)

t 5 p—1 t 1 2
/ / (2, 7) 2dedr < 571 ( / / (g (2, 7) [P dedr) 75T (3.13)

// /]um z,s)2dzdsdr < ( // /]um x,s) |p+1d:);‘d8d7')17+2( )p+1 (3.14)

It follows from (3.13) and (3.14) respectively that
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! 1 1-p t 2 p+1
/ / (g (2, 7) [P ddr > ¢72 / / (g (2, 7) [ ddr} 5 (3.15)
0 JQ 0 JQ

o _ t T
/ / / (e (2, )P Ldadsdr > 257 1] / / / e (2, 8)[2dwdsdr} 5. (3.16)
0 JO Q 0 Jo Q

Substituting (3.12), (3.15) and (3.16) into (3.11) and using the inequality
(a+b+0)" < 22(”_1)(a”—|-b"+c”), a,b,c,> 0, n>1

we obtain

10 + 3(0) 2(K = Dl + 07" [ funalior)Paodr]

1ot o p// /|um x,s)| dmdsdT]%}

—E(o)( +t4+1)+ M(O)(t—i—l)—l— M(O)

>91P(K — 2)at! P M (1) — E(O)(tz2 +t+1)

2

N —

+ ZM0)(t+1) + %M(O), t>1. (3.17)

We see from (3.7) and (3.8) that M(t) — oo and M(t) — oo as t — oo. Therefore,
there is a tg > 1 such that when t > ¢y, M(t) > 0 and M(¢) > 0. Multiplying both

sides of (3.17) by 2M (t) and using (3.7), we obtain
d d

dt[MQ( t) + M2(t)] > Cyt! pdtM " +QM),  t>to, (3.18)

;\2%3],04 = s, Q(t) = [~4B(0)t + 2M(0)] [~ B(0)(§ +t+1) + FM(0)(t + 1) +
From (3.18) we get

%[tp—l(MQ(t) FM2(t) — CA M ()] = TIQ(E), > to. (3.19)

Integrating (3.19) over (o, t), we have

tPH (M2 (t) + M>(t) — C4M¥(t)) > /t 7 Q(r)dr + tgfl(Mz(O) + M?(0))

to
— M (), t >t (3.20)

Observe that when t — oo, the right-hand side of (3.20) approaches to positive infinity,
hence there is a t; > to such that when ¢ > ¢1, the right side of (3.20) is larger than or

equal to zero. We thus have
PN + M()? > - (V2(8) + M2() > M5 (1), t>t.  (3.21)

Extracting the square root of both sides of (3.21), we obtain
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1
M)+ M(t) >t=2 C}M + (t), t>1. (3.22)
We consider the following initial value problem of the Bernoulli equation

. 1 1
Z+Z=Ct7 7", t>t

(3.23)
Z(t1) = M(t1).
Solving the problem (3.23), we obtain the solution
3 ; =
Z(t) = e~ (=10 {Ml‘lp(tl) - 04(]1_1)/ T12p€p41(7'tl)d7-]
t1
= e M) HT(E),  t2h, (3.24)

p—1

1 — _
where H(t) =1 %CEM%(tl) fttl 7'172;0671,4 (T*tl)dT, Obviously, H(tl) =1 and

—1 - 1ot g _
o) = oM @)et [ e T e ar

t1

_ _ 1 _ t1+1 _
> 17T1M”Tl(t1)c42 (t1 + 1)ITP / ' e—pTl(T—m)dT
t1
p=1 3 1-p _p=t
=M (tl)Cf(tl-i-l) 2 (1—6 4 ), t>t + 1. (325)

From (3.8) we see that

—E(0)2 + M(0)t + M(0)] T bt
G U

M%%w@+n3pzl

p—1

as t — oo. Take t7 sufficiently large such that M%l(tl)(tl + 1)1)7_1 > %(—E(O))T It
follows from (3.25) and the condition of Theorem 3.2 that

p—1

%
Ny T)>1, t>t +1 (3.26)

o(t) > - (~E(0)F (1—e

Therefore

Hit)y=1-0(t) <0, t>t1+1
By virtue of the continuity of H(t) and the theorem of intermediate values there is a
constant t; <7< t; + 1 such that H(T) = 0. Hence Z(t) — oo as t =T . It follows

from Lemma 3.1 that when t > ¢;, M(t) > Z(t). Thus M(t) — oo as t —T~. Theorem
3.2 is proved.
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