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1. Introduction

This paper is concerned with the traveling wave fronts of the following nonlinear
degenerate equation with non-divergence form

0
a—?:umAu+u”f(u), z e RN t e RT, (1.1)

where m > 1, n > 0 and f is continuously differentiable. Such an equation is quite
different from the well-known porous medium equation with an absorption

-1

although it can be transformed into an equation like (1.1), with the exponent m = L
p

which falls into the interval (0,1). During the past decades, the equations whose prin-

cipal parts are in divergence form, like (1.2), have been deeply investigated. However,
as far as we know, there are only a few works devoted to the equations whose principal
parts are not in divergence form like (1.1). Among the earliest works in this respect, it
is worthy to mention the work [1] by Allen, who did discuss such kind of equation with
m = 1 in one dimensional case, modeling the diffusive process for biological species. It
was Friedman and McLeod [2] who studied the blow-up properties of solutions for the
equation with m = 2, n = 3 in multi-dimensional case. We may also mention the work
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[3] by Passo, where the basic existence, uniqueness and the properties of solutions are
investigated in detail for the case m = 1. Recently, Wang, Wang and Xie [4] studied
the equation for any m > 1 with n = m + 1, and discussed the global existence and
blow-up properties of solutions. Furthermore, we point out that Bertsch has obtained
several important results on the similar equations like (1.1) or (1.2), see [5-7].

In this paper, we are much interested in the discussion of the traveling wave solutions
of the equation (1.1) with m > 1 and n > 0. For the same question about the degenerate
or non-degenerate diffusion equations whose principal parts are in divergence form, we
refer to [8-13]. First, we introduce the following

Definition A function u(z) € C(R) with z = v -z +t for some 0 # v € RN s
called a traveling wave front of the equation (1.1) if there exist —oco < z; < 2z, < 400
such that

(i) u(z) € C*(z,2,) and satisfies

= |fy]2 " " f(u), Vz € (21, 2r);

(ii) u(z) = 01, u(z,) = 0,, where 6; and 0, are zero or the zero points of f(u);
(iii) u(z) is strictly monotone in the interval (z1, zr), u(z) = 6; for z € (—o0, z;) and
u(z) = 0, for z € (z,+00);
(iv) If u(z) < u(zy), then u'(z,) = 0, while if u(z;) > u(z,), then u'(z) = 0.
Furthermore, if v/, () = v’ (z.) = 0, we call u(z) a smooth traveling wave front,
where v, and u’_ denote the right and the left derivative of u.
To discuss the traveling wave fronts, let us first change the form of the equation.

Let p=1' and ¢ =
that

the wave speed. Then for z € {z € (21, 2,) : u(z) > 0}, we get

{ “/:p’f B (1.3)

P =cu"p—cu™ " f(u).

[v[2’

As we did for the equation whose principal part is in divergence form, we consider
the following two typical cases

f(1)=0,f(1) <0, and f(s) >0 for s € [0,1), (H1)

and

f(0)<0,f(1)=0,f(1) <0, f(u) <0 for s € (0,a) and f(s) > 0 for s € (a, 1),

(12)
where a is a given number in (0,1). First, in Section 2 we discuss the case for f
satisfying (H1). Different from the equation (1.2), see [14], there is no minimal wave
speed for the solutions of the equation (1.1). In other words, for any ¢, there always
exists a traveling wave front with the wave speed ¢ for equation (1.1). Then in Section
3, we study the case with f changing sign, namely, the case for f satisfying (H2). As it
was shown in [15], there exists one and only one wave speed ¢* such that the equation
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(1.2) has smooth traveling wave fronts. However, for the equation (1.1), we will show
that the wave speed might not be existent in general. We have found a sufficient and
necessary condition on f, namely,

1
/ s"TMf(s)ds < 0,
0

for the existence of the unique wave speed, see the details in Section 3. After establishing
the existence, the last section is devoted to the regularity of the traveling wave solutions,
namely, the finiteness of z; and z,.

2. The Case f >0

In this section, we investigate the increasing traveling wave fronts under assumption
(H1). In this case, §; = 0, 6, = 1. It is easy to see that u(z) is the increasing and
smooth traveling wave front if and only if u(z) satisfies that

dp e (w)
du ’
p(0) = p() =0, (2.1)

p(u) >0, wue(0,1).

Lemma 2.1 (Comparison) Let § > o > 0, ¢1,c2 > 0 and p;(u)(i = 1,2) be the
solutions of

dpi Ciunimf(u) M
%_’_T_CZU s Ue(avﬁ)a
pi(B) = Bi.

If p1(u)p2(u) > 0 in («, B) and there exists § > 0 such that f(u) >0 foru e (5—96,03),
then

(i) If e1 = c2 and B1 = Pa, then p1(u) = p2(u) for u € («, B);

(ii) If e1 > ¢ and \fear < Jc1 B, then \J/copi(u) < /cipa(u) for u € (o, B).

Proof From the ordinary differential equations which p; and pso satisfy, we see

that
Aar = o) SR (o eip) = (1 - e u
du p1p2
Let
_ B i [ VeaesTf(s) }
G(u) = (Ve - Ve x| AR e )
We get that

dG(u) = (c1y/c2 — c2y/c1) u” "exp {— /ﬁu Vercas" " f(s) ds} .

du —s  p1(s)p2(s)
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Since pi1(u)p2(u) > 0 in (o, B) and f(u) > 0 for u € (5 — 6, 3),

0< exp{ / Y 01028” mf( )ds} <1
B8 s)p2(s) N
(i) If ¢; = ¢ and B; = Po, then
. _ dG(u) _
uliré{ G(u) =0, Ty = 0, u€(a,p).

Thus G(u) =0 for u € (o, 8). So p1(u) = p2(u) for u € (a, ).
(ii) If ¢; > c2 > 0 and /c281 < \/c12, then

lim G(u) <0 dG(u)

0 :
i : T >0 u€(ap)

Thus G(u) < 0 for u € (o, B). So /eap1(u) < \/eip2(u) for u € (a, B). The proof is
complete.

Theorem 2.1  Under assumption (H1), for all ¢ > 0, the problem (2.1) admits at
least one solution, namely, (1.1) admits at least one increasing and smooth traveling
wave front.

Proof From f’(1) < 0, we see that (1,0) is a saddle point of the system (1.3) and
the two eigenvalues are d1 = g(l ++/1—-4f'(1)). Set D = {(u,p) : 0 <u<1,p>0}.
For all ¢ > 0, from the Liapunov disturbance theorem, we see that there exists a path
curve I'; of (1.3), exiting from point (1,0) with slope d_ < 0 and entering into region
D. Since f(u) > 0 for u € (0,1), I'. does not intersect with the u-axis when u € (0, 1).

Now we show that I'. crosses the point (0,0), namely, (2.1) is solvable. Otherwise,

there would be some A > 0 such that p(u) > A for all u € (0, 5] Let a = [nax f(u)

' 1 A 1/n
and 6 = min 2 <2a> . Then for u € (0, 4],

dp i u” f(u) m "a c _m
- — - v 7 - >
Ju cu <1 » > cu 1 1)2 2u ,
and consequently,
d é
p(u) = p(9) —/ Z:i(s )d < p(d) — ;/ s ™ds, wu € (0,4].

—o00, which contradicts the fact that I'.

Noticing that m > 1, we see that hm p(u) =
does not intersect with the u-axis when u € (0,1). So I'c crosses the point (0,0). The

proof is complete.

3. The Case With f Changing Sign

In this section, we discuss the case with f changing sign, namely, the case for f



66 Wang Chunpeng and Yin Jingxue Vol.16

satisfying (H2). Under this assumption, we investigate the increasing traveling wave
fronts of (1.1) with 6, =0, 6, =1 or §; = a, 6, = 1 and the decreasing traveling wave
fronts of (1.1) with 6, =1, 6, =0or §; =1, 6, = a.

We first investigate the increasing traveling wave fronts of (1.1) with ; =0, 6, =1
or 0 = a, 6, = 1. It is easy to see that u(z) is the increasing and smooth traveling
wave front with 6, = 0, 0, = 1 if and only if u(z) satisfies (2.1). The following theorem
shows that there is no increasing and smooth traveling wave front of (1.1) with 6; = 0,
0, =1.

Theorem 3.1  Under assumption (H2), for any ¢ > 0, (2.1) admits no solution,
namely, there is no increasing and smooth traveling wave front of (1.1) with 6, = 0,
0, =1.

Proof We prove the result by contradiction. Let p(u) be a solution of (2.1) for
some ¢ > 0. Then for u € (0, al,

dp =cu ™ <1 - u"f(u)) >cu ™

du D - ’

which implies by integration

p(u) = p(a) — /a ah;(;)ds < pl(a) — c/a s ™ds, we(0,al.

u

By virtue of m > 1, we see that lim+ p(u) = —oo, which contradicts that p(0) = 0. So
u—0

there is no solution of (2.1) for any ¢ > 0. The proof is complete.

From the proof of Theorem 3.1 we see that p(u) intersects with the w-axis when

€ (0,1). Since f(u) > 0 for u € (a,1), p(u) does not intersect with the u-axis when

u € (a,1). Thus p(u) intersects with the w-axis when u € (0,a]. So we have the
following theorem.

Theorem 3.2  Under assumption (H2), for all ¢ > 0, (1.1) admits at least one
increasing traveling wave front u(z) with 0y = a, 0, =1, and u!, (%) > 0, u’_(2,) = 0.

Next we investigate decreasing traveling wave fronts of (1.1) with 6; =1, 6, =0 or
0, =1, 0, = a. It is easy to see that u(z) is the decreasing and smooth traveling wave
front with 6; = 1, 6, = 0 if and only if u(z) satisfies that

dp . cu" " f(u)
i
p(0) =p(1) =0,

p(u) <0, we(0,1).

(3.1)

From f/(1) < 0, we see that (1,0) is a saddle point of the system (1.3) and the two
eigenvalues are 04+ = g(l ++/1—4f'(1)). For all ¢ > 0, from the Liapunov disturbance

theorem, we see that there exists a path curve I'. of (1.3), exiting from the point (1,0)
with slope d; > 0 and entering into the region F = {(u,p) : 0 < u < 1,p < 0}. We
have the following lemmas about I'..
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Lemma 3.1 Let T, be the path curve of (1.3) exiting from (1,0) and entering into
E and p(u) be the corresponding solution. Then for sufficiently large ¢ > 0, T'. does
not intersect with the u-axis when u € [0,1) and lim+ p(u) = —oco.
u—0

Proof For u € [a,1),

d _ cu™ ™ <1 — u”f(u)) >cu ™.

du P
Thus . .
pla) = —/ d];is)ds < —C/ s~ "ds.
2A

Let A= max {—f(u)} and d = ————. Then for ¢ > ¢ and u € (0, al,

0<u<a 1

- s Mds

u” f(u) 1

—A
=y
2
—5/ s Mds
a
Therefore, for ¢ > §, p(u) is increasing in (0, 1) and for u € (0, a],

dap =cu " (1 - u"f(u)) > Sym
5 )

du P -
Thus “ dp(s) . ra
p(u) = p(a) —/u s ds < p(a) — 2/u s ™ds, wu € (0,al.
Noticing that m > 1, we see that uli,%lJr p(u) = —oo. The proof is complete.

Lemma 3.2 Let T, be the path curve of (1.3) exiting from (1,0) and entering into

E and p(u) be the corresponding solution.
1

(i) If/ s"M f(s)ds > 0, then for any ¢ > 0, I'c does not intersect with the u-azis
0

when u € [0,1) and 111{)1+ p(u) = —oo.
1

(ii) If/ s"TMf(s)ds < 0, then for sufficiently small ¢ > 0, T'. intersects with the

0
u-axis when u € [0,1).
Proof We prove the two results respectively.

1
(i) Assume that / "M f(s)ds > 0. Since p(u) < 0 for u € (0,1) and
0

@:Cu_m (l_uf(u)> > _w’ u e (071)’
du D P
we get that
dp? d
W _ 2p—p < =2cu " f(u), wue€(0,1).

du  du
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Noticing that p(1) = 0, we see that for u € [0,1),

1

p*(u) > 20/ s"TMf(s)ds.

1
Since / s"Mf(s)ds > 0 and f(u) < 0 for u € [0,a), we see that for all u € [0,1),
0

p?(u) > 0, namely, p(u) < 0. So I'. does not intersect with the u-axis when u € [0, 1).
Now we show that lim+ p(u) = —oo. From the above discussion, we see that there
u—0

exists A > 0 such that p(u) < —A for all v € [0,a]. Let B = O<mgx/2{—f(u)} and

] A l/TL a
0 = min <2B> 5 (- Then for u € (0, 9],

] u" f(u) 1_—5321.
P —A 2
Thus for u € (0, 6],
du P 2
So 5
d a
o) =00~ [ D as <p5) - 5 [Tsmas, we 0.0
w ds 2 /.
Noticing that m > 1, we see that lim p(u) = —oc.

u—0t
1

(ii) Assume that / s"" ™M f(s)ds < 0. Let pp(u) be the solution of (1.3) with respect
to ¢ = cp, where ¢ is sufficiently large such that I';, does not intersect with the u-axis
when u € [0,1). From Lemma 2.1 we see that for ¢ < ¢, \/cop(u) > /cpo(u). Since
p(u) < 0 for u € (0,1), we get that

dp? dp B B 2c\/c _ _
To = 20 = 2eu”p(u) = 2eu™ " f(u) > " po(u) —2cu™ " f(u), we(0,1)

Noticing that p(1) = 0, we see that for u € [0, 1),

N
\@/us po(s)ds.

1
Since / s"TMf(s)ds < 0, it is easy to see that for sufficiently small ¢ > 0, I'. must
0

1
Pi(u) < 20/ s f(s)ds —

intersect with the u-axis when u € [0,1). The proof is complete.
Theorem 3.3  Suppose that f satisfies (H2).

1
(i) If/ s""Mf(s)ds > 0, then for any ¢ > 0, (3.1) admits no solution, namely,
0

there is no decreasing and smooth traveling wave front of (1.1) with 0, =1, 6, = 0.
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1
(ii) If/ s"TM f(s)ds < 0, then there exists a unique ¢* > 0 such that (3.1) admits
0
at least one solution, namely (1.1) admits at least one decreasing and smooth traveling
wave front with 0y =1, 0, = 0 if and only if ¢ = c*.
Proof Conclusion (i) can be obtained directly from Lemma 3.2 (i). Now, we show

1
the conclusion (ii). Assume that / s""Mf(s)ds < 0. Let
0

F ={c¢>0:T, intersects with the u-axis when u € [0,1)},

where I'; is the path curve of (1.3) exiting from (1,0) and entering into E = {(u,p) :
0 <u < 1,p<0}. From Lemma 3.1 and Lemma 3.2 (ii) we see that F' is bounded
and not empty. Let ¢* = sup F. Then ¢* > 0. Let I'* be the path curve of (3.2) with
¢* exiting from (1,0) and entering into E and p*(u) be the corresponding solution of

(1.3).
We first show that ¢* € F. Otherwise, assume that I'* did not intersect with the
u-axis when u € [0,1). From the proof of Lemma 3.2 (i) we see that lim+ p*(u) = —o0.
u—0

Let {¢;}2, C F with ¢; / ¢* and p;(u) be the corresponding solution of (3.2) with
respect to I'.,. Let u; denote the maximal root of p; in [0,1). By Lemma 2.1 we see

that u; is monotone decreasing. Thus uy = lim u; > 0. If up > 0, then we get that
1—00

p*(up) = 0 from p;(u;) = 0, which contradicts that I'* did not intersect with the u-axis
when u € [0,1). Thus up = 0, namely, lim u; = 0. From Lemma 2.1 we see that
71— 00

pi(u) > Piv1(u)

,  Yu € (uj,1).
NG Veit1 (i, 1)

Thus
—u”"p;(u) - —u""piy1(u)

Vei N

From Levy’s Theorem and noticing that lim u; = 0, we get that

0<

Yu € (’LLl', 1)

1—00
U =M. U —M %
i [ 2 g [P g e o),
100 Juy, \/a 0 \/CTk
namely
u u
lim s "Mpi(s)ds :/ s Mp*(s)ds, Yu e (0,1).
1—00 U; 0
Noticing that p;(u;) = 0 and
dp? dp; _ _
dzj,z = Qpiﬁ = 2c;u” "pi(u) — 2c;u " f(u), w e (0,1),

we see that for u € (0,1),

P2(u) = 2¢; ( /u u s~Mpa(s)ds — /u u gnm f(s)ds) .

7
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Letting ¢ — oo and noticing that lim u; = 0, we see that for u € (0, 1),

71— 00
u u
p*2(u) = 2¢* (/ s Mp*(s)ds —/ s”mf(s)ds) ,
0 0
which contradicts that lim+ p*(u) = —oo. So ¢* € F, namely, I'* intersects with the
u—0

u-axis when u € [0,1). Let (u*, p*(u*)) be the intersection point.
Next, we show that u* = 0. Otherwise, assume that u* > 0. From the continuity of
path curve with respect to parameter, we see that for ¢ > ¢* and sufficiently near c¢*,
there exist at least two extreme points u! and u? of p.(u), the corresponding solution
of (1.3) with respect to I, such that 0 < u! < u* < u? < 1, p.(u?) < pe(ut) < 0,
dpe(ut) B dpe(u?)
dv  du

pe(ut) = (u')" f(u'), (3.2)

pe(u?) = (u®)" f(u?). (3.3)

Let ¢ \, ¢* in (3.2), we get that p*(u*) = (u*)" f(u*). Since p*(u*) = 0, we see that

f(u*) = 0. Therefore, u* = a. Thus, f(u?) > 0. So p.(u?) > 0 from (3.3), which

contradicts that p.(u) < 0 for u € (0,1). Therefore, u* = 0, namely, p*(u) is a solution
of (3.1) with ¢ = ¢*.

Finally, the uniqueness of ¢* can be obtained from the proof of Lemma 2.1. The

u! — u* and p.(ul) — p*(u*) = 0 as ¢\, ¢*. From

= 0, we see that

proof is complete.

From Lemma 2.1, Lemma 3.1, Lemma 3.2 and Theorem 3.3, we get the following
theorem.

Theorem 3.4 Let f satisfy (H2) and ¢* be given in Theorem 3.3.

1
(1) [f/ s"TMf(s)ds > 0, then for all ¢ > 0, (1.1) admits at least one decreasing
0

and non-smooth traveling wave front u(z) with 6; =1, 6, =0, and v/, (z) =0 W' (2,) =

—0Q.
1

(ii) If/ s""™Mf(s)ds < 0, then for ¢ > ¢*, (1.1) admits at least one decreasing and

0
non-smooth wave front u(z) with 6; =1, 6, =0, and v/, (z) = 0, u’_(2,) = —oc0. While
for0 < c<c*, (1.1) admits at least one decreasing wave front u(z) with 6; =1, 6, = a,
and v/ (z) =0, —oo < u_(z) <O0.

4. Regularity

Now, we turn to the discussion of the regularity of the traveling wave fronts, namely,
for the increasing traveling wave fronts, investigate the finiteness of z;, and for the
decreasing traveling wave fronts, investigate the finiteness of z,.

We first have
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Theorem 4.1 Let u(z) be the increasing and smooth traveling wave front of (1.1)
with f satisfying (H1).

(i) If 0 <n <1, then z > —o0.

(ii) If n > 1, then z = —oc.

Proof We prove the two results respectively.

(i) Assume that 0 < n < 1. Since p(0) = 0 and p(u) > 0 for u € (0, 1), there exists

d
¢ € (0,1) such that d—p > 0. Let A = Oglir<1 f(u). For any fixed u; € (0,¢), if
u u—e <u<e
Z—p > 0, then from the equation in (2.1),
U u=uq
p(ur) > uy f(ur) > Auy'.
dp dp
If o < 0, we set ug = sups v € (uq,¢€): T < 0,Vs € (u1,v) p and deduce
u=u1 u=s

dp

that u; < uo <€, —
du

d
=0 and d—p < 0 for all u € (u1,ug2). Thus
u

u=us
p(u1) > plug) = ufh f(ug) > Auly > Aul.

Therefore J
U
5= p(u) > Au, Vu € (0,¢€).
z
Integrating the above inequality from z; to zo with z; < 21 < 29 < 2z, and noticing that

0 <n <1, we see that

e SR 1
—un < ——du < = ,
2 A _/u )y Aun “ _/0 Aun ™ A(l—n)

(21

Due to the arbitrariness of z1, we conclude that z; > —oo.
(ii) Assume that n > 1. Let B = Orilaéclf(u). Since p(0) = 0, there exists 0 <
) c c . c
b < m1nc{43,1} such that p(u) < B for all uw € (0,b]. Let q(u) = T Then
p(b) < 3 = q(b). We declare that p(u) < g(u) for all v € (0,b]. Otherwise, let
up = sup{u € (0,b) : p(u) = q(u)}. Then 0 < uy < b, p(up) = q(up) and p(u) < q(u)
for all w € (up, b]. However,

n 9 n—1
;Z£ — cuam (1 YU f(’LL())) _ Cuam <1 _ buO f(u0)>
Uy q(uo) c
_ 208 1 2c¢B c dq
1l - — l—-— == —
> b < c > > b < 4CB> 20 dufy_y,’

which contradicts the fact that p(ug) = q(ug) and p(u) < g(u) for all u € (ug,b]. So

d
d—z = £u, Vu € (0,0].

plo) < q(w) = o
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Integrating the above inequality from z; to 29 with z; < z1 < 29 < 2, we see that

u(22) 9
29 — 21 > / —du.

(21) CUuU

Letting z; — z;, we conclude that z; = —oo. The proof is complete.
Now, we turn to the discussion of the case with f changing sign. We have
Theorem 4.2 Let u(z) be the decreasing and smooth traveling wave front of (1.1)
with f satisfying (H2) corresponding to c¢*, determined in Theorem 3.5.
(i) If 0 < n < 1, then z, < 4+00.
(ii) If n > 1, then z, = 400.
Proof We prove the two results respectively.

. . ‘ a 90+ 1/(n+m—1)
(i) Assume that 0 <n < 1. Let A = 0§T§2/2{_f(u)}’ €=min g3, <nA>

A
and ¢g(u) = —iu". We declare that p(u) < q(u) for all u € (0,€). Otherwise, there
would exist ug € (0, €) such that p(ug) > q(up). Then

d o Aud
op =c'uy " <1 — uOf(uO)) <cuy™|1- A“o < —cfuy ™.
du u=ug p(uo) Zun
0
2
Since 0 < ug < ¢, it follows that
d A
al = —n—ug_l > —ctug™ > L
du u=uo 2 du u=uo

which contradicts that u; = inf{u € [0,up) : p(u) > ¢q(u)}. Therefore u; = 0, namely
for all u € (0, uo],

p(u) > q(u).
Thus g P
q p
R Yu € (0, ug).
Therefore, p(0) > ¢(0) = 0, which contradicts that p(0) = 0. So
A
Z—Z =p(u) < q(u) = —iu”, Vu € (0, €.

Let z1 € (21, 2r) such that u(z1) = e. Then u(z) € (0,€] for all z € [21, 2). Integrating
the above inequality from z; to 29 with 2; < 21 < 29 < 2, and noticing that 0 < n < 1,

</u(22)_2d </1 2d— )
27 u(z) Aum v= o Aun U_A(l—n)'

(21

we see that
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Due to the arbitrariness of z9, we conclude that z,. < 4o0.
(ii) Assume that n > 1. Let B = [nax {—f(u)} > 0 and fix u; € (0,a). If
<u<a

dq
- <0, th
du |y, — 0 then
p(u1) 2 uy f(ur) = —Buf.
d d :
If ﬁ o > 0, let uy = inf {u € (0,u1) : dZ, . >0,Vs € (Uaul)}' Then ﬁ . a

d

0 and d—p > 0 for all u € (ug,u1). Since p(0) = 0 and p(u) < 0 for u € (0,1), we see
u

that 0 < ug < uw1. Thus

p(u1) > p(ug) = uy f(ug) > —Buj > —Buf.

Therefore

d
Eg ::p(u);z-—IBUH, VUJE(O,G)

Integrating the above inequality from z; to zo with 2z; < 21 < 29 < 2z, we see that

u(z2) _q
29 — 21 > / ndu.
u(zl) Bu

Letting zo — z, and noticing that u(z,) = 0 and n > 1, we conclude that z, = +oo.
The proof is complete.
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