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Abstract Let u be a harmonic map from a rotational symmetric manifold M and
B a unit ball in M, let E(u|g) be the energy of the map u|p and E(u|sp) the energy of
the map ulgp, then we obtain the relationship which is called the isoenergy inequality
between E(u|g) and E(u|sg).
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1. Introduction

Suppose that M and N are two Riemannian manifolds of dimmensions m and n
respectively, and that v : M — N is a harmonic map which is a solution of the Euler-
Langrange equation of the Dirichlet integral

E(u) = /M |Vu|?dv.

Let M = R™, and B a unit ball in R™. We define E(u|g) and E(ulgpp) to be the
energy of the map u and the energy of the restriction of u to 9B respectively. Choe([1])
obtained the relationship between E(u|p) and E(u|sp) which is called the isoenergy
inequality.

If N is nonpositively curved, then

(m —1)E(ulp) < E(ulop)
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and the equality holds when N = R™ v is a linear map. If N is any Riemann manifold
of dimension > 3 and w is a stationary harmonic map, then

(m = 2)E(ulp) < E(ulop)

and the equality holds if N = §™~! ¢ R™ u(z) = z/|x|.

In this paper, we consider the relationship between F(u|p) and E(u|sp) when M is
a rotational symmetric manifold (see [1]). We first derive several monotonicity formulas
for harmonic maps from rotational symmetric manifolds by the method used in [1] and
[2]. Using these formulas we get several isoenergy inequalities which generalize Choe’s
result in [3]. Let M(m > 3) be a rotational symmetric manifold, i.e., M = (R™, ds?),
where ds? = dr?+ f2(r)d6?, f(r) > 0 for r > 0, f/(0) = 1 and df#? is the standard metric
on 8™~ ! Let u: M — N be a stationary harmonic map. We prove the following results

(1) If M has the nonpositive radical sectional curvature, then

(m = 2)E(ulp) < f(1)E(ulap)-

In particular, If f(r) = sinh r, i.e., M is a space form with the constant curvature
—1, then
e2—1

(m—2)E(ulp) < ( ) E(ulop).

If M has the nonnegative radical sectional curvature and f’(1) > 0, then
f'W)(m = 2)E(ulp) < f(1)E(ulyp).-

In particular, If f(r) =sinr, i.e., M is a space form with the constant curvature 1,
then
(m —2)E(ulp) < (tan1)E(ulsp).

(2) If M has the nonpositive radical sectional curvature, then

m—3 ! m—3
W Euls) < Bulos) [ £ )

In the case that f(r) =r, i.e., M = R™, we reprove Choe’s results in [3].

2. Monotonicity Formulas

Let u: M — N be a weakly harmonic map, w is called stationary, if for any smooth
vector field X with compact support in M, {®,} is the 1-parameter family of transforms
of M generated by X, then its energy is critical with respect to the domain variations

uo g, ie., diE(u o ®;)|s=0 = 0. It is proved in [2] (also see [4]) that
s

%E(u 0 By)|sg = — /M[\vu|2div(X) — 23 (du(ViX), du (aii)]dv, (2.1)

=1
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0
where V; X = X ; is the covariant derivative of X along el and div(X ZX
Xk
the divergence of X. In local coordinates Xff B —|—I‘kX V — Z F”(’? 52

Ik = —gh (agh. + agl? _ 995 > We say that My is a rotational symmetric manifold if
72 ord ~ Oxt  Ox!
My = (R™,ds}), and dst = dr?+ f2(r)d§* where f(r) > 0 for r > 0, f(0) = 0, f/(0) =

and df? is the standard metric on S™ 1. We choose normal coordinates of S™! at 0,

then df? = Z(d@i)Q. For simplicity we write r as 6!, then ds3 = df? + f2(01) Z(dﬁi)Q.
=2 1=2

Calculating directly we have

0, ik #1,

f(r) , :

; 1=1,7= k 7é 1,
f(r) o
(To)f = =L(Nf(r), k=1i=j#1, (2.2)

0, 1=1,7 7& k,

0, k=1i# ]

0, i=j=k=1.

Suppose that M is a Riemannian manifold, if there exists a smooth function ¢ > 0
so that ds3; = p?ds3, then we say that (M, ds3,) is conformal to My. As we know that

1 Jlog p? dlog p? dlog p?
ko_ N , o kk
0
We set X = n(r)g(r)=—, where
or
1 if r <t
t—r ..,
n(r) = P ift <r<t, (2.4)
0 ifr>t
then we have
. 9XI .
X#:EEAJQXH (2.5)
dlo o
1(r)g(r) +n(r)g (r) + n(r)g()=5>F, i=j=1,
f'(r) dlog ¢ o
= 1
| mmm>f@)+mmmm 5 i=j#1,
XJ) = 0lo L 2.6
! n@MU)aig i#j=1, (2:6)
1 0log ¢ . .
_ _ , =1
fQ(T)TI(T)g(T) 60-] I ? # ]’
0, iFjiFk j#FL
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dlogyp\ 0 Ologgo 0

Vix = (n((r) o+ n(r)ar) ) o+ n(r)(r) T, i1,
(o 8log<p 0 r)dlogy O
ViX = (i ()g(r) + () () +1 2) -2 > L) et
So, we have
70) Dlog

+mn(r)g(r) 2L, (2.7)

divyy X = (' (r)g(r) +n(r)g'(r)) + (m = n(r)g(r) )

S (du(ViX), du ( 8891

i=1 >
—1)9(r) (1) + 0L ) v
o (77'(7“)9( )+ 0019 ) (o) 2 (5

(1 ) 8g%i¢<d (%ﬂ),du(i)). (2.8)
(

Substituting (2.7) and (2.8) into (2.1), we obtain

[ 192 10 (o0 + = 3190 2D = 2190 L) 4t )90 s

o ower- 0 o) = (3
+ 2/M n(r)g(r) (fZl(r) - 1) i: 3?§¢<du (;90 . du <8>>dv =0. (2.9

or
Let Bt = {CC S M|T(LE) < t} and B = Bt’t:l-
(i) Choosing g(r) = f(r), using (2.4) and letting ¢ — ¢, we have (2.9) becomes

(m — 2) /Bt|vu|2¢—1wdv—/63t |Vu|2f(t)da+2/aBt o 2f (1) (g:f)Qda

+2 . (Jf(lr)—f(r)> 3 ag);W(du (6802> ,du (§)>dU:O. (2.10)

=2

(ii) Choosing g(r) = f3_m(r)/ M3 (t)dt in (2.9), using (2.4) and letting ¢’ — ¢
0

we have

~/Bt |Vu)? (1 + (m — 2)g(r)81§§<'0) dv — /6& |Vul|?g(t)do
v2f (‘3:)2¢2g(t do + 2/ <au>2g02f2m(r)s(r)dv
+2 [ g0r) ( )Zalaoegf <aézi>,du (a‘i)mv:o, (2.11)
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where s(r) = (m — 2) [ P () — f(8)dt.

Lemma 1 Let Mobe an m-dimensional conformal rotational symmetric manifold
(m > 3), ifu: M — N is a stationary harmonic map, then we have the formulas
(2.10) and (2.11).

3. Isoenergy Inequalities

In the monotonicity formulas (2.10) and (2.11), choosing ¢ = 1 and ¢ = 1, we have
Proposition 2 Ifu: My — N is a stationary harmonic map, we have the follow-
ing formulas

w2
(m — 2) /B ‘VU|2f/(r)dv = f(l) /aB (‘vu|2 _9 gr ) do (31)
and
w2
FO /aB Vul*do =F'(1) /B IVul? + 2™ (r)s(r) % ) dv
ou|?
T2EQ) o || 1 (3.2)

t
where F(t) = / Fm3(r)dr.
0
Using (3.1) we obtain

Theorem 3 Let m > 3 and let u: My — N be a stationary harmonic map.
(1) If My has the nonpositive radical sectional curvature, then

(m —2)E(ulp) < f(1)E(ulsp). (3-3)
(2) If My has the nonnegative radical sectional curvature and f'(1) > 0, then
f')(m —2)E(ulp) < f(1)E(ulop). (3-4)

)
f(r)

Proof (1) Because of the radical sectional curvature K(r) =

f'(r) > £'(0) = 1. Let Vu denote the gradient of u on B, then

2
E(ulgp) = /83 Vul? do = /aB <]Vu\2 - ) do.

Hence by (3.1) we have
— U2U m — U2/T v = _U2—
(m=2) [ [VuPde<(m—2) [ [VuPr(r)d f<1>/83<|V|

< 0, we have

ou

or

<f(1) /BB ‘?u|2da.
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(2) Since K(r) = —J;/((:)) >0, f(1) > 0, we have f'(r) > f/(1) > 0(r < 1). By

(3.1) we obtain

(m—2)f’(1)/B|Vu]2dv§ (m—z)/Bwu\?f/(r)dv < f(l)/aBWu|2da.

Using (3.2) we have
Theorem 4 Let m > 3 and let w : My — N be a stationary harmonic map. If
My has nonpositive radical sectional curvature, then

f"P()E(ulp) < E(ulos) /01 fm3r)dr. (3.5)

Proof Since K(r) = —J;/((:)) <0, we have f'(r) > f'(t)(r > t),s(r) > 0. By (3.2)

F'(l)/B]Vu|2dv gF(1)/aB|vu|2da.

we have

By Theorem 3 we have
Corollary 5 (1) If f(r) =1, i.e., My = R™, then

(m = 2)E(ulp) < E(ulop)-
(2) If f(r) =sinhr, i.e., My is a space form with the constant curvature —1, then

62—

(m — 2)E(ulp) < ( 1) E(ulop).

(3) If f(r) =sinr, i.e., My is a space form with the constant curvature 1, then

(m = 2)E(ulp) < (tan 1) E(ulap).
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