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Abstract We study the globally approximate controllability and finite-dimensional
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1. Introduction

Let © be a bounded, open, connected set in R™ with boundary 9€). Consider the
following homogeneous Dirichlet problem for the parabolic equation:

ou "0 ou " ou
n Q=(0,T)xQ, (1.1a)

uy =0 in ¥=00x(0,T), ul=0=uo in Q,

under the condition of uniform ellipticity, namely,

n

,uzn:ff < Z a;j(z,t)&& V& € Roae. in Q, p>0, (1.1d)
i=1

i,j=1
where a;; = aj;, a;j € L=(Q), i,j = 1,...,n. To guarantee the solvability and unique

continuation, some other assumptions are needed [1-2]:

n
1 n
wo € L2(Q), |1 3 b allare S i 45 =1k (1.20)
=1
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2(1 — k)
qge[l,o0], r €|

,oo],re[ﬁ,oo],0<k<1, for n>2,
N (1.20)

1 2
m,m],0<k<%, fOI' 7’L:1,

g€

T T
where ||zllq = ([ ([ [al%da)ide)s
0 Q

aaij
ot

e LY(0,T; L®(Q)), b;,a € L¥(Q), (1.3)

8&@'
oxy,
The conditions (1.2) ensure the existence and uniqueness of a solution to (1.1) from
the space C([0,T7; L2(€2)) N Hy°(Q)(see Ladyzenskaja [1]), which satisfies the energy
estimate:

ug € HY (), 0Q € C?,

Jbi,a € L%(Q). (1.4)

ulleo,r1:20)) + lull o) < clluollrz(q)- (1.5)
Here ¢ depends on T" and the parameters in (1.1b), (1.2). Under the assumptions (1.4)
this solution lies in Hy"' (Q). The assumptions (1.3) allow one to use the backward
uniqueness result.

The reference [2] gives the following unique continuation results:

Proposition 1.1 Letn < 3. GivenT > € > 0, there exists a measurable curve
(6,T) >t — &(t) € Q such that every solution u € HY'(Q) to (1.1), (1.3), (1.4) which
vanishes along &(-) and vanishes in Q.

Proposition 1.2 Given T' > € > 0, there exists a set-valued map (e,T) > t —
S(t) € Q, mes{S(t)} > 0 such that every solution u € C([0,T]; L*(Q)) N Hé’O(Q) to

(1.1), (1.2), (1.3) which satisfies the equality/ udx =0 on (e, T) vanishes in Q.
S(t)

Furthermore, [2] studies the approximate controllability of the following control
system:

00 5~ 0 w2
o = 2 o W@ T 05,0

ig=1 "

+z;ai(bi(x’7"t>@—“@T—t)wB(T—t)v(t) in Q  (16)

=0 inX, @)= =0,

where B(-) is a linear operator defined on a linear manifold V' C L?(0, 7)) by one of the
following formulas:

1,if zeS(T-1t),

0,if x¢S(T—t), S(t)cQ ae in [0,7], (1.7)

B(T —t)v(t) = v(t) x {

or

B(T — tyu(t) = v(t)d(x — (T —t)), 2(t)eQ ae in [0,T], (1.8)
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where 6(z) is Dirac’s function, and v € V = {v € L?(0,T; L?*(Q)|v(z,t) = 0,a.e. in(T—
€,T)} is a control function. The reference [1] just gives the approximate controllability
results for linear parabolic system. We will show the finite-dimensional exact control-
lability of linear parabolic system under the same assumptions as in [2], and morover,
extend the results to nonlinear systems.

2. Global Approximately Controllability and Finite Dimensional
Exact Controllability for Linear Parabolic Equation

In this section, we intend to study the global approximately controllability and
finite dimensional exact controllability of (1.6), (1.7). First, we deal with the case that
control acts on a positive measure subset of (), and then, the case that control acts on
a curve.

2.1 The case that control acts on a positive measure subset of ()

Given € > 0, a > 0, ¢! € L?(Q), let E be any finite-dimensional subspace of L?(£2)
and IIg the orthogonal projection from L?(Q) into E, and S(t) a subset constructed
as in Proposition 1.2. Define functional J : L?(2) — R as follows:

1 T
J(ug) = 5/ /S(t) w2dxdt + al|(I — T)uo| —/ngluodaz (2.1)

where w is the solution to (1.1) with initial datum ug. We have the following results:

Theorem 2.1 The functional J : L*(2) — R is continuous and convex. Further-
more, it is coercive. More precisely,

lim inf J(uo)

— >« (2.2)
lluoll L2 () —o0 ||UOHL2(Q)

Proof The continuity can be easily deduced from the energy estimate (1.5), and
convexity, from unique continuation Proposition 1.2. To prove (2.2), we proceed as in
Zuazua[3]. Given a sequence {u}} in L?(2) with gl L2y — o0, we normalize it:

i) = uh /| ud | L2
We have ,
) lllize) (7
T Nl = o [ [ i Pdads
e JS(¢)
nJ 147
+all( = Te)ig 2 — | oidde

where @/ is the solution of (1.1) with initial data @6.
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We distinguish the following two cases.
Case 1:

T ‘
lim inf / / |47 |2dzdt > 0.
g—oo Je JS(1)

When this holds, we clearly have

J
lim inf M =00

i=00 lugll L2

Case 2:

r |
lim inf / / |07 [2dzdt = 0.
i—oo Je Jsw

In this case, by extracting subsequences (that we denote by the index j to simplify the

notation) we have that
T .
[ [ jiPdedt -0 (2.3)
e JS(t)

@) — ug weakly in  L3(Q). (2.4)

and

In view of (2.3) and (2.4) the solution of (1.1), (1.2) with data ug satisfies
u=0 in S().
But then, by Proposition 1.2, u = 0. In particular «(0) = ug = 0 in Q and therefore
ﬂg —0 weakly in L?*(Q).
Since E is finite-dimensional (and Iz compact),
(7 = )| L2 () — 1.

Therefore, ‘
J (up)

lim inf 7
lupllz2(0)

J—00

v

Q.

This proves the claim (2.2).

Theorem 2.2 System (1.6),(1.7) is globally approximately controllable and finite-
dimensional exact controllable in the sense that, given T > ¢ > 0, ' € L?(Q), finite-
dimensional subspace E and a > 0, there ezists a set-valued map (e,T) >t — S(t) C Q
and a control v € V such that

lo(z,T) = o'l < @
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and
HEQO(JT, T) = HESf’l

Proof By Proposition 1.2 it is also easy to deduce that J is strictly convex. Then
J has a unique critical point which is its minimizer:

~ 2 . ~ _ .
g € L°(Q) :  J(ug) = uoénngzQ) J(up).

Given any ug € L?(Q2) and A € R we have
J(ﬂo) < J(ﬂo -+ )\UO)

or, in other words,

)\2 T T
aH(I — HE)Q:LOHLQ(Q) Sf/ / ’U,le'dt + )\/ / wudxdt
2 Je Js@) e JS(t)
+all(I = Tg) (it + Auo) | 2y — A /Q olugde.

where u is the solution of (1.1), (1.2) with data uy.
Dividing this inequality by A > 0 and letting A\ — 0%, we obtain that

T
/golu() §/ / tudxdt
Q e JS(t)

+ o liminf (I = g)(to + Auo)llz2(q) — (I — ILg)to| 12(0)
A—0t A

T
g/ /S()aud:cdt+aH(I—HE)uo|L2(Q).
€ t

Reproducing this argument with A < 0, we obtain finally that

T
[ audedt = [ ol < all(7 = Tg)uollv2o (2.5)
e JS(¢) Q

On the other hand, the reference [2] ((6.6) pp.461) gives
T
/ / u(z, t)o(T — t)dzdt = / uop(z, T)dz. (2.6)
e JS(t) Q

Let
| a(z, T —1t), in(0,T — ¢),
olt) = { 0, in(T —¢€,T).

Then, combining (2.5) with (2.6) we obtain that

| wolel@.T) = ')del < all(I = Hg)uol 2o
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holds for any ug € L*(Q2). Thus
lo(z,T) = o'l < @
and
Mp(p(x,T) - ¢') =0.

As a consequence of Theorem 2.2, we have more general controllability result as
follows:
Theorem 2.3 The parabolic system

9 I 0 96
g  aiilz. T — )=
ot ]Z::I oz, (=T =15, )

3 ai (bie, T =1)¢) —a(@,T — )¢+ BT —thu(t) inQ,  (27)
i=1 ?
¢=0 in %, ¢lmo =o€ L)

1s also globally approximate controllable and finite-dimensional exact controllable. i.e.,
that, for any ¢o, ¢ € L%(RY), finite-dimensional subspace E, € > 0, a > 0, there exist a
set-valued map (e, T) >t — S(t) C Q and a controlv € V such that the solution satisfies

(@, T) = ¢! || 1200y <
and

Hpd(z,T) =o'

Proof In fact, system (2.7) can be decomposed as ¢ = ¢ + ¢ where ¢ is the
solution of (1.6) and ¢ satisfies

00 5~ 0, 99
ot _g::l oz, (=T =15, )

0 . S
+2_ g i@ T=8)g) —a(@,T—)¢ in Q,
i=1 ¢

=0 in X, ¢l=0=¢o in Q.

Of course, (T is determined by ¢g. Then, for ¢! = ¢! — @(T). From Theorem 2.2,
there exists a control v € V such that

lp(T) = (6" = @(T))|l 20 <
and
Ope(T) =Tgp(¢" — @(T)).

i.e.,

1(T) — 6|l 120) < @
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and
Hpp(T) = Tge'.
This concludes the proof.

Remark Our control acts only during a subperiod (0,7 —¢), not the whole interval
[0,T]. This is the difference from classical control theory.

2.2 The case that control acts on a curve in ()
Let n < 3. Given T" > € > 0, let &(t), t € (0,7) be an arbitrary curve satisfying
Proposition 1.1. Consider the system

06 _ 5~ 0 iy
a _i;1 81‘1 (CLU(‘T7T t) ax])

+ i ;x, (bi(z, T — t)¢) — a(x, T — t)p + v(t)d(x — H(T — 1)) in Q, (2.8)
i=1 ¢
$=0 in B, ¢lo=do e L}Q).

We have the following result:

Theorem 2.4 The system (2.8) is globally approximately controllable and finite-
dimensional exactly controllable in the sense that, for any ¢o, ¢' € H (), let E be
finite-dimensional subspace in H}(SY). Then there exists a measurable curve (e, T) >
t — 2(t) € Q and a control v € V such that the solution satisfies

1$(T) = ¢ | g-1() < @ (2.9)

and
Upg(T) = lpe' (2.10)
where Il is the orthogonal projection from H~Y(Q) into E.
This theorem can be proved in the same way as that of Theorem 2.2 and 2.3. We
just give a sketch: Define functional J : H}(2) — R as

J (ug) 2/ t)2dzdt + o||(I — HE)U()HH1(Q)—/ lugdz,

where u is the solution to (1.1) with initial datum uy € HE(Q). It is easy to verify
that the functional J is continuous and strictly convex, and moreover, the coercive in
H} (). So it has a unique critical point which is its minimizer:

o € HYQ) : J(tg) = min  J(ug).
0 € Hy(2): J(io) uoeHg(Q)(O)

Let @ be the solution to (1.1) with initial data dg. Then

o(t) = W(x, T —t), in (0,7 —e),
0,in (T —¢T)

is the control such that (2.9) and (2.10) hold.
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3. The Nonlinear Case

In this section, we intend to deal with the semilinear control system:

¢
{ op = Do+ 9(0) + B(T = t)o(t) (3.1)
p=0 in X, ¢|li=0 = do,

with v and B(-) as in (1.7) or (1.8) and #(-), S(¢) as in Propositions 1.1 and 1.2
respectively. We have the following result:

Theorem 3.1 Assume that g is of C', globally Lipschitz and g(0) = 0, then
the system (3.1) is globally approximately controllable and finite-dimensional exactly
controllable in L*(Q) with control v € V.

Sketch of the proof We introduce the nonlinearity

{ g(s)/s, if s#0,

hs) = g(0), if s=0.

Given any z € L?(2) we consider the ”linearized ” system:

o9
{ 5f = Do+ ()¢ + B(T — tu(t) (3.2)
»=0 in X, ¢li=0 = oo,

We observe that the potential h(z) belongs to L (Q x (0,7"). Moreover,

17 (2) )| Lo (xc(0,0) < 19"l 20w (R)-
By Theorem 2.3 we may construct a control v, € V, depending on z, such that
lo(z,T) —¢'|| < @
and
Hpp(z,T) = Hpe'

Using the techniques in [3], one can deduce that the controls v, obtained by the method
in Theorem 2.2 and 2.3 or (2.4) are uniformly bounded. More precisely, there exists
C > 0 such that

[v:llz2(x 0, < O, V2 € L (Q % (0,T)).

and therefore the solutions ¢, of (3.1) corresponding to v, are also uniformly bounded
in HOI’O(Q) and C ([0, T]; L?(£2)), and thus belong to a compact subset in L?(Q)(see [4]).
In fact, we have constructed a nonlinear map:

N: L¥Q)— L*(Q)

such that N(z) = ¢, which is continuous and compact. Then, by Schauder’s fixed point
theorem, the fixed point exists and the proof is concluded.
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