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Abstract In this paper, we consider the initial and mixed boundary value prob-
lems for the semiconductor equations with avalanche term, the uniqueness of the weak
solution for the semiconductor equation has been proved.
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1. Introduction

Let & be a bounded domain in B*, 1 < n < 3. Set Qr = (0.T) = G. Suppose that
dG = p Uy, where I'p and I'y are pairwise disjoint and I'p 15 closed and possesses
positive surface measure. Moreover, v(xg) denotes the outer unit normal at z; € 8G.
In this paper we study the following system of nonlinear partial differential equations
that describes the transport of electrons and holes in a semiconductor device

g

¢ — div i = =Rlu1, u2) + a (V)] + ax(VY) L], i =1,2 (1.1)

— V- laVy) = f+ 1 — g (1.2)

with boundary conditions

iy d; 2 i e
|:"'J'*r,1 fllr}:llru '_ Euh@jl E T == a: ' = {13}
and initial conditions
ui(0,z) =wupi(z), z€G (1.4)
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The unknown functions u, 4y and 1 denote the free electron carrier concentration, the
free hole carrier concentration and the electrostatic potential. f is the net density of
lonized impurities. B(u;, uz) = riuy, us)(uius —:ﬂ.f},_ Ji = DV + quu MV, gy = —1,
q2 =1, Dy = Di(x, Vob), M; = M;(z, Vip). The coefficients ey and om represent the ion-
lzation rates for electrons and holes, respectively. The term oy (Va)[|J,| + o ( Vil )|J5
models the generation of charged particles due to impact ionization (avalanche gen-
cration of electrons and holes). In [1, 2], the authors proved the local existence of a
weak solutions to (1.1)-(1.4) (R =0,n = 3,2). In [3], the existence of weak solutions
15 proved for space dimensions=1, 2, 3, and the uniqueness of solutions is showed in
the case of one space dimension, The aim of this paper is to prove the uniqueness of
solutions to (1.1}-(1.4) in the case n (n < 3] space dimension.

2. Notations and Assumption

Using the standard notation we denote by H'(G) the Sobolev Space. A norm in a
Banach space £ is denoted by | - [[z. The norm in the space L?, p = 1 1s, for short
denoted by || - ||, both for the space L? (G) and LP(G;B™), |- |l = Il - ||l2. We introduce
some function spaces LL(G) = {v:v € LYG), v > 0 ae. in GHY ={v:ve HY(F),
vlr, = 0}, ¥* be dual space of ¥. We denote by (-,-) the scalar product in L(G)
and (-,-} the duality pairing between Y* and V. In this paper we shall work on the
following assumption that

(Hi) # € HY(G) N LP(G), ¢ € HY(G) N L=(G):

(Hz) f = f(z) € L(G), nf = n}{z) € LE(G).n) = na:

(H3) a is a positive constant; the diffusion eoefficients D; = Dyix, y) and the mobili-
bies M; = M;(x,y) satisfy the following: (i) I; and M; are measurable in = € G, contin-
nous in y € R, and there are positive constants D; and d; such that dy < Dilz,y) < D
tor all (z,y) € G x R*; (ii) M; (i = 1,2) are of the form M;(z,y) = u; + Bilz, ),
(x,y) € G x R"; where u;(i = 1,2) are nonnegative constants, and there exists a
constant By such that the functions B; satisfy

|Bi(z,y)yl < By, (z,y) € G x R

(Hy) 7 Rﬂ — fiy 15 Lipschitzian;

(Hq)" R is the Shockley-Read-Hall term

Riuy,ug) = Tu+?‘1ul[]f_ e (wi1uz — n?), where b > O,r; =0 (F = 0,1,2) are
positive constants;

(Hs) ug; € L{iﬂl:'l?j, et

(Hg) oi(y) € C(R™), 0 < ai(y) < ap; = const < 4oo, y € R

(H7) Let {Hs) hold, and onluy + g < rlug, ) < Al + g + o), Ui E R, ma, o
are positive constants;

(Hg) Let (Hs), (Hg) hold, and Dz, y) are positive constants Doy Bile, )y, cu(y)

satisfies globally Lipschitz condition.
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3. Existence of a Weak Solution to the Problem (1.1)~(1.4)

Using similar methods of the proof in reference [1-4], we can obtain

Theorem 3.1  Let the hypotheses (Hy)~(Hg) be satisfied, and (i) 1, p2 > 0 (Hy]
hold or (i) g1 = pe = 0. Then in the problem (1.1)-(1.4) there exists a weak solution
(i, 40), such that for every T > 0

w; — i € L0, T:Y), v — 4 € C{0,T):Y)

u; — i € C([0,T); L*(3)). w0, ) = ugilz) (3.1)
wi € LP(Qp), (2 <p < 10) w; Ve € LH(Qr), ¥ € L=(0,T: L™(G))
uy € L20,T;:Y") . 35

and
T
f l::'tm,_ :,-:-‘-'a,.;::lrﬁ -+ f {Di?m -+ géu;'iwi:?@]?iﬁ{i:ﬂfft
ﬂ QT'

= [ (r(w,w)n} - mus) + aa(VH)i + an(V) el )pidadi
LA (3.3)

for every @; € L2(0,T;Y),
rlf Vb - Vipds = f (f +up — up)pdzs, for everyp €Y, t € [0,T] (3.4)
& s

Theorem 3.2 Let the hypotheses (Hy)~(Hg) be satisfied, and pr,pp > 0, (Hy)'
hold, Then there ezists a Ty > 0, such that in the problem (1.1)-(1.4) there exists a
weak solution (ug, ) on [0,Th] x G.

4. Uniqueness of Weak Solutions

Theorem 4.1  [Under the assumptions of Theorem 3.1 or Theorem 3.2, (Ha) holds.
Then the weak solution of the problem (1.1)-(1.4) is unigue.

Proof Suppose that (u;,4) and (i, 1) be two different solutions to the problem
(1.1)-(1.4) satisfying (3.1)-(3.4). Then

a L V@ - #) Vode = [ (i - ua) ~ (i~ w)lpda (4.1)

for every w € ¥, t € [0, T,
¥ (% — ) ()] < CZ| (it — ws) ()] (4.2)
10 — ) () lo < CE (s = w) ()] (4.3)

1 % :
5 B(G: — w) (A1) + EDo; [Q V(i — ;)| *dadr
A
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= Y{—q) f@ [(@:(p: + Bile, V)V — wilps; + Bile, Vb)) - V(4 — wg)dwdr

) L (R(ut,2) — R{is, ) (s ~ ue)dodr
s f@ [B(aih) i - ai(v)]2D) ¢ - ui)dsdr
< S(-gi)u f@ (8= w) V9 V(3 — wi)dadr
T f@ IV =Y V(s — )| dodr
L $B, /{h s — ] - [V (85 — ) |deedr
L 3L, f@ 8|V (4 — )] - V(i — w)|dodr
+ EG’L (1 +uf + ul + 4F + 63) i — ;)| deedr
+ Ef:g: {Eﬂmlﬂmlﬂﬂe = ui)| + (] V(o) — )] + i — ] - | V)
+ Boldi = wil + Liai| V(5 — )] ik - wildadr

+3 f@ (SIENL2AV(ES - )] - s — wildadr
=El+E;g+E3-.‘-E4+EE+Erj+ET
B < Ezf V(i - ) |*dedr + K, (E}E[ W2V — ) 2dzdr
AP s

By < | [V — u)Pdudr + Ky(e)S f 108 — w)|2dzdr
e £
Ei € &X [ V(i — us)|Pdzdr + K3(e)T f 2|V () — o) |Pdzdr
Gt &y
; | .
E; < CE fﬂ 0L+ i + f + af + a3)flalls — w1t — welodr
< Ezf |V (@ — w;)|*dedr
Qs
4 ff;{s]f@ 01+ uf + 2 + a3 + 62) (|2 6; — w)|2dr
Ey < sEf [V (@ — w)|*dwdr + EE_/. i — wi*|Vep|2dr
L h £

HIGED [ 18— wldadr + Ko(e)S [ a1V (3§ - v)Pdudr
¢ e

Br < 13 [CN(EDI - ([ 1965 - 9)las - waPaz)

(4.8)

(4.9)

(4.10)
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(i — ug)?
L+ & — ug)?

Let ¢ = € Y in (3.4), (§ > 0), we obtain

< Vi — ug)
§ = s )Vl - ki
Jo (= WV ey dads

1 (i = ug)*
= Vi - ¥
2.0y v 1+ & —

1 {ﬂi 3 "'-f'z':l?

" 2a m{f+uz —w) L4 6t — ;)2

dedT

dxdT (4.11)
and taking 4 — 0 in (4.11), we obtain

Ey =5

f (1t — wg) Vb - V{1 — ut-}d.?:d'rl]
)

E”l

f (f +u2 — w1 )i — w)? r:f:t:ﬂf’r!

"a‘f:? NCLF] + w2 + wn sl (s — )] - |1 (6: — we)|lgdr (4.12)

<e | V(8 — u)|®dzdr
ol

5
+ K1(6)S fu 1F] + w2+ w)IBI s = wg)(r)||2dr

. A
Let o = T iﬁﬂf (4 —90) €Y in (4.1), it is easy to see
?.LE o 2 1 " " 1“13 ;
];J: 1 +ﬂn3=?[13 Y} *drdr = Ef{;.:[{m —ug) = () —uy)] - i ﬁf(ﬂ; — ) drdr
- PATERVETE
— | V(- L5 5 4
fm b R vl e Dy (4.13)

taking 4 — 0 in (4.13), we obtain
[, #1905 = 0)Pdsdr <Ks [ 10 =) oo Bl = )l - Vil
+ Ko [ 166~ )OI dr
<(sup (O Ko [ 16 = )0 (S (0 — ) )l
+ Ko [ 16~ )IEIVaPdr

<eD [ ||V — wd(T)Pdr + [ h(e)(E|| (6 — wi)(7)]|*dr
1t h o

where hi(r) € LY (0, T).
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{'?':ﬂi = 'u-z]'z

1+ A(d; — ;)2

Let ¢ = # €Y in (3.4), we obtain

o e
o

p il ko ) f T u;.] ﬂua; f.u,i}2
B 1'?‘1." [1.:. = Ty "-7{“-!11 .2 ?;-a:l -!,.Jr!f.er’-"
O (14 8id; — u;)?) (4.15)
taking § — 0, wé obtain the estimate
azf (@4 — 1) 2| VP ddr
Q.
2 rt . g 0
<en= [ 1011+ o+ w)lallis = il = willlib(r) oot
¢
+423 [ 19— ) (0 dr
EGLI P — -f.!.'EdT+f BT ||t — wil|*)dr (4.16)
where hy(t) € LL (0, T).
2
Let ip = ; }E"L;!'[ ) E{t.tl i) €V, in {4.1), we obtain
{ﬁi o 'EL;:IE x - o
t Tl ;
~[ﬂ'l + J(ﬁf — 'i'LL:_:Izl‘FI::q?-IJ “i',..-}ll G
= L [ =) = (i~ ) G gy
s e A 1igAs -:'El:?.[.t =8 'r.:.t )2 v
. 21k — ) V{0 — uyg) o+ %
= b— ) - L (4 — ) 4.17)
j;}‘?{v 1) (L + 306 — w2 (¥ — )z (4.17)

taking 4 — 0 in (4.17), we obtain the estimate

f{ua — w)*|V (3 — ) de < —.I ¥ = ) (E)lloo(Ellt: = willa)lds — willl: — wille

+ 4[| ( — D) ENEN V(s — u)ll? < C(EN: - wll®)(SIV (i — w)ll*)
(4.18)

Using (4.18) and (4.10), we obtain
:
E; < Ezfﬂ |V (1t = u;)|2dzdr + If:llzf NJa] + [ TP (s = wa) (7)) 2dr (4.19)
t 0
From (4.4)-(4.10), (4.12), (4.14), (4.16), (4.19), we conclude

B — w) @I < [ hlr) (B — w)r)2) dr (4.20
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where A(t) € L (0,T). In view of the Gronwall’s inequality, we get Z|[(4; —u;) (£)||2 = 0,
i.e., i = u;. By (4.3), this implies that ¢ = . Thus, there is at most one solution to
the semiconductor equations,

We complete the proof of Theorem 4.1,
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