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1. Introduction

There are many interesting phenomena which are related to dynamics of the motion
of surface. those equations had been considered in [1-4]. In [4], the authors considered
that the motion of the constant negative curvature is specified by a single evolution
equation for the angle between the asymptotic coordinate line, they showed that one
choice for the normal velocity of the surface (w = 6:) leads to the modified KdV
equation for the surface evolution, but they do not know whether more complicated
evolution (e.g.. w = A + 8,) can give rise to integrable equations.

As we know, in the case of evolution of curves, a geometrical formulation gives
the evolution equation for the curvature and torsion of curve. The system contains
many integrable cquatimlszﬁ'_”]: our interest is to get the corresponding formulation
which gives a compact description of the motion of surface from the view point of
mathematics.

In [10], Bobenko reformulates the classical theory of surface in a form familiar to
ihe soliton theory which makes possible an application of the analytical methods of
this theory to integrable cases. We find that this formulation is convenient to be used
for considering the relation between the integrable equation and the motion of surface.
In this paper, we extend this method to consider the motion of surface with constant
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negative curvature, we can not only answer the question mentioned above, but also
give explicit expression of the motion of the surface. In Section 2, we deduce the
five fundamental equations of the motion of surface from thirteen eguations, which
are deduced from the compatibility conditions. In Section 3, we take w = afl; + (6,
and give one soliton solution of the evolution equation, then we deduce the explicit
expression of the motion of surface. To keep the reasonable paragraph in this paper,
the multisoliton solution of the evolution equation and the motion of positive constant
Gaussian curvature surface and the motion of constant mean curvature of surface will
be published elsewhere.

2. The Five Fundamental Equations of the Motion of Surface

By using the notation in [10], we identify a 3-dimensional Euclidean space with the
space Imaginary ImH.

3
X=-i) Xjo;€ ImH +— X = (X, X3,X;) € R® (2.1)
j=1
o; (f = 1,2, 3) are Pauli matrices. The scalar product of vector in terms of matrices is

thien

XXry— - -}5% Xy _ (2.2)

Let us consider the surface F' = (Fy, Fy, #3) with constant negative Gaussian curvature
k= —1, we use the asymptotic coordinate line, and by the scalar transform (z,y) —
[Az.y/A), the fundamental forms are as follows

I = {dF,dF) = X*dz® + 2cos Bedody + %a’y? (2.3)
Il = —{dF,dN} = 2(Fyz, N)dody = 2 sin fdzdy (2.4)

where # is the angle between the asymptotic line and

3=l

e N i

; ol - ; !
Fo=-idg( g1 ¢ P )oF=—ize( Sn C7)aN=ciplog 29
€ 0 A e

(L
and ¢ = (h o ) satisfies the equations

Ll
O Aiasd
e ——
de = Ug, Uzi( S i ) (2.6)
_Ei_-._-"g ot
8, 140
gy =V, Vzi(l T ) (2.7)
-._..E_ii i
2 4
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We assume that the velocity

F, = uF; +vF, + wN = —i¢™ G ? Jj ¢
1 — 1.
9= (u+ L)cos s +i(hu=3) i (28)
A 2 A 2

In this section, we shall prove the theorem.
Theorem 1 If the motion of the surface with the constant negotive Gaussian

curvature & = —1, then u,u,w and ¢ should satisfy the flve fundamental equations,
8., = sind (2.9)
Utry = W COS B : (2.10)
Qv Sin 0 + Wee — Aag = Gt cot § = Nfpw, cscf =0 (2.11}
; 1 ik
2u, sin @ + wyy — =Y By, cot B + Iﬁﬁymm csefl =0 (2.12)
1/ o 1 . 4 Iﬂ"ﬁl )
8 = 2ur + (fpu + Oyv) — (A'uy + iﬁulﬂj sinfl, # = B (2.13)

First of all, we assume that (where w; to be defined)

i - ' -'”-I., u T 31”
de=Weo, W =1 ( ? ; 2)

wy + twe —1il3

(2.14)

It is easy to prove the following lemma.
Lemma 1 From the condition Fo = Fip and Fypy = Fiy,, we get the equations
(2.15)-(2.17) and (2.18)-(2.20) respectively,

g0 g1 (kg 1 -

5111 5(1 =} mg) = sin 5 [Ew + EEITL) - ﬁ(lux + i—:f) cmsg (2.15)
08 g L =1 1 M

COs 5(5 + u:g) = COS i(?u + Elr};,:'i!i:l + ﬂ(}.ul - I) Sin 5 (2.16)
f - 1

coS U3 — ﬁillgwl il 5"13“ sind (2.17)

. 6,8 L A L |

SHIE(E — “HI;;) = Sl E(ﬁw + —‘jﬁ'yu) = E(}uuy -+ %) €os 3 (2.18)
0t Bl 1 ) vyy . B ,

CoS E(H = wr;) = COS E(Ew + iﬂyv) = -E—(}ruy - T) sin 5 (2.19)

A A

cos —ip + Sin ﬁwl = ——w, — —usinf (2.20)

2 2 2 2

t
From cos 5" (2.15) — sing - (2.16), it follows that

Ay + %v; cosfl =0 220
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]
From sin g (2.15) + cos 5 (2.16), it follows that

-

From cmsg - (2.18) — sin g +(2.19), it follows that
1
Aty cos @ + Tl = 0

& 4]
From sin = (2.18) + cos 5 (2.19), it follows that

EI. l EJ,.' il 1 o] o
[ — —ras _l., o e '—.-:Il e ]
1S e 54 Uy Sin f/

Solving (2.17) and (2.20), we get

1 s o]
W) = —E(Au — EJ co§ — - —(Iwm — Awi,) CEC

A

Wy = —l(im + E—) Sing — E(il-mx + J‘nmy:l sec

2 4
solving (2.22) and (2.24) we get (2.13) and

1

sy = i[(}nguy = E'ﬂx

We have proved Lemma 2.

b | S 2| S

} siné + (O,u — tii'y-u}]

(2.22)

(2.23)

(2.24)

(2.27)

Lemma 2 The expression (2.15)~(2.20) can be rewritten as (2:21), (2.23), (2.13)

and (2.25)-(2.27).

Lemma 3  From the condition oy = dyz we get (2.9) and from the condition

Bt = i, dye = ¢uy, it yields the equations (2.28)-(2.30) and (2.31)-(2.33)
Proof The equation (2.9) is reduced in [4]. By direct computation, we get

; 7 #f

T Wiz + A(mg msg — 1 sin 5) —4[)

- r5€+ sinE—kgI( i g ¢ Ig)—f‘]

Wp CO 3 T 7 3 TUIEHE Ui |::|52 =
7, i & . é

.l[:i-l—tug)—-(iulIbIHE—W‘gEC%EJ-r-uz—(wlLDE'rE

é 1 t )
= f—‘lﬂgy — I ?ergﬂﬂs§+w15in§:| =)

i . He By LA 7
Wiy COS i — Wiay 51N ﬁ + —2— (wl s1n E “+ ilg COS E) =1

+ 15 8] HJ
W 1N —
£

respectively,

(2.30)
(2.31)

(2.32)
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%(_ % +w3) L ('mlyﬂing+WEy':05 g) T %(mlmsg_wgam %) ! (2.33)

Lemma 4 From the eguations (2.30) end (2.33), we can deduce the equafions
(2.11), (2.12) respectively.
Proof From (2.25) and (2.26), we have

iy L':'“E.E wgsmz = 5 E.}LUEOE =T EAwICO 9 y C
(2.34)
: S g 00 'E'—l + — rqE—chrH
wlmsg-—w?smz— > costl + 5w wa 50 5 Wy o
(2.35)
f . il ¢}
By using ('h'.'*g COS 5 107y Sin gji = Wa. COS S 1 SN g - = ( — ip 811 R W COS E)’
(2.30) can be written as
i g a0 Lk i
l(z + 11'..'3) -+ ('TL'Q COs i — 7011 511 E)I + i (Tug 51 § f= 1y COS E] = (]
By using (2.22), (2.17) and (2.34), it becomes
| 8. 1 ; 1 1 - 1 _
1 1 1 A
-+ EI(—~ E.}-.u + e cost + ﬁwr ot — E'u,y Lbcﬂ) =il
it is the equation (2.11).
e ) E e | _lfi'” g &y .'5'1;“?
¥ using — (wl SN E—I—wg COS _2-)'_?1 = —wiy Sin 5 —wyy COs Sy (ml Cos 3 — 15 SN E),

(2.33) can be written as

%(’HJ;; = %) -+ (—wwixlg-—*L-L'imsg)y-l-fﬂy(w] Cﬂ'ﬂg ~wgs':n§) =[]

By using (2.34) and (2.35), it becomes

]’. ]. E; 1 E ’ .-:lli. .-}'- - }I 3
E( i .—jr*t.l -+ ﬁ’}‘ thy smﬁ') + gty F Euysmﬂ + Euﬂy cos
1 1 1 A
_I'_ﬂ1 Lt I L T g o —- =
; J( E}Lumbﬂ—k T + EAWIGE':E Ewymtﬂ) 0

it is the equation (2.12).
Lemma 5  The equations (2.29) and (2.32) can be reduced to the same egqualion
(2.10). ; :
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P fe BB Hin'( c:::r*ﬂ—l— 'E) 5H+ 5 IE—:r—|—H( 1 'ﬁ-|—
roo Y using | w bE w;slngx—rwm{:c} W 11'1E 5 HISLHE

Wy COS 2)1 (2.34) and (2.17), we can write (2.29) as follows

i el i
('H‘l {‘:IJS — + 907 Sin EJ + 6.2 (wl sin 3~ Wz Cis E)
| A 1 1 : 1
=0, (ﬁwj f’ sin Ei*) EHE + 53 U cosf — ﬂuﬁx sin f 4 7y, War cot &
| A A -
— ﬁwrﬂm csc? ) — Emmy csc ! + Ewyﬂr cot & csc i (2.36)

1
}LIUIILDtH_ ?L{ v, cos @+ A weot 8 4G, cot? @ — }ugﬂ'&u, cot # cse )

and from (2.21), —Aduz = :i-:-um cos &, (2.36) is reduced to (2.10).

From (2.11),

fi
By using the same approach, we rewrite the equation (2.32) as 0 = (w; cos 5 =
2 f {
THhy Sin 5) + r?,J,['ml siny 3 + 1w COS E) then we use (2.35), (2.20), (2:12) and (2.23),
, .

(2.32) is reduced to (2.10).

Up to now. we have deduced the five fundamental equations, the remained problems
are to prove that the equations (2.28) and (2.31) are satisfied automatically and the
equations (2.21) and (2.23) are compatible with the five fundamental equations. Now
we: prove the useful lemma.

Lemma 6

(vpsinf), = 220, (2.37)
; L
(1 sin @)y = I,_;Hyt.lm (2.38)
Proof From (2.11), and using ), (2.10) and (2.12). we have

1
(v sind}, = j[ —twzy + Mw + B, cot @ — .-:'-.EE'_TTI}U cscll),

=§ [ — Wy cosf + dwsind + Aﬂmy + wesinf + 0 weosfeotd
— B0, csct ) — ,lg'wy + Agﬁzﬂywy cot & cscf
1 1
- AEE'I( — 2uy, + 3z EE‘_,,WI cse? ﬂ)]
The (2.37) is deduced. By the same approach, from (2.12) and by using (2.9), (2.10)
and (2.11), (2.38) is yielded.
Lemma T  Ifu,v,w and & satisfy the equations (2.9)-(2.13), then the eguations

(2.38) and (2.31) are satisfied automnatically.
Proof By using (2.24), (2.17), (2.9) and (2.38), (2.28) becomes

(‘IE'I'.{: 'rIElI i — lguyﬁ-iﬂﬂ) '|‘.-:".(- 'E'%*i'ux — ﬁus;ng)

wese 4+ Hyiuy cot @escl —
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2 %
By using (2.22), (2.20), (2.9) and (2.37), (2.

£ F]

T 1 i 1 1. :
==, + —sinf + EyEvI — Evmﬁy — g = avsmﬂ =]
3

1} becomes

1 U 1 I A AR
o (iw + Ei‘j;E - gﬂﬂfsm S)” — E( — Ewy — Eusmﬂ)
1 1
=ity 31111{? B uy + ;uyﬁ' + 5ty + ;usmﬁ‘ 0

Lemma &  Ifu,v,w and & satisfy the equations (2.9)-(2.13), then the equations
(2.21) and (2.23) are compatible with them.
Proof Derivating (2.21) with y and derivating (2.23) with =z, then a.ddnu: and

subtracting them, we get

1 sin 1 :
(J'H'IIJ + IIJIL.) m (.-:5'.'21:-1 ST - }I"EL:[:H!J-} {Edt]j
sin & 1
oo i) %
(}uur_,; 1V J] “S ey [ Aumﬂy Auyﬁmj | (2.40)

To add and subtract the equations (2.37) and (2.38), we get

1 1 —cost! 1
(.-1"'-1133 }LT.JI,J.) = ——m(}ﬂfq i IEJ'E’J) [2*11}
1 1+ cosd :
(Auw Av‘“"j = _SEIH_(EHTH — Attty ) (2.42)
+ cos 1
Sinee 1 IH_ LA sine we have (2.39) and (2.40) equal to (2.41), (2.42) respec-
sin 1 —cosf

tively.
From Lemmas 3-5, 7 and Lemma 8, Theorem 1 is yielded.

3. One Example

Note that the equation (2.10) is just the linearization of the Sine-Gordon equation
(2.9), if @ is a solution of (2.9), then &, ¢, are the solution of the equation (2.10). We
take the normal velocity component w as follows

w = aldy + G0, . (3.1)

in which @ and 3 are constants. From (2.11) and (2.12) we find that

32 .
" = (6% + 26,5 cot ) — ’gﬁ‘w cscl, v = —%Emc::scff—i— 'H—[Eﬁ-i- By cot 8] (3.2)

4}13 4
From (2.13), the time evolution of ¢ reads
) 3 3 A2 3 f
6=als0:+ 2{9 + 20,02 +,r_?[ =0, + (6 + 20y | (3.3)
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Theorem 2
8 = 4dtan—! et
3 y e 38 s e
E—ezr +2(3r Ai)f+ £(E+c—3)a& (3.4)

ts one soliton solution of the equations (2.9) and (3.3).
Proof In this case, we have

cosf = tan h%€f — sech?¢, sind = —sech &£ tanh £ (3.5)
f, = 2esech &, 8, = —2c’sech £ tanh £, Gppr = 2% (—sech¥¢ + HEEhEtmlhI‘?E‘]

By = %5;-:-:(:11{5 By = —;59::]1;;‘ tanh €, &y, = ;[—suci13§ + sech & tanh® £)

ey = —2sech{ tanh§ = sinf

gy = E‘}LL]!IE[ (35 ;Z)Jrrj(g“;)]

1 ;
= (¥ [3-::-\(,';,111., = ?[Sc sech®s — detsech e + 4.5:35.3::]1{ tanh? {f}]
8

A 4 4 f
+ ﬁ'[ sech & + ?(—539{:}1 £ 3 sechgf + Escdl.ﬁ tanhj{)]

—EQL‘illﬁ[‘j(SL_%) _g(.ﬂ & :;:)]

Theorem 2 is proved.
By direct calculation, we have the lemma.
Lemma 9 We define

1 c_%ﬁ %H iy 1 E%E "'E_ﬂiﬂ
T'=— i o e P e i 3.6
V2 (—r&lﬂ el"r" ) W2 (gﬁ'? a7 L)
T‘]( fa f]“if:«r)T
Fr+ifs —_i’;:-ja 5 )
—fieos = = fasin = jg—?(fgﬂﬂﬂ——flﬂ)
& 2 2 DD (3.7)
sin =G :
f3-r'#(fgﬂﬂb:—?""f1—2—) ftCDSE-ngSlIli
Lemma 10 By the gouge transformation
=Ty (3.8)
The eguations (2.6), (2.7) and (2.10) are mapped fo
: . - erpns
JT:[’If1Dr=: _lUT—T_lT :E( I) ;
iy = Ul ® = 5\ gy (3.9)
o o, 1 1 f—icosé —sinf
:F,V:T‘VT—TITT——( )
Py k& L sin tcos (3-10)
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= Wap, W = T-lwr -T7'T;

u mae 27 Qin{? [: ! I—{’}) i(w mqg 10 sinf}:]
—— hj - E — — 2 . - 'u.l - —_— — r & — — | —
o Pt D) Pl M S
( y +ﬂ:| -1-11{ maﬂ &.inﬂ) w cmﬂ + T *ainll:jI
(THe T e e COS — — W) 81N — M 008 = 51T =
1wy 1 uin 3 ] 5 1 5 v, 3
(3.11)

1{?1 -1 , Tﬂ (ﬂ —*].)
Proof Wenote T 1T, =— 1 (1 U)'T T, = R

: —1
T, = g (? 0 ) and from Lemma 9, (3.9), (3.10), (3.11) are obtained immedi-

ately.
Theorem 3

Y = (A +ictanh ]rﬁi”._ o = csech £ el

s R 5 s
:;_E(}.rr,- 5 7 f.'t,:".t—zf’.} (3.12)
is a solution of the equations (3.9), (3.10) and (3.11).

Proof

|'..|:l'". . V¥ : 3 1..:'5 . i q
= 5 Py + -a{:‘ﬁﬂch':lﬁem = TT,'J[ + ic sech “£e

-

i

1A : ; :
=—-esech § el — esech £ tanh &e*”

s

: A .-
—iesech £(A + fctanh £)e' — %—{:ser‘.hiﬂ'”
Yy = EA[A + fctanh £)e™ + isech *ge™
—1 1 :
=§~1{tm1]12£ —sech?6)(A +ictanh £)e™ — ﬁ{—‘.&smch& tanh £)esech &e™

i
oy = 5 }hrau,h £e M _ gech & tanh fe

i)

e (—2sech £ tanh §) (A + jctanh £)e'™ + ‘-?%{t.zanhz{ — sech?€)esechée

f

To prove 1y, g satisfy (3.11), we note that when # defining by (3.4), we have

o e ] B m o el .
W = 42 = —c — — :
7! 4}‘2[ 2 4 20 cot ) — ‘lﬁw csc i 52 Tz (3.13)
Y b i BAE ,
. oy = —E.!Zi'm. escll + —— 1 I:l'ii‘E + 202 00t ) = ch + ok (3.14)
g Lol R el G .
wy + Yo 4- Eu = ETEmH = [EI:(EIJ" 'ﬂ—z) + 2—]53::11!;“ (3.15)

o i 1 1 — et A
wy sin g = wg €08 o = i_iwr iE 'E!Jan sinfl = [ ,.!5‘( )]qr_.c.h.ft'mhciﬁ X
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c:::sﬂ' i ;'.I'E-I- L 7] : A 2 A
i - e —— S =L, — . = =, OS5
1 5 T wssing 5+ 5y oS —|—E}lw£cu 5 Wy CSC
2
B e o o S BN 2 .
= n[ 5N sech £ 2} -I—,.!_’:'I'[ﬁsech £ Eﬁ(tanh & — sech E)] (3.17)
g 'i'l:‘l:!.-:'ﬁ 3-,"? ; i } ] i o : l:'.:':5 ,l'j 3 .-"I'L.2
iy = (T - ﬂ)[i + ictanh £)e* — iesech e’ *[Efﬂc + :ﬁ) + E(E + C—,i)] :
= Sle st ey o s ik
= ﬂ-{(zfﬁ F5e sech {) 73 C sech “£ tanh & 5 tanh £
4 3
| ] ﬂ_ T E_ 2 i
-I—t(e:: + EA)SLCh £+ 2}l&uzch {{tanh{}e
B D T i e 2 A 12
= ﬁ{ﬁc{g sech & — E( tanh” £ — sech<f) - Es&nh £tanh £
+ i(tanhg £ — sech“€) tanh ¢
i i E i B i
+ Esech £ (}h + EC)bLLh éfta.nhdf}ﬁ
We find that the left handside is equal to right handside
id i : o [ X chRu g a2
ey R e Ty T Bl SHE ) 22 - Sl el e W
tfray ( > Eﬁ)r:amhgfc csech € tanh e [2 (3L+ AEJ + 5 [c . -::3)]
3 3
7 c ’ . C %
=G:{1.-:".{C + ﬁ)seché — cta.nhf(e:.—l- ﬂrj)hecilf
i ]
= Eﬁgﬁﬁﬁ}lftﬂnhf = %Caﬁﬂﬂllf tanh?® £
) i : _
- E"g"ﬂﬁ-&ﬂh(f - ;—AEESE::IIE: + ica tanh? rEEEEhE}ﬁ”’

A 1 32
- ﬁ{;—cﬁech(ﬁ = u:;t&.nll.ﬁﬁsech.f —sech £ tanhf(l + ﬁ)
A -

: ) a8 _ ; 1 :
~ ictanh® €sech E(E + E) + ECEE{:hE(gC? sech *€ + ﬁ{tﬂ.llhzg — sech 2;;‘}) }E”"
we find that the left handside is equal to right handside.
Lemma 11 [Tl = (wl hic ): then we have

we Y
RO L (=Pl s 203 ) %
( (f &%) 4 T 21l Yl — thanhs

I = —=yhah? + 4l = =A% — ¢2 + 2¢c%sech 2
{ : SRR : (3.18)

I3 = 2u11bg = 2(Aesech & + ic?sech € tanh £)e'2?
_1 [ —rcos@ isn#
(] ()

—isinf? cos#d
1 [cos8Iy + isin (i — Praps) cos 0I5 + isin (1032 + 97?2
A ( cos 815 — isin (3 + ¥) — cos8dy — isind(ywidy — ?,I'IJ]'T,LE})
{ J1 = cos I + isin s — fl) = A Ekgsuuh?{f

o ; a.14
J2 = cos @Iz — isin (13 + ¥F) = 2(— Aesech £ + iA%sech £ tanh E}ﬁi’?” { )
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S ([] l) it i ('i!,ﬂlt'i;ﬂg 4 1r|rj'1'.!|-_,":'5 '.'r.'};:'! i h"'f: )
OIS & P? — o2 — ot + P13
Ly = {1 + 4fy1hy = 2hesech§, Lo = 'i',"s“f - u% = {}l? Ejasoy '.Eé.hci:ar:‘tlfjr:'“"*"’?

(3.20)

Proof It can be proved by direct calculation.

ey,
Since # contains parameter A4 = '), the formula F = 247" = ¢in [4] can not be

used. We need the following lemma.
Lemma 12  When w and £ are defined by (3.1) and (3.4} respectively, then
%
= Eh(}.ﬂﬂﬁﬂhff cos 21 — e*sech £ tanh £ sin 2n)

2

b — E(Acscﬂhéfsin 21 + c2sech £ tanh £ cos 2n) (3.21)
: 2Mc?sech 2¢
Y 'Fr;.:'r'.l.'.' = _‘:!"' + &

[ By = EI:—E':SE{:hq‘; cos 2 — Asech £ tanh £ sin 257)

g Py, = %[ﬂsech £ sin 2n + Asech £ tanh £ sin 27) (3.22)
2 —1 by 2hsech 2£
( B ESEL ], hel iy s - F 157 o ._"_:'lf:_ 1 s
Fip = = {E[cm ¢ — fc)sech £ cos 2y [a (3,3'-.:: + }.) + ,.'3(3.1 -2 )]
sech £ tanh & rsin'Er;}
; . iF : d 1 ‘:,"ﬂ
Fap = %{2[&}115 — fc)sech £ sin 2 + 1(2{3,‘1.:1'.5' 4+ CI] . .-'3(3;"- A r_ﬂ)]
S f (3.23)
-sech & tanh £ sin Ei-;.'}
4 3 e R
of e : A?yqsech =€
| P = {U:[(S,:'UL TI)"‘,S(-.'}}L‘I' {_"]] =
rifi i
Proof Since Fy, = —iAg™! (e?g Eﬂ"){;{; = —ghh LTk (gfg E[] )Twﬁ

—1
0

g
e e ] 1 ., f—ecosf isinf
EI;=T}:E¢' : (E_[:I;,:% 7 )4}5:—151{; : ( )’fs'-"

0 —i5inf  cosd

= —g A~} ( {f) 7, by Lemma 9, from (3.18), we have (3.21)

from Lemma 9, and (3.19), we have (3.22).
From (2.8), Lemma 9 and (2.18)-(2.20), we have

2¢*sech ? 22 %sech 2 Acsect
c*sech cf) u(-1+ SEC1-£)+‘?U csech &

Fay =}LH( — 1+ " 3 o 7
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e | 2 928+ 1 sech ?
={2{:*(% - i——i) +L3‘.l‘:'(—- % -+ %) +2Ac(2a:’:+ E&E)}%E {
:{n(%‘! +3c?)) +ﬁ(§; +3A)}5Ef‘5
iy ={E}Lc(%i—g — %J —Q;af;(_. ;E_f+ i’i) i (gﬂ_c 3 ?){AE i ﬂz)}sechiasiq
- {zcﬂ(‘;—-—f = z%i?) +207 - %%2 i E%) +2)c(2ac + ?)}“““ft‘"‘z‘f““z"”
FE;! ={2Aa(*§ 23 i‘};) s z,x.;-(_ ‘:"’E_‘: : %J i ('zm:+ ?){f N Cz]}ﬁﬂﬂhffh 2n
py ‘ . 5 o
+ {zc?@—f ) %) +2x2( - 25 4 ;) + 2he(20c + %?)}m“hft‘f{mﬂﬁf

it is nothing but the last expression of (3.23), Lemma 12 is proved.

We can integrate (3.21), (3.22), ( 3.23) to get I difference a constant, one las the
following theorem.

Theorem 4  Ifw = af_ + B0y, and 8 is defined by (3.4), then the motion of the
constent Gaussian curvature k = —1 ran be expressed as follows,

_ 2hesech & sin 2n 2Acsech £ cosn

I.E & .I:I:_r — &

: il 2Ac S
Fy = —(J'a;c + :}—L;?,f) + R tanh £ (3.24)
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