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Abstract We will establish an existence and regularity theory for weak solutions
of a class of singular parabolic equations associated with Dirichlet data, whose prototype
is

uy — div(|[Vulf *Vu) =0 (l<p<2)
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0. Introduction and Statement of Results

The aim of this paper is to obtain C'**—weak solutions (in a sense to be made
precise) for the first boundary value problems of a class of singular parabolic equations

u; — divd(z, t,u, Vu) + b(z,t,4,Vu) = 0 in Q7 (0.1)

= on 8Oy (0.2)

where Qp = Q% (0,7, 0 < T < o0, 8 C RY is a bounded domain with 80 ¢ €2,
0" = (69 % [0,T]) U (© x {0}), Vu denotes the gradient with respect only to the
spatial variable ¢ = (21,22, --,zN).

Throughout this paper, we make the following assumptions on & = (a;, az,- -+, ay)
and b

da; i da;  Oa;

(), €00z x B B )raile,tn0) = U meand 52, o

exist, respectively, in Or x R x RY and in Q7 x R x RV \ {0}; b(z,, z, n) is measurable
in (z,t) € Qr and continuous in (z,7) in R x RY.

it a ] :tr 1 — e
() Anp~2ieP < 2 EDE e, < Aprp-2ies, Ve RN, ne B (o)

311_.,-

dz;

(4s) |zt z,0)l, | Z2(2,t20)] < p0(lnl? + 2] + 1)



2 : Lee Jiunjie Vol.7

(Ipfe=t~%+1) i |9l =1

|5&j(:1:, t, 2,7} | a5

p=2
az 7 +1)  if o<gl<1
bz, £, 2,m)| < YollnlP~" + |2 + 1)

Here A, A, g, & and p are positive constants and

L ope 2 ﬂf:éuipz (0.3)
In this class of equations, the well-known equation is embraced
g — div(|VuP*Vu) = 0. (0.4)

Existence theory for (0.1) and (0.2) was developed in [9] via Galerkin method under
the following extra condition '

2N }

p > max {1, N 12

(0.5)

The interior regularity (Vu locally Hilder continuous) for weak solutions of (0.4) (or
system in the same form) was established, respectively, by Chen Ya-zhe 2], DiBenedetto
& Friedman [6] under the restriction (0.5). This restriction is critical in their arguments.

We will establish, without the restriction (0.5) the existence of weak solutions with
this regularity property by solving classically approximation problems and by deriving
some uniform estimates.

Definition 0.1 By a weak solution of (0.1), (0.2) we mean a function u from
Vo ,(02r) = C(0,T; L)) N WI}'U[HT] satisfying

(0.6)

fn w(z, &z, 1) — f£ (e, 0)¢(@, 0)+ fn : fﬂ (—uéy (@, 7w, Vi) - VE+b(z, 7, u, Vu)é] = 0

for all € € WLO(Qp) with & € E2(Q7); 0 <t < T,

u(wz, t) — p(z,t) € Wy (Qr) (0.7)
For the sake of approximation, we add more assumptions on @ and b as follows
(By)  3af € Ci(Qr x Rx RY)NC™(Qr x R x R") such that a5(z,, 2,71),

j =1,---, N, converge uniformly to a;(x,{,2z,7) In any compact set of Or x R x RN
as € — 0%, af(x,¢,2,0) = 0.

da (x,t,2,1)
dp:

(Ba) %mm FepP 2 el < i

< koA[(Jn] + )P~ + €]|¢)? for all €, € RY
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(Bs)  |a*(z.t,2z,9)| < kovoleln| + [nfP~* + |2 + 1)

da3(z,t, z,7)
‘ {Er‘ | < koyo(nfP~* + |2] + 1)
1 p=l=4) 2 " 1
Bat(z,t, 2,7), ((Inl + &) +1) if g = 3
’ 0z | < koo p—2 e b
(Ul +)F +1) it <
Here constant ky = ko(p, N, A A, 10).
A more general exarmple than (0.4) is the following type
u — div(a(z,t, u, |Vu|)Vu) = 0 (0.8)

where a(z,t,z,r) = a(r) + f(z,t,z)g(z,t,+), f is continuous in (z,t,2) € Qr x R, g is
continuous in (z,f,r) € Iy x Rt, and

aprP~? < afr) < ayrP?

for r > () (0.9)
la'(r)] < ap(1 — gg)r?3 |
|!.f£|1 |f=:_,.|:|.ﬂ£GD :
|§|'| i: Gl:- Jgr[ 5 C‘lcﬂp ]fz_,‘l E C,‘]- {ﬂlﬂ}

glz,t,r)=0if0<r<azorr>as

where a;,Ci(i = 0,---,3) and &y are positive numbers with 0 < g4 < 1 and

{ ag — CoC1Caa; P(ag — ”’3}%&“ 24, (0.11)

[(1 — £0)ao + CoCyCeaiP) /a2 &y < 1

At the end of this section we will give the outline of the proof of d(z, t, 2,9 =
a(z,t, z, |n|) - n satisfying (A;)—~(4a) and (By)~({B3).

The main results of this paper:

Theorem 0.1  Let (A41)~(As), (B1)~(B3) hold, and let 8Q € C2, ¢ ¢ Wyt ()N
Lm[ﬂT} Then problem (0.1, (0.2) has @ weak solution u(z,t). Moreover, there en-
i5ts ag € (0,1) depending only on N,p, X\, A,vq and §; such thnt Vu is locally C™°-
continuous in {p, that is,

02l < C;
o 2 (L s}

where Q5 = Q5 x (6%,T), Q5 = {z ¢ ﬂ;dﬁsi{m, d0) > 8}, constant Cy depends only
upon N, p, A, A, o, 6o, T, 8, ||'§F"HLW.- ||';P||W21-1 :
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If (A3) is replaced by

da;
ﬂt;

(4s)"  lal, < yollnlP ™" + |2] + 1)

L)
gz I'

b p=2
——| <7lnl 7, ¥ne RY\{0}
Pi

E
18], 10 (1 + |2] + In]2) < yo(1 + |2] + |n|2)

we have :

Theorem 0.2  Let (A1), (Az) and (A3) hold, and let ¢ € Wr}'u{ﬂr] with ¢ €
L3(Qr). Then problem (0.1), (0.2) cannot have two distinct functions from Vz,(Qr)
satisfying (0.6) and (0.7).

As a direct result of Theorems 0.1 and 0.2, we have

Corollary 0.1 Let ¢ € W3 (Qr) N L®(Qr) and 8Qr € C*. Then the following
problem (1 < p < 2)

{ wp — div(|Vu[P~*Vu) = 0 in Qr

u =@ on 0

has a unique weak solution u € Vau(f7). Moreover Vu is locally C™°-continuous in
.

We now show that example (0.8) satisfies our structure conditions. It is easy to
obtain, from (0.9)—(0.11), the following inequalities

a(z,t, z,v) = (ap - Cuﬁlﬂgag"'?[ag - ﬂg}}rp“‘z = dpr?®

o (0.12)
a(z,t, z,7) < (a1 + C’Uﬂ’lﬂgag_"}rﬁ_i =g rf?
lap(z,t,z,7)| < [(1—c0)ao + CoC1Cadl P]rP~2 = goapr™ 2 (0.13)
]E[:T !':lz'rﬂ}l = [u{z,t}z, |7T|}ﬁ'| < Tﬂ'ﬂ'p_l
-ﬁ'dj] Eﬂ] < (0'14}
az;I” 19z 1=T

for some g = ‘IDI:NmP:ﬂl:ﬂa:CD:GI}- -
(0.14) implies that {Ag} holds. From (0.12}, [D.IE],

dai(z,t,2,n)
Ipi

(1 — &p)aninlP2¢)* < £:6; < (@1 + Eodo)|n|P €|

(i.e. (Az) holds). For m,m € RY;
a) if |nz| < 2|m — n2|, then from (0.14)

|@(m) — @(n2)| < YollmP~ + [n2fP~1) < 5y0lm — P
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b) if |m2| > 2|m — no| (this implies |71 + (1 — 7)ns| > |m — n2| for all 7(0,1)), then
)~ alms)| = | [ T2rm + (1= rms)as]|

<c fu T+ (1 = 7Y P~ 2dr|m — o] < Clny — maP~?

that is, d(z,t,2,7) is continuous in 5. Obviously, @(=,t,z,n) is continous in (z,t, z),
i.e. (A;) holds.
As for [Blj—{ng, we consider, for simplicity, the case of d(z,t, z,7) = a(|n|)n. Take
2

as(n) = (ae(+/Tn* + €%} + ¢)n;, where a.(r) = f i: alr —y + Eg]pi[y}dy, pezly)is a

= ] 2
usual mollifier.

-E'!

=(n) - &) < elnl + | [ ala(y/In +e2 -y + &) — alln)lnp s (v)dy|

wa % td 2 2 2
= el +| [ [} gratylal et 47 = w)ndros ()

££|n|+fji fllmr{“-)i(ﬁz -y + v/lh];z—z}lnld’rp%{y}dy
{Elnl+ﬂfﬁaf{y* 72 + 7e? + 7(€’

W}dﬂﬂlps {y}dﬁ'

1 p-3

1 p=3 p=3
< eln| + CeP- lf -5 dr|n|+cfsﬁ-1f o
1] ]

that is, (B;) holds. From (0.12) and (0.13),
da: =
EE%&E;E = f i [ﬂ[\f 712 + &2 — y + e?)[¢f
: =3
tar(]nF + e -y + e?) = ,—Tf——T{q 1) :[P..-* () + elé|?

> (2)77" (1~ ao)aol(lnl + <=2 + e)iel?

El:l:' e p—2 2
iE:E;EU[“TIH‘E:' +e]i§* (€ = C(ao, a1, N,p))

that is, (Hz) holds. Obviously, @ satisfies (Bs).
In what follows we say that a constant €' depends only upon the data means that
C' can be calculated only in terms of N,p, A, A, 7q, dp and ky.
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1. Estimates on Approximation Solutions

In this section we first solve classically approximation problems, then by Moser’s
iteration and integration by parts, we derive the boundedness of the gradients of the
approximation solutions, and finally by splitting up method, we give ('*-estimate of
the gradients of the solutions.

Consider

— divad® (=, t,u, Vu) + b°(z,t,u, Vu) = 0 in Qp (1.1)
w =g on d* Qr (i12)

where @*(z,t,z,nm) = (af(2,t,2,%),--+,a%(=,t,z,1)) satisfies (B1)=(B3); b%(z,t,z,7)
and *(z, t) are the usual smoothing approximations of b(z,t,z,n) and p(z,t) satisfying

{ (=2, ¢, 2,m)| < 2y0(lnP~% + |2 + 1)
(1.3)

”"FE”LW{QT}I E “’l':'”LW{ﬂT]:-H"rng”w!i-il:ﬂT] ﬂ 2”":'!'-"||W:1-I{QT]
From well-known results, see [9, Chapter V|, problem (1.1) (1.2) has a unique solution
u®(z,t) € C(Qr) N C=(Rg) n W2 (Qr)

Theorem 1.1  Let u*(z,t) be a solution of (1.1)(1.2), and let (B1)~(B3) and (1.3)
hold. Then we have

max |u®| < My (1.4)
I

[[ J‘Ffl*”r&ff [Vus|? < My (1.5)
fir it

where My depends only upon T, ||¢||L= and the data, Mg only upon ||¢||pe, J|g¢::|fw1 ;
Q7| and the data.

Proof (1.4) follows from [9, II. Theorem 2.9, p.23].

Denote u® — ¢* = w, then from (1.1) (1.2) we have

arnd

f[ [ufw + @ - Vw + b°w] = 0
Iy

Straightforward computations reveal that:

jfn quw > —‘1|ﬂT|%{”‘P”Lm + Mp) - (”@”W;}JJ%
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ff Ef[m,t,uf,?u"]-‘?w:ﬂ [@(z,t,u", Vo) — @ (z,t,u",0)] - Vu©
(g {1 . :
—ff a(z,t,u®, Vu') V-
{ir

X 1
> [ [ Uelvurt+ e~ + eldsivu?
ko JJagp Jo
koo [ 1910 + ) 4 e V] 4 Juf] + 1]
i

A ;
> o [ 10vet + ey + elve] -
dkg Moy

and \

Be £, ET};;;E :_._,__/] Tyl —
fnnr et Ve )W 2 8ko 51T| %l

where  depends only upon ||¢l|pe, ”{F‘”W;[l: |€2¢| and the data. Estimate (1.5) easily
follows from these computations.
Denote

g = {r € O; dist(e,0) > §}, Dys =0 x (EE,T]
B(R)={z € R";|z| < R},  Q(R)= B(R)x (-F?,0]
Q(R) = B(2R) x (—R%,0]

Theorem 1.2  Let u® be as in Theorem 1.1, and let (B1)-{B3) and (1.3) held.
Then there exists My depending only on ||| L=, ”EﬂHW;‘l (1,T,6 and the data such that

max |Vu®| < M,
1.5

This theorem is a direct consequence of Theorem 1.1 and the following lemma.
Lemma 1.1  Letv e C(Q(R))NC*(Q(R)) be a solution of (1.1) with ||v||p= < Ta,
and let (B, ) Bs) and (1.3) hold. Then

max [Vof < Co(1+ R840 [ (14|90 +¢[V0f?)
Q& Q(R)

where fh depends only upon the data and T'g.
Proof For h =0,1,--., denote

Ru=R(; +zm7)s  Ba= B(Ra)

9 2h+1
Qrn = Q(Ry), r=@an{t <7}
and take cutoff functions &,(z,t) € C’;'i{Qh} with 0 < &, € 1;

g 4h
Eh =1 in Qh-l-—'li WE}J E GE: |{Eh]t| ‘E C—=
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Differentiating (1.1) with respect to z;, multii:ul:.ri:ng the both sides of the resulting
equation by i, = vTJ.V“EE(cE >0,V = |Vv|® + £*), and then integrating and summing
over j from 1 to N, we obtain

_/L; [{U:Ej ,}t¢h + (gg%vz,zj 4+ %ﬂ% aﬂ;){@ﬁ)m . bchﬁh}z}} e {1.5]

Using Holder's inequality and the elementary inequality: If A > 0, 0 < ap < a1 < as,
then
A% < 4% 4 A% < (1 + A™2)

we compute:

f_[ (vz; JetPn = e 1—I—1] ¥ vatied(z,q) - ﬂ Vetie, (6n): (1.7)

ﬂa.,. dat &
ﬂ . g e+ By vt 5, ) verei Vol

> g [, 071 +e¥7 +aiporveg: o [ (vo® 4 1)iptolveg
|:| T

> (kin - fj;u[{l'i?vl +£)P72 4 £)| D22V R

~C(m) fj;;,“?ﬂ””'ﬁ“ +1)VEL (¥ > 0)

Bas ac a S
Q. a, a; "
ff ( EF; L Eﬁlj + E)Eﬁ{fﬁ]mrv Yy
>l ffﬂ {[(V0] + €72 + €] D] + (|Vo] + €)% + 134 | VéR|V| V|
i -2 2 12ypropg? ,UE x p
> - [l Vel +P~" + 0PVt~ Olm) [ (eIVorveive
—1-=4g
HVo2Vt T 6| Vel + VR E(IVE? + 1) + Ve (1.9)

dat Jat Jat b
a‘/\j;; ( EPH 'U;[:ij' + az IE"IIJ: "l" 'é';t_j')t’ﬂ:; .["J;‘,.-E"Ir Eh

aic o [(7l 4 €p~2 +aloVveics

EI"-.-"

*“Cffq (IVofP~% 4+ 1)|Ve||VVVo1E
:—"“(zk m]j] [(IV9] + €)P~% + €| VV*Va1el

~aC(m) [[ (wotePovegirveg) (1.10)
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— [ C0ain, VR + v VeV 200, (G V)
1] :
2 —Gf_/;}r{[?wﬁ’"'ﬁ“ + 1)(|D20|VEE + a|Vo||VV[VET L + Vo[ VERIV™ER)
&
> —m [ Vol +epiD Ve - am [[ (199l +ep VYVt
e Qr
2}
() [, {97V gt + 962V 4 (14 VeV
h

1| Vy|2te-2oy o 4 o7} (1.11)

It follows, from (1.6)~(1.11) and fixing m; suitably small, that

daTT) o, V) Yo ff (Vo] + €)P2 + )| D*[*VE]

4ko ff [0Vl + )2 + gV WV e
< cj] {1+ @)|Vofte=20vag] 4 |Tof2yet™ B v

+e| VUV VEP + (14 )V + (1 + [VE|* }V“+z

+“%Vﬂ+lfhl(£h] Fa |?Eh|}
(1.12)

where (' depends only upon the data and I'y.
By virtue of integration by parts, we have

_/L; VErtgnl(€ndel < G% fj;ﬂ[p:rt.ﬁ + eV g,

4f|. 24h
= Cﬁffruziwﬂjvafh‘l‘cﬁ Ez—j]r‘-’“&

e f/ {[0||D?6|VoEn + [v]| V0| |V ERIV®
k
+alv||Vo||[ V[V 1}+cjﬁf e
<l ruw + e R (D V" + alvvﬁv“}

-I-G[ﬂ} Loy 1}]] (vetE 41) (¥ > 0) (1.13)
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-1 :'f-a
ffr|vu| pettg z;‘hwgh[{c ff umjv%v**"bgh

p—1—bg
e

oh R et T}
< cﬁﬁ?ﬂunﬂ%w TR e (V|| E]
h

el el 0 L
+alu||[Vo| [V [V 2 T4}

<iff an + 63DV + ol TV PV

+-‘3{ﬂ} ot 1) ff {V“+ﬂ+1} (1)

Take a positive integer m such that
2™y < p < 2™M5 (1.15)

By integration by parts and Holder's inequality, we deduce
(1 +a) ff IVo|FtP-2eyeg? = (1 4 a) ff Vg vg; | V0[P 200 g
H A 4
<(+a)C [[ {(ID%|IVoPnVag + Vot eg, e
5 Q1

+a| Volpt1=20| gy |ya-igl]

< [ (190l +eP 21DV + oV Vo)
h
+C()(1 + -:rllszg,{{lvvlzﬂ‘z“ﬁ” F 1V + V2 |VE )
h -
< [ (9ul+ep (D PVe +alTVEveT)
h
+3 ff |Vo[PHP-2eyeg? 4 o) + a)* ™ f po
2 Jos o

' 2+p— 26
+G{ﬁ]{1+aj3ff W+E|vgh|ﬂ (sint:.e B 20 2"*“')

Ly

Therefore

1+ a}fj;_ |Vy|2te-2hyesl
h
< Eﬁrj] (IV0] + £)7-2€3(| D%V + oWV |2V 1)
Q5

oL+ [ (et L va) (116)
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(1.12)-(1.14) and (1.16) reveal that (taking 7 suitably small)

1 all .2 Eﬁ 2 il 2
mx [V Eh(ﬂrf]+j];}; vvEE &) +sfﬁnlvw T &)

@+ 1_R2ceco

2h
Eg{l+a]2m+ﬂ-%{ff [1 '|" V&+E+EV&+1]} {1.17)
h

where C' depends only upon the data and T'y.
By (1.17) and Sobolev's embedding inequality, we get

1’/ V%ﬂ+fct+l]'[l+f%] Ef_[ {V”“&ﬁ}%[‘l}'rﬂﬁfﬁ}
Dns1 P

2
at+1egl n
< max ( V Eh{zjt]) -

N=2

0 Pt 2 2 —_—
: | Faa N-z| &
./.—Rﬁ [ Eh{ ) ]

< (' max .[9 V“Hfﬁ{ﬂrﬂ)%_[/;? vafﬁifhﬂz

—Ri stz

ST 16h+ )
SOl La Dt o j’f (14 Ve+s
R4|:1+N}' Dn

-|-.E‘[f’v=+1}}1+ﬁ
(1.18)

and

Eff ':l+t:}[1+ﬁ']' { ' max (-[ VE:—I—IEh{I t:] ﬂ E|?{V '[Eh
Qg ~Ri <t<0

Ly hil+ 57
< 4ot M m” (1 + VoFE 4 gyt
N R*“‘FNJ ‘:'.l:
(1.19)

Take a+1 = k" (.F: =1+ %) in (1.18) and (1.19) and then sum the resulting inequalities

to obtain

2
H'F

g

1
B o

1
=5 -2 F
{f/ (v BT e +Evf=’”‘}} S {f@ {1+V%+k“+svk")}
Qnt1 REF Iy :

(h=0,1,2,--)
(1.20)
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_2 L
Then by setting y; = { ff (1+VT eV )} we have
Qn

{j[‘r“"l}f.ﬁ:"" {:r.ie k
ﬂh+1§.wﬂh(duﬁtﬂ fA Iiﬁi_ﬁ(fj.:hlj :1

Rl
which implies that

Yh = paiwgay Yo

hence

c
wul? v v Tyl2
Itrﬂlix! vl s Qe : R2(N+32) ./Z;r(ﬂjfl sV)

as claimed. |
In establishing the local property of Vu®, we need, instead of the estimate in Lemma
L.1, the estimate below associated with the behaviour of v on t = —R2

Lemma 1.2 [etv e U{@{R]}HGW{Q{RJJ be a solution of (1.1) with ||v||pe < Ty,
and let (B1)~(Ba) and (1.3) hold. Then :

Vo2 < C max [Vu(z, — R® 2~|~1-|—J‘;E_""r_3f_/- Vu[F 4 | Vul*
mas Vo1 < Caf. e (vo(e, %) [ 1707+ €lT0P)

where € depends only upon the data and T,
Sketch of Proof Forh=0,1,.. -, denote

iy =R(1-|— Eﬁ']_-l_—l).r th.E{Eh}.

Qn=Byx (~F40], I =Qnn{t<r}

and take cutoff funetions n(z) € CJ(Bg) with 0 < ¢, < 1, §p = 1, in By, |VE]| <
oh
O—.
R
We can get

Fas Jat dat . e
]}t‘:l; {{T—ij]tﬂ[’h + (¥n)a, (@:1’:135 S Et’:j ¥+ g) — b {ﬂbk]zj} =0

1)

(%n = v, V€L, a2 0, V = |Vuf? 4 £2)

The estimate corresponding to (1.7) is as follows

Jge=etn = 5% 7 Joy (7 @) - V¥ (e, - BER )

> E“—iﬁ{ Ve e - Pi"“iﬂhl}

i _ p2y2
(I‘l S |Vu(z, —R*)|* + 1)
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Therefore there is no the estimate of (1.13). The other terms can be estimated similarly
as in Lemma 1.1. Finally, we can deduce

1 / 1 9 ptic 4
B LA VE (z, )y ‘I'f ViV -
a4+ 1 -Rr2<t<0 JB, (2, )6 () Qn{i ( )|
atl
+e|V(V 2 &)%)
L 4
< C(1+ o)X f (Do L pots + evetly (1.21)
Q@

The desired result easily follows from (1.21).

Theorem 1.3  Let uf be a solution of (1.1) (1.2), and let (B1)-(Ba) and (1.3)
hold. Then there exists My depending only on ||@| L=, Hi;?'”wﬂl,i, T, § and the data such
that

[l < M,
VT (@)

Proof Theorems 1.1 and 1.2 yield that

|u® || oogrpy = Mo 11"*?1-!'5||wa511_ ;)= M
g

For zi(z,t1), z2(x,t2) € Qg (t2 > t1). It is no loss of generality to assume x = 0.
Then a simple calculation gives

£ £ d 1 3 .
(a1) = w(e2)| = Ty Loy 150 0) = w0t
+Hu (g, t1) — wo (g, t2)] + [0 (y, £2) — w*(0,82)]}

1 f*zf Gu ﬁ}|
|B(R)| sy SBim) Ot

ta
[ ] vt Ve) + Bt 0, V)]
t, JB(R)

E EJHLH -+

1
=2M
1B+ ———— |B{R |

= 2M R+ - [m{f E‘f-'r+[ {f}
TETIBR) | Sy s B(R)

(~ designates the outer unit normal on dB(R))

|tz — 11|
R

< 2M R + C(Mo, My)

1
Hence (taking R = |t2 — 11]2)

1
luf(21) — uf(22)| < C(Mo, My)|ta — t1]2

We state a lemma which will be used as we proceed.
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L —

Lemma 1.3 Letv e C(Q(R))n C>=(Q(R)) be a solution of
ve — div@* (¢, Vo) = 0 in Q(R)

with ”””LW(@{HJ} < I'y and ”?U”L“"Efﬁfﬂl} < TI'y, where I'y and I'y are independent of ¢,

as(t, ) = (ai(t,m), - - yafy(t,n)) satisfies
A das(t,
g nl +efP~* +e]jg)? < *#&Ej < koA[(|n] +¢)"™* + e]j¢|’
0 Dy
Then for small ¢, we have

[Vu(z) — Vo(0)] < éa(ﬂ;—m)“' Vz = (z,t) € @(f)

where a1 € (0,1) depends only upon the data, C's depends only upon [y, Ty and the

data, d(z,0) = (|| + J1|3).

We can prove this lemma by using the idea of (3] and making some modification of
the arguments presented in [7], see the proof of Proposition 3.1 of [10]. We omit the
details.

We now state and prove the loeal property of Vu® as follows

Theorem 1.4 Let u® be a solution of (1.1) (1.2), and let (B1)~(Bs) and (1.3)
hold. Then for small &, we have

IV || gaganrziny ) < C8

where ag € (0,1) depends only upon the data and C; depends only upon ||@l|pe=,
@l g1, 2, T, 8 and the data.
pt?:nnf Theorems 1.1-1.3 say

[ | pee g < Mo

,: r,§ (1.22)

For zp = (2p,ta) € Nry, it is no loss of generality to assume z; = (0,0). We split
u® as v + w where v is the solution of the problem: I:R < 1)

(1.23)

v — diva®(0,£,u(0,¢), Vo) = 0 in @[R]
v = u® on §*Q(R)

——

As is known to all, there exists a unique solution v from G[Q[RJJHGW[Q{R]} of (1.23).
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According to the comparison principle and (1.22),

]|1’!|Lm[.§{ﬁ}} < H“‘EHLWK,;}(R” < My

osc v < osc u® < MaR (=4
Q(R) Q(R)
Lemma 1.2 and (1.22) reveal that
s [Vol® < G{Mg}{Ml +14 R4 f] (170l + Ewuﬁ} (1.25)
Q1) G(R)

By (B:)-(Bs) and (1.3), we have

iz lf WE[E,U}-I-_/]“ [@(z,t,u*(z,t), Vu(z,1))
—-_""'[ﬂ,t,u"[ﬂ t), v{=z,t))] - ?tu-i-jf {R}

ff o / {ﬂm Y(s)Jwzwe; + -—{ﬂf{s}]wg (u(z,t) — u5(0,1))

dp;
2 ods + j/
} @[R]'

> — f f (|sVu® + (1 — 8)Vv| + )P 2ds + El |Vw|?
Q(R)

—-Gj/ R4 osc v+ osc u®)(l+ |Vt |F + |[Vu|f
[ (R gsc vt e w)(1+ VP + (Vo)
1-[/ 3 -2 2
:_3'—.' L Vu ‘I:‘?U-}-Eﬂ + £ Vw
2 [ 071 1961+ P~ 411V

—(1+ EM?JéRffa (14 |Vu®|? + |Vv[F)
QR)

where 1(s) = (sz,t, su*(z,1) + (1 — s)u(0,1), sVus(z,t) + (1 — 5)Vu(z,t)), (' depends
only upon My and the data. Therefore we have

jﬁj (T H178] + =2 4 el| Vol

< (14 2M)C2R ﬁmu + VP + Vo) (1.26)

Taking into account that |Vv| > 2(1 + M;) implies |Vw|* > 3|"'Z-?’tr|'3 and 2|Vv| =
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e+ [Vuf| + |Vv|, we deduce

?P+£v2{4ff V| 4+ [Vo| + 6P s o
Vameuzsssnan 1728 + 179 <4 [, 10941+ 1901+ 9 4] 9

< 4C7(1 4 EME}R_[/;E{ (L9 4 [Vop)
T

< 4C2(1 + 2M;) R f [Vol?
QUR)N{|Vu|=2(My +1)}
+2NF8C2(1 + 2M,)(1 + MP)RN 43
< C(1+ MP)RN+2
where B < Ry, Ry is so small that 4(,:.‘2[1 + 2Ma )Ry < %; constant ' depends only
upon My and the data, Therefore we have '

I 4vo +elvop) = ] )+ ]
4(R) QRIN|Vv|>2(M; +1)) Q(R)N{|Vu|<2(Mi +1))
< Cy(l + ME)RV+2 ' (1.27)

where (4 depernds only upon My and the data.
(1.25) and (1.27) yield

max [Vo|* < C(Mo)(1 + Ca)(1 + MP) £ T (1.28)
By (1.28) and Lemma 1.3, we have (for small )
sup  |V(a1) ~ Volza)| < C(Mo,T1) (£)™ (1.29)
Jl.IQEQ[EJ

i
oz :*IJEFEE

From (1.26), (1.27) and (1.28),
wE i ut Ep-E wﬂ
Sy 1707 <204 T0) [[L 91+ 901+ =290

< C(My, My, Mp)RV+3 (1.30)

i, R 1 1 . .
Fixing Ry = mm{4, (E) : El‘j’g[l iz EM;]} (E? = m) and letting p = R'*% then
by (1.29) and (1.30) we get

IVu® — (Vu® Ei_[[ Vu' — (Vu),|*
Jogy 175 = Fu < [ 19u - (w0

52[[ ?wz—]—ﬂ-[/ Ve — (W), |*
f:alipll | Q(e) ¥

< gl:MUyMl:ME}(RN+3 2 PNH(%)M)

L]
< O(Mo, My, Mp)p" 2?1 743 (1.81)
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e = I'Q?—P:" -[/;;'[P} 4

IVl gag.ea 2y ) < Co

 follows that (see [4] or [§])

-r. {1'32}

2. Proofs of Results

i . from Theorems 1.1-1.4, to prove Theorem 0.1.

gfu'f Thearem 0.2 Let ui(z,t), us(z,t) € Vap(Qr) be any two weak solu-
f(0.1) (0.2). Denote w(z,t) = u1(z,t) - uz(z,t). Without loss of generality, we
me (1 )¢, (uz)e € L*(Qr) (otherwise, we may take Steklov averagings of uy,us
i sper.:t to t, see [9, Chapter II1]). By (0.7) we have

; .-'\'l.. a t
J -] HWIE o ‘/n L{[E(E, Ty U1, ?ﬂi:l} 3 E(E,T, u2+‘ﬁ?u3)] p '\:,Ff
bz, w1, V) — bz, 7yuz, Vua)] - £} =0 (21)

te(0,T], €€ W’ G(HT} with & € L*(Qr). Take £ = w in the above equation to

ﬂ—-f w(z, t]+/ jj {apj{tb{s W, Wa; + %{ﬁb[s]]wnw

ij (1(s))we;w + z[¢{a}]w2}da

(z,t,5u; + (1 — 8)ug, sVuy + (1 — 8)Vuz).
= “"J:*Al}’ {Ag] and {‘43}{ we deduce

4 sz{m,t]iﬂj:j;wgim,f] te (0,T]

. ¢
mmly, F(t)= f f w?(z,7) is absolutely continuous in [0,T]. Then by the above
ineq ¢ and the we]f known Gronwall's lemma, we have

Fty=0 tel0,T]

uy(z,t) = uz(z,t) a.e. on flr
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