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Abstract In this paper, we establish interior Holder estimates of solutions for
double degenerate nonlinear parabolic cquations [w9=1), = div {|?1-.-.|4"_3?u:| when 1 <
p<2,py.
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1. Introduction

In this paper, we are mainly concerned with local Hélder continuity of nonnegative
wealk solution for the following double degenerate parabolic equations

(w?™) = div (|Vu|'"?Vu) in Qr (1.1)

where 1 < p < 2, p < q, Qpr = 02 x (0,T], 2 is an open set in RN{N 2 1), Wu =
(SH 5-::,)

i e |

For p = 2, {1.1) may be considered as the porous media equations v, = Alve-T1)
with v = 49!, Hélder continuity of solutions for porous media equations was proven
in past, see [1], [2], [6], [T].

When ¢ = 2, (1.1) is evolutionary p-Laplace equation, Hélder estimates for its weak
solution and gradients of solutions have recently been obtained, see [3]-[6].

For double degenerate equations (1.1), the existence and uniqueness theorem and
other properties of solutions have recently been investigated by some works, see [10]-

[12]. When 1 < ¢ < p, p > 2, Hélder continuity of solutions of (1.1} has just been
proven by the authors, see [§]

For a weak solution u {supersolution, subsclution) of (1.1}, we mean that u > 0,
u € LP(0, T; W'P(Q)), v,v; € L}(Qr), where v = w91, and u satisfies

bz ta
f [tr,(pcizr:ﬁt= (E,ﬁf f|?1£|3’_2‘?uvcpdﬂ:d~t (1.2)
TRRY g J0
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for 0 <t <t T, 9 € LHQT) N IP(0,T; Wy *(Q)), 0 2 0.

Under appropriate conditions, one can prove the local boundedness of weak sclution
for {1.1). Throughout this paper we assume 0 < u < M.

Our main result is the following,.

Theorem 1.1 Assume that u 15 a weak solulion uf (11 withl < p<2 pLq,
and 0 < u < M. Then for any £ € (0,1), there exist constants 3, C > 0 dependent
only onp, q, N, M, e, 0< 8 <1, such that

luf{zy,t1) — w(ze, t2)| < C(|21 — 22| + |81 — t2]"/7)"
for all (21,1), (22,t2) € Qe % (6,T =€), Qe = {2 € Q: |2 £ ﬂ[f_z 99) > e}.

2. Preliminary
In this section, we will give several Lemimnas used later. Set
Kn(m)={z € R¥ :|2* - «}| < R, 1 £i < N}
Q(R:ﬁiﬁuj = I":R'[Eﬁ]' & [tu e P:ILJ]:EIJ = {Iintﬂ}

Assume Q(R, p;z0) C @7.
Lemma 2.1 If u i a supersolution of (1.1), then

k
SUP f (;F[f s17 %k — 5}"'&.’3]&1 + [/’ ¢*|V(k — u)t|Pdedt
tp—p<tstn < K plonl 1 C{.pzg )
k
<cff {IVeP(E —wy + Ml [ [ 77k - s)*ds] Jdode (2.1)
Gz u -

If u is a subsolution of (1.1}, then

S f f”[/ $173a = k) da]dm+f] CP|V (w— k)Y |Pdedt
to—p<t<ty S K (za) k {R.pizo)

<c [ {19y ol e - Ryt et (22)

In(2.1) and (2.2), k > 0, constant ¢ depends only onp,q. ( 20, ( € CI[Q(EP;:U]],
gl-ﬂ;.f,_’l:j"i'.,lu;znj - D-

Proof In (12), by taking = (*(k —u)*, we easily obtain (2.1). Similarly, (2.2)
can be proven,

Lemma 2.2 Forl < p< 2, g > p, there exist (1, (F2 dependent only on g, p such
that for u > 0

k
CokT=2(k - uyt? < f sk — s)Yds < CoRTP(k — u)*? (2.3)

L
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I

ﬂndfarﬂ{iiikiuﬂy,

Capt ™ u= k)42 < [7 61735 — k)Pds < Copt=(u - k)2 (3
]

Proof Clearly
o k |
f sk — s)Tds > ﬁ__ﬂl__ sT7HE — 8)Fds = CLET 2 (k — u)t?

On the other hand, by mean value theorem, obviously

ke Lr—1 L1
- 1 1 k 1 1
e =) s e — k— Py = — P=1yp-1 _ gp-1
-/‘h: |: :I P S 1 =1 { ¥ :] 4 p == 1 l-l-'“_'ll {{k :Ijn SF }ds

=
=1

Jip=) 1
f kE—p[kp—-l ) -'ij-rdﬁ 5 _E_JL:E—;J{;: 21 u}-l-Ef;}—lj
1

ik

[

1 k .
Therefore for 0 < w < 2 from (2.5), we have

b2

I
f sPTHk — s)Tds < 222 Pk - u)te

bl | =t

k
For = < u < &, we also have
k cism + i e
Pk - 8)Tds < o Pk — u)TF
2
Thus, it follows that

&
-3 . e - I‘: 2= .-'—_.-1 !
f g7 [L— b} ds 4 53 It IE[IE:_“;I-I-}J

11

Therefore (2.3) follows. It is easy to check (2.4).
For 0 < 5 < H, define

s H :
F(H,s5,1) = In' T 0 < v < min{l, 7}

Lemma 2.3 Assume u ts a subsolution of (1.1), then

ff{nhﬂu] s {m}[-/:‘ SUIII{QE:I"{H,{S Ao .ai::l'l_1 L’:Id,ﬁ] i

£

fa=—p
b

< C/ [ IVNCIPE (R V2 H (u— k), v )dedt 2
VPR - )t e (26)

where th —p <t <tg, H > . ;11[} (u-K)", 0<¢e Ci(Knrlze)), C depends only on
[ mzn)
.
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Proof Take p = (¥(2)(¥2Y(H,(u — k)T, v) in (1.2), note (¥2)" = 2(1 + ¥)(3)?,
it 1s easy to get (2.6).
For the following two Lemmas, refer to [9], [5].
Lemma 2.4 (De Giorgi) If fe WY (Kp(zo)) and k€ R, I > k, then
GRN+1
Vild
meas [Kp\ Ap ] "’*I,n"ﬁ""fnlj lds

(I — k)meas A}fﬁ et

where A = {z € Kgp(zo) : f(z) > I}, and ¢ depends only on N.
Lemma 2.5 Ifu € V,(Qr) = L0, T; I*(Q)) 1 LP(0,T; WLP(Q)), then

[ellre@ry = Cllull o
ePo@n S Cllelly

N+p )
Nl - sup J|u[ N Loy T IIVullze g,y C depends only on

where p* = p———
N "’:r-:w-] a<t<T

N, p.
Let Qﬁ[zg,tu} — H',.m[mg] 4 I:ffi - Rp,iu]
a2
Corollary 2.6 Assume u € V,(Q%(z0,t0)). Then

]5[ et s LAER ]9[ Im;&ﬂ]dﬂs) oy
Qilzo to) |'Q (Zo,ta)| Qizo.ta)

1
: ( SUp -—--;/’ lu|"dz —:Fﬂ |"F’u|?d:.r*dt:]
ta—RF <ty At Kanlzu) Q7 lmo to)

where x[Z] denotes the characteristic function of 3, ]g fdzdt = %j] fdzdt,
3 3

and C depends only on N, p.
Proof By transformation

r = x5+ Eﬂﬂi f= ﬂu - _RP'E; ﬂl:i,f:l —_ ’U,{:I.‘.;_} 4 EARI?,I;D o RPE}

we have {{ |ulfdzdt = f[ li|"dzdt, then Lemma 2.5 implies Corollary
Qdixnto K (0)%(—1,0]
2.5. :
The following Lemma is the direct generalization of Lemuma 3.2 of [4].
Lemma 2.7 If wy, uy are both supersolutions of (1.1), then w = min{u;,us} is
also a supersolution of (1.1).
Proof By (1.2), it follows that

k3
/ fﬂ{{”?_l}ﬁﬂi + | V"V Vg Hedt > 0 (2.7)
i

for p; € LYQr) N LP(0, T; Wy P(Q)), wi 2 0,i=1,20<t; <t <T. Fore € (0,1]
and 0 < p € L¥(Qr) N L¥(0, T; W, (), define

H.(s) =0 for s <0, H,_ris]|=gfmr[]{s£.s, Hos)=1fors>e

w1 = H;I:'ELE — m_j =, e = [1 — u-} = 14',1}]
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Obviously, H.(us — uy) — x[us > u;] as & = 0.

fa 2
f f ) (e apidadt
£y i LT .
£z
+f j;“vﬂﬂp_j?lilffsfﬂ: = uy) + |Vua " *Vug(l — Ho(uz — uy))|Viedadt
£ H

ta
:—} A f »[ﬂ'“?ul |P_2?TI]_ == |WHE|P"‘2?H2}H;(HE - 1"‘1}?[:7"-2 - Uy ]ﬁﬂd:ﬂd[‘f
Ly

Let £ — 0, it is easy to get

£
[ f {{wT e + [V~ VwVe}dedt
JEy il

ta
= ]ﬁf f [|??£3?f’_2?ug — |V PV WWus — Vg ) H (12 — uy Jpdadt = 0
e—tl1JE
Therefore w is a supersolution of (1.1).
Now we introduce some notations. Set

Kiizg)={z e RY :|&' — 2i| < 0R,1 < i< N}, 8 =207 (2=plip,lp-al/p
Qo to) = -HE!{E-'U] % (to — 27, 1y]
Q}]EIIEU'ItU] = Hﬁl:if[]:l b |:f:|:| - R‘r"!_f.u]? 1= j_a_l.f"_"l'j'.-'rf‘

where p > 0, 5° dependent only on p,q, N will be determined in Lernma 4.5 and chosen,
such that 2¢°(2=P)/? is an integer. For convenience, denote Kp(0) by Kp and Q%(0, D]
by QR, etc.. Denote various constants dependent om gnen data by €.

In the following, let ¢~ = inf u and assume that Q% € Qr, and supu < pup, which
':?ﬂf Qqn
can be insured, for instance, take p = M.

Since (1.1) is degenerate at uw = 0 or Vu = 0, the proof of Hélder continuity of
its solution is more complicated. Our method is firstly to fine some subbox of Q% in
which supu is smaller than g or infu is positive. Because of the double degenerate,
we will work with Q% instead of working with other shaped cylinders or boxes used
in [2]-[9]. We will consider either of the following two cases, respectively in Sections 3
and 4.

Case I There exists some subbox QU,(Z,0) C Q% such that

meas {{1‘ I *: E}'w[ jl . ?.J.'I:S'J,t} Sy T E} = aﬁ]QﬂHl
Case II For all subbox Q3,(2,0) C Qg;g
L R ¥ - I - n
meas {{r,t} £ Q.n(2,0) tulz ) > w4 E} < (1 - ao)|Qap

here oy is some constant dependent only on p,q, V.
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Secondly, in Section 5 we will construct a series of subboxes Qf;; which shrink to

some point (0, 7p) such that. either 4(0,75) = 0 and supu = 0 (as i — 00}, or for some
ol

Qf}'ﬂ irrifi: u = 0. In later case, (1.1) can be considered as evolutionary r-Laplace equation

"y
which is only a single degenerate,

3. Discussion in Case I

Tn this section we assume that u is a supersolution of (1.1}, and that there exists
some subbox Q7,(%,0) C (%, such that

meas {(2,1) € Qp(2,0) : u(z,t) < 1™ + £} < c0lQlr (3.1)

where ay will be determined in the proof of Lemma 3.1.
Lemma 3.1 Suppose (3.1) holds. If ay is sufficiently small and 0 < B Ve g then

u(z,t) > p~ + % for (z,t) € QR(%,0) (3.2)

Proof For:=10,1,2,---, set

08\ A Rl i
j.,:—lu. +I§+ ES‘H' Hi—R-I-E—l

G = Kﬁlifj A {_R?:Dj

Clearly for ¢ = 0, E{k -=i = By (2.1), it is easy to get

sup f i*’p‘f‘ﬂlke—ﬂ]'*zdwrff CP|V (kisy — u)T|Pdedt
H e Q;

-RP<t<0
< [[ 19eP -0 4 @G — ) Pt (33)
Qi

Take ¢ as a cutoff function in @;, by Corollary 2.6, it follows that

, ;" 2 (N 4p)
ﬂ “ﬂ;‘+1 —_— u]"'ﬁ'drdt .‘E E{n } ( :,',;:!;ﬂ. < ki+1]dﬂ:di)1 g
Qis1 Q] W,
1 )
( swp . -yt [ (1VCP(ia ~w)*
~REcten T K () i
+¢P|F(kiyr — )t |Pydedt)
(3.4)
Notice 5 = ple-al/p y= = i].lf u, obviously
II'.':}I.J'i'
1 :
o I:!J{kﬂ_]_ oy H'}+].:|d1: E 2[I+4][2—1’J]#{,I—2f I::;”{k;' - U:]-l-gdﬂ- {3.5]
S, (3) hole)
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Similarly, by (3.3), we can also estimate ﬂ (¥|V(kiz1 — u)t|Pdedt. Combining this
o
estimate with (3.4), (3.5), we get

ﬂ (kipr — u)tPdedt
'I-:'J'+l

()" -;( (ki — u)tP dzdi) N

o P Asihial .,
T |EH qi (ki = kipq)

'-[/-:’?_ﬂ?ﬂl”!iki ~a)tR o 80 |t PR, = ”':'ﬂ}d‘“ﬂ

oi i
Take { so that |V{| < (??R i ¢ e %, since B < It; < 2R, we have
1
T {k’l:-i'l == U}+de{ft
H ig

14 [p/ (N+2e)]
< CP (}%ﬂ' (ki = u:l'”’dmi.tj B
E

On the other hand, from (3.1), it is easy to check

1 Isvp
i +p _
Fﬂﬁqn[k, u)*Pdrdt < (4) o

If erg is sufficiently small, according to Lemma 5.7 of 9], (3.2) follows.

Remark Observe that in the proof of Lemma 3.1, the condition 1 = supu is not

Qi

necessary. We only use the assumption 5 = plr-o9/r < g

Next we will expand the set where u is “large” sidewise in the spatial direction up
to a small box around (0, 0). The process for the case p = ¢ 15 simpler than for the
case p < ¢, hence we discuss these two cases, respectively.

Let Q%(hp) = KEp(0) x (~BP,—(1 — ho) "), hy € (0,1]. For any finite number
hi(l<j<m), —(1-hg) + hi <0, set

w(z,) = min {u(z,t+ h;R")}
1<3<m

According to Lermmuna 2.7, w is also a supersolution of (1.1). Since K}(2) C Kfp, by
(3.2), we have

(p=2)
Tl e (3.6)

Ineas {:E- & EER :Lﬂl:ﬁ,f-) > FI g} > EN-"

for all t € (—RP, —(1 — hg) R?].
: i I !
Lemuma 3.2 If w satisfies (3.6) and 0 € p~ < T then for any oy > 0, there exists
5. dependent only on p, g, N,s*, hy, a, such that

nens {(m,t] € Q%(hy) :wie,t) < p~ + Eti:} < o |Q% ko)l
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Proof Let k; = p= + %,1 = Hieo . In Lemma 2.4, take f = —w, | = —ki11,
k= —k;, then
: 4 C(20 RN+
:'[+1 rmeas Ah.—“.ﬁ'ﬂlﬂﬂ’] (24 E) - |Vw|dz (3.7}
2 1meas {I{ ""l'*i;, Em[i} Hb AT anlt)

Integrate (3. Tj with reapect tcr t, denote A; = {(=,t) € QR(ho) : wlz,t) < k;i}, by
(3.6) and Hélder's inequality, it follows that

1
1+1 | Ai1| < 025 G=plN+1) Py lp= u}pr /f |‘§?m|?*dm{;) PlA; = Agyq|P10P
L p=1
s (;TE"I *lE— IJ}'[N-I‘I'E'.I'[I-'IH{.?? l'”."li"-' ff |1g;|r{ki —Li-r:lllllpdﬂrdt-)ijﬁdt . _.4._.!'_|_1] D
(¥ pptho)
{3,8]

On the other hand, by (2.1}, we have

./:/;}ﬂ ( jiﬁl?w* - w)t [Pdedt
3 Al

< (‘f/ﬂ” - {9¢P Uk = w)*? + e |U_k" 172 (ki = s)Fdspdedt  (3.9)

217
where tii'gn(h.;.] = ﬁ'ﬁﬂ % (—(1 + hg)B¥, —(1 - h.;,]RP] Take cutoff function { so that
{ = Iin Qil{hu}, V(| 2 EGE' and |(¢] < by (3.8), (3.9} and (2. 3), noting
10% (Ro)| = 27 WHQ8 1 (ho)l, we obtain

R?‘

|4 41| <€ Cplr-aVeR (_1_ (E_)I?

2t+1 {SE];J P

1
(EATY e — ] ;
Yt (5)) "1Q%(Bo)[M7 1A — Aiga|*~HP for 3< i< 5 — 1

Therefore for 3 <7 < s. -1

' 1
[Asga PP < C(1+ by ") QR (Ra)IP=1 A = Aip

Add up with respect to i from 3 to s. — 1, we obtain

it C kol
FEME o ——|QR(Ao}l?=1 A5 — A..|
(5. — 3)R57"
«— T gttt
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By choosing sufficiently large s,, Lemnma 3.2 easily follows.
For the case p= ¢, 1 < p < 2, from Lemma 3.2 with w = u, we easily get

_ - K !
mneas {[:ﬂ,f] € Q%(1) : u(z,t) < u~ + 2—;} < m |[Q%(1)]
Notice that 7 are independent on # in this case. Similar to the proof of Lemma 3.1,

if oy is sufficiently small, then

i
Ds.+1"7

ulz, £) > p~ 4+ for (=,1) € K%x{—{l—ﬂafij”,D} (3.10)

For the case p < ¢, 1 < p < 2, the situation is more complicated. Rewrite

3

p=q
20R = ( # ) Pollan =gl s (2-p)fng p

251_2

Without loss of generality, we may enlarge s, such that 2[(#« = 2}p=gl++"(2-p))+p 2 hy and
ho 2l =2)p—a)+s"(2-p)+p jg ap integer. In Q% (hy), construct the box of the f&llﬂwing
form :

Qr = Kty (i — gf[h—-3]'[33—r£i'+-i‘If?—FL"{EHJI*JE]

By Lemma 3.2, we can fine some Qp Qg[hu} such that

’ | -
meas {{z;ﬂ] €Qn: wlz,t)<p + 1 Qf_?} < o1|Qr|

: 3 . 1
By Lemma 3.1 and its remark, it follows that for 0 ST '3'9-:;—3

wiz, i) > u™ + %Q_J#——ﬂ’ for (2,8) e Qr (3.11)
; =

For h € [0,1 - hg], define

En = {t € [~R",~(1 - ho)R") : wle,t + hRP) > 5 4 for = ¢ Kf )

E-ﬂt"l'l !

, i i : L
Then the set &, is closed. If 0 < i EQFT’ according to the above discussion, for any

hi € (0,1 = hg] (1 £ § < m), by (3.11) we have

Epy M Ep, M bkl O (f _ ollse=2Hp—ql+e* (2—p)] (FZT)F’ f]

Therefore, by the finite intersection property of compact set [— R¥, —(1 — ho ) P,

we can find at least a point £. € () &),. From the definition of Ex, it follows that
Iy

izt + hEP) > u= + 2—_1'—51—1, for all z € K, (3.12)
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e te + (1 = ho)RP] O [—(1 = hy) B, —hg BP],

Since for 0 < hy <

2| =

for (z,t) € K& x [—(1 — hp) R?, —hy R?] (3.13)

- Lt
ula,t) > u~ + ¥

From Lemma 3.1, Lemma 3.2, (3.10) and (3.13), we have
Theorem 3.1 Assume that u 15 a supersolution of (1.1). If there cxists some
subboz Q1(Z,0) C Q4 and ap dependent only on p,q, N, such that
i i — ; - #‘ - T
meas {l[:.*,..E:I EQUR(Z,0)ulz,t) < p~ + :1} < og|Qap

where 5. depends only on p,q, N,

1 = i
and for hg € (ﬂ, E)J suppose that 0 < u~ + R
8", hg, then the following holds:

wW(z,t) 2 p + g, for (2,6) € K x [—(1 = ho)RP, ~ho B7)

4. Discussion in Case I1

Throughout this section, we suppose that u is a subsolution of (1.1) and satisfies

that for all subbox Q7,(Z,0) C Q%5
(4.1)

flg =k ad B .
mens {(:1:,1‘.} € Q3n(Z,0) tulz, 1) > p~ + E} < (1= a0)|Qsp

where o is the same as that in (3.1).
We assume 0 € u~ < %L From (4.1}, we can find

3

meas {[:::,E] € QIp(2,0) s u(z,t) > 1 } < (1 = ap)|Q3R] (4.2)

for all QUn(Z,0) C Q8L
Let #; = 2902l yiv—alF and s, will be determined in Lemma 4.2 so that &; < =

Without loss of generality, we may enlarge s;,s", such that 29(2=pl/P j5 an integer.
Since Qﬁh(iﬂ, 0) may be divided into finite disjoint box Q5,(z,0), from (4.2), we obtain

' 3 :
meas {(2,1) € Q5p(2,0) : u(z,t) > f} < (1 - ao)| Q% (4.3)

where Q3%(2,0) C Qfp.
Lemma 4.1 Assume (1.3) holds. The there exists t™ € [[—ER]P}—%E[ERJFI, stch

that
3 1 — ayg

= = i

meas {1 € Hon(Z,0): vz, t™) > T} < e x | K 5] (4.4)

For the proof of Lenuna 4.1, refer to Lemma 5.1 of [4].
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Lemma 4.2 Jf0 < ¢ < g and (4.4) holds, then there cxists s, dependent only
on p,.g, N, such that for all t € [ = %EEER}Pﬂ]

meas {x € K h(2) : u(x,t) > (1=27")u} < (1 - (—:l )II{ (4.5)
Proof In (2.6), take H = g B %, EES E’II:—I, then

i [ fir 00 (5 (- )" )]
<C ft L, i V¢ 2 (2, (- .3;) ) dadt

for ¢ € [£%,0], £ € C] {ff;}t{a‘:]}, ¢ 2 0. Taking cutoff function ¢ such that ¢ = 1 in

Z
4 < : 5. |
HioznlZ), 0 £ (¢ <1 and |V(] < T

we have

{1—27"1 )
[1[3“ Sl'.'_ﬂl{ﬂ'-" :I l:fﬁ:lrl:‘.l.l':‘:"l.":- {.ﬂ: = I{f{ .7 ,Iﬂ.i'-"[ :| :u(x_lt;:' = |:1 . E_IHJP;}

i 3
< /;_“. Sf;—z{?#,ﬂjrd.s meas {:r: = th :E u{a f] > TIM}
4

1 i 5
| e e = | 42.9.—2 . 8
Tc{glﬂlﬂj"’{ N ]{ it } (2R)?| K 3p
# ; ( J |
= [.[34'— e E( 1]ﬂrﬁ]l— Elf‘f nl+ ,:rh T g |H§HJ
2
Since
a8 W Iy 3y 3 5
[faj s (W) ds > Chlg)pt P In 2m T
1
and

[fe st @l [ e yad -

4
(1—2—"1 )y

<[oaayr® [* @yl (et 0 wtyas]”

[I=2720)n

< Crm
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it follows that for all t £ [— %[ER}F,U],

meas {z & E"q‘ rlZ):w(z,t) > (1— 27 )u}
< meas {x € Ezil _enrlE) rulz,t) > (1 - 279 )u} + Nay| KDy

ES]_ 1 - &4y} &= 2 8
<4 (14+C C N ¥, 4
2
. = Qg ap 2 :
It is easy to check that 1—35- < 1-— {?) . Therefore, we can choose appropriate o,

31, so that (4.6) holds.
Let Qok(00) = Kip(2)  ( - ?(ER]P,D].
Lemma 4.3 Suppose | < u~ < g and (4.5) holds. Then for any az; > 0, there

erists some s dependent only on p,q, NV, ap, 51, a2 such that
8 <
meas {(z,t) € Qhp(an) : u(z,1) > (1 - 27" )} < azl@iplac)l  (46)
Proof Take by = (1= 27,4 = 81,43 +1,---,3". By (4.5), apply Lemma 2.4 to

the function u, il = ki1, k = ki, we easily get

C'(26, )N+
(E%T)mcﬂs A-':TLE':.ER':E = |: 1R} ] S
[: ) ”{ k. "*[EH'A*.'+|-'!JL.2H|:H'

|V u|de (4.7)

where A, ,p(t) = {z ¢ Hg}t{i] i T A et O B~ [“ %[ER}T’,E]. Integrate (4.7)
with respect to £, denote

Ai = {(z,t) € Qi (ay) s ulz,t) > ki, i=sq, 8

use Holder's inequality, we get for all 5; <1< 57 -1

_ i _ _  pl
|Aigr] = Cﬂlfﬂ(]f » ]|v(u ~ I:;}+|T’dtdt)7’|.4,- — Aiga|r® (4.8)
n I'H_|

L
91+1
By (2.2), (2.4), it is easy to get

[, 19— k)t rdede
Qqh{ﬂ'n]
<C [[ o AIVCP( = B+ (070Gl P — k) dat
L Qd Hr'!":l'.l]

G‘

Take a cutoff function ¢ in Qgh[&u], such that { = 1in Qgh{ﬂuj V] < |§¢| <

then
2

[ 1 I* 45 2—p :
mw{m] (k) razar < o{(75)" + S () () 1@%h(eo)

< (57" (£)"1Q%(00) (4.9)
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using (4.8), (4.9), we conclude that for s, < ¢ ol |

. " iy w T
|Aipr|P=1 < GIQ;}:(ﬂnjlp_i [A; — Ayy|
Add up with respect to i from s; to 5" — 1, ghserve that |f5.r-|! > |A,| (i € s*), we obtain
(57 = s1)|A,- [P/ < C1Q8L (ap)|?/P-1). By choosing s < o2ftr-1) (4.6)

follows.
Remark s™ determines 6 a:m:l the width of hox Q

Divide Q% () = K§p % [— ?[Eﬂjf’ []i into a finite number of subboxes Q4% (an);
for each Qm{a.;j, (4.6) holds, therefore

meas {(z,¢) € Qap(an) : u(z,t) > (1 - 27 Y} < az|Q8n(ao)| (4.10)

Lemma 4.4 Assume 0 < p~ < g and (4.10) holds. If as is small enough, then

& 5

u{z, 2] < (1 - E_f'”‘+1]}#1 for (z,t) € Q?a{f:x{;} (4.11)

Proof Fori=0,1,2,-7% set
ki = [L— 27t v S unlr ki),

R s
By =R+ -2;; L= Qﬁnf[ﬂer}

By (2.2), it follows that

sup f (Pt u = kypy ) ide 4+ f/ V|V (w — kiyq)t [Pdadt
K% £

— S Ri'«tan

¢ ffﬂl{l?c Flw = ka1 )™ 4+ PTG ™ (w — iy ) 2V dadt (4.12)

r 7
dske ¢ so that { =1 in Qi4q, |V(¢] < = , 1G] < Bas —, by Corollary 2.6, we have
R’ oy fer
0 R; ) : :
]6[ (u— k{+1j+:ﬁtﬁrd!‘ < G(—ﬂ (ﬂ x[u o 1‘354_1]&2:&!1) E{F_P
':'.l'-j-l |Q‘r| 0
[ {_E} I ' +1? J
l BUD S l: [ == I£I-'1_-+1:] di
- %:lﬁfr-::i.iﬂ G : K”
o / {Q”j?{u — ki) TP + |V (u - -l:i_,-I]:_”dxcii}dzdt] (4.13)
Sl '

We estimate the first term in the bracket of the right side of (4.13):

1 e .
57 g € (= hisa)¥Pda < 2R - [, k) de
ﬂ.ﬂ Hf‘;. Kj.lr.

L On f{' VI (= k)™ + G ™ (e - k)Y Y dadt (4.14])
i .
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the last inequality is derived by (4.12) with k; instead of k;y,. Therefore by (4.12),
(4.14), from (4.13) we get

[ (@ —kip)rdads
o,

i+l
(OR; )P ]9[ (u—k)tP e
o dadi Iy
[*H ( 3 (Rig1 — ke P )

] A= k) 4 P k) et
S

TE ﬂf k) dzal) T
1 Tt 2-p ;
(a5 + 5 (&) ’ﬂ? (u — ki) dedt )

Since B < R; < 2R, simple computation shows

_Pff [:““ - ki%l]-h;{fﬁ.‘,{it E {::E:lml [(fi}_”[[ |:u o I“é]-i_ﬁ{f:l:?{ﬂl 141/ [ N4p)
463 o i |

If rep in (4.10} is small enough, thett L2 _F {/ (u—ky)T"dadt (< ag) is small enough,
o

-

according to Lemma 5.7 of [9], we 11we

< c2i(a Ry ( (L)

u(z,t) < (1~ Eq[diH}].“" for (,t) € ':?':J‘I'i[ﬂtnll

By Lenunas 4.1-4.4, we conclude
Theorem 4.1 Suppose that u is a subsolution of (1.1} and that for all subboz
Qip(2,0) C Q%p

mens {[:_t,r.} € QIn(E,0) s ulz,t) > o~ F g} < (1 — a)|Q75]

andﬂ < s {g. Then

w(z,t) < (1-27"* My for (2,t) € KP x (— %Hf:ﬂ]

5. The Proof of Theorem 1.1

K

e}
To prove Theorem 1.1, choose hg such that by < T and 1 — kg = —22 Clearly,

K x ( - %R", ——-%RP] C {K§ % (=(1 — hg)R”, ~hyR")} x {.ﬁ:’ﬂ % (— 20 pr ﬂ]}

From Theorems 3.1 and 4.1, we have either u(z, t) > YRS

for all (2,t) € K = ( — % Re, - %RT’], where s, 5. depends only on p,q, N.

or u(z,t) < (1—2-1="+1),
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Under transformations

; H
Suppose u(z,t) > o1

o i= i ale0) = u(0Rs, R/

from Equation (1.1), & satisfies

:jf:

(2771, = 272y (| V107~ 2V 54
Set & = 4971, since u > u/2*"*1, we have
1500 5 27T g e
Using Theorem 1 of [4], we have [ﬁlﬁ’.}fl x(-22 ) = €, where 8’ € (0,1), C depends
3

only on p,q, N. Therefore

lq—plf 1 i.p8
Paal - |u i ; |
i“'*{i.:lq h;‘ A=t TI(EEJEN = Cﬁ-ﬁ( R |z — Ta| + Eltl T r2|F) [5'1:'
for all (21,11, (22,15) E.Ei"?: ® ( — %RT’, —%RF], where 3, depends on #', g,
Thus, we have either (5.1) holds or
w(x,t) < op, for (z,t) € H‘f‘.—t y (,. ?R”,h%ﬁp (5.2)
7

where o = 1 — 2-(4"+1)
Take p = M and cheose sufficiently small Ry = 4R such that @5, C Qp. For any
positive integer 1, set

=iy, 0y =2 Enpleally o

1
R;=7R; 1,6 = min {%af‘f"ﬁmz[:ﬂijg—13+?:?ﬁ:|;;}

(5.3)
t =t — 27342l RY tg =0

1=11
.l'ﬁ'r' n I
Qﬁi—s{Ri} - I‘*Iﬁ; * {tt' - Rf1t5J
: . @ hood IS o [ T
It is easy to verify that @, (R;) < K% x ( - TR“ , —?R*‘). Hence, for all (z,t} ¢
)
th {R]], either

|u{:r:1, i1 :l —'u[231 fg”

C 1 ;
= :Eﬁ{lxl — 22|+t = ta]P ) for (25,) € Qu (R1) (5 =1,2)
1
or
u(z,t) < for (2,t) € Q. (&)
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By iterating this process, we conclude that either
u(z,t) < p; forall (z,8) € Q,.(R;),i =0 (5.4)
or there exists some integer { > 1 so l_:lmt
u(z,2) < gy forall (2,8) € Q. (R;), i=1,---,1—1 (5.5)

lu(z1, 81 ) —ulzs,ta)] -
o ]

= P (Ioy = 23| + [t = t2|)P, for (25,8) € Qu(Ry), 7=1,2  (56)
l
In the first case, suppose (5.4) holds, then by (5.3)
. e lnaflua
il L =ilne/Ina _ _— Edh .ﬂ-:
i = - #u(ﬁ._“} = My R, (5.7)
where G =Ilne/InF, M; = ;;[]Hl},'"'q:- Hence we have

0 < u(e,t) < MR for all (z,8) € Q,.(R;), i >0 (5.8)

Note that t;y, — —2-13+H2lg,(1 — )2 R,’;g’r{; as ¢ — oo. Obvieusly, (0,7) €

Q;(f;)(1 = 0). From (5.8), we have
|uf{z, 1) — ﬁ(ﬂ,ru}| = EMIR?* for (=,1} € @ (H;)
For (z,t) € @, (R)\ Qi (Rig1), t < 7y, we also have
lu(z, t) — u(0, )| < Eg‘rflj?.'?‘?’ (5.9)
and one of the following inequalities holds:
2| 2 8ipq Ripr or & <Epq — RY (5.10)

By (5.3), (5.7), clearly

r=g lﬂ:iz?—-fr]_l_]]
BepiRiyg = 2" limaleg o e (5.11)
; : L . o ol : -
Sincefe =lne/lng,o=1-2"1"11 5 g+ Wemay enlarge s” so that 3; is sufficiently

g—F

small and G, + 1 > 0. By (5.10), we have

o —t = (L1 — ) = (F01 — Tu)

=0 J=0
= [1 - 273+ 20)gy(1 — 37)*|a" RY (5.12)
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For (z,t) € Q,,,(Ho) = U@ (R:)\ @iy (Rig1), t < 7y, there exists some i such that
(2,t) € @, (R:)\ Qpiy, (Risy). Hence (5.9), (5.10) hold. Noting EE.li]l, (5.12}, we have

u(z,t) —u(0, )| < 2M, R®

: =g L
< 28y max{{(2" (g 0y )i g )2 g MR D)

(1 - 276 3ag(1 - 3(1 = 62)71)"257(my — t)Pir)
< Ma(lz] + [t — 7| 2Py (5.13)
for (2,t) € Q) (Ro) Nt < 7o} = K} x (- RE,m).

Now we turn to consider the second case, suppose that (5.5), (5.6) hold, similar to
the proof of Lemmma 6 of [7], it is easy to obtain

lu(z,¢) — u(0, )| € C(|z| + |t — |V, (2,8) Ir.’jg':?“ ® (—RE, ) (5.14)
where
m =~ 27 May(1 — 57) LRI (> RY)

By (5.13) (5.14), in a standard argument, Theorem 1.1 easily follows.
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