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Abstract We prove C'V%_partial regularity of weak solution of nonlinear parabelic

aystems
u:_DuA?[IJLurDH}=B:'EEIEJ'LI:.I_DH.], i:l|"'rN

under the main assumption that Al and B; satisfy the natural growth condition.
Key Words Nonlinear parabolic system; partial regularity; natural growth con-
dition
Classifications 35Bé5, 35K55

1. Introduction

In this paper we will extend some of the partial regularity results for nonlinear ellip-
tic systems to parabolic case. Actually, we intend to show that the method developed
in [1], [3] can be also used to study nonlinear parabolic systems.

Let 12 be an open set in ", T > 0 and @ =0x[0,7)], and let z = (z,t), where
z€ 1,0 <t < 7T, denote a point in () and 3,0 the parabolic boundary of Q. Let
u(z) = (u'(z), -, u"(z)) be a vector valued function defined in @. Denote by Du the
gradient of u, i.e., Du= {E‘au’;};zll...lﬂ:mzll...ln.

Consider the nonlinear parabolic systems of the following type

u:‘!— T H&AF{EJI"’:B“} = B,-{z,u,ﬂuj, = 1:‘_"1'N {1'1]

We suppose that A? and B; satisfy the natural growth condition:

Al (zu,p)0h 2 AP - 2, fe 1°(Q) (1.2)
A (z,wp)l < C(lp| + £7), f2 e L7(@Q) (1.3)
[Bi(z,w,)] < allpl® + o), fo € L7(Q) (1.4)
[Bi(z,w,p)| = C(Ip1* + 1),  fi € L7(Q) (1.4)
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where A > 0, a > 0 and é are constants with 0 < § < 5 5" We denote

n +
Vi(Q) = L2(0,T; H(Q, RV))  1°(Q, RV)
W(Q) = L*(0,T; H3(Q, RN)) n HY(0,T; L*(Q, RN))

By a weak solution of (1.1) under the natural growth condition (1.2)-(1.4) {or (1.2),
(1.3), (1.4)') we mean a vector valued function u & Vi (@) such that

[Q A% (2, 4, Du)Datp’ - viel]da = f@ Bl Daiedds (1.1)
for all ¢ € W(Q) N L=(Q, RY) with ©(z,0) =0, p(z,T) =0, ¥z € 1.
For z5 = (xn,tg) € Q, dencte
Bgr = B(zo,R) = {z € R",|z — z¢| < R}
Ig = I{to,R) ={te R,to — R* < t < ty)
Qr = Q(z0, R) = B(zo, R) x I(to, R)

We prove the main theorem:

Theorem 1.1  Let u € Vi (Q) be a weak solution of system (1.1). Suppose that
AT and B; satisfy

(Hi) 1A (z,u,p)| < C(lp| + 1)

A4 3
(Hz) ! [z’.u’p] .65 2 A%, A0, VEe ROV
Eipl'[T;
(Hs) A%(z,u,p)(i =1, - N;a= 1,-++,n) are of class C! with bounded continuous
derivalive

A4
ls L
E:‘pﬁ

(Ha) (14 |p|)~ ' A%(z, u,p) are Hélder continuous in (2, u) uniformly with respect to
Py ie
A7 (2, u,p) = Af(y,v,p)| € e(1+ [pD)n(lul, |z — yI* + |u - v[2)
where nisy, s2) < H[sl}min{sgﬂ,L} for some 7, 0 < vy < 1and L > 0, K(t) is an
mcereasing funclion,

(Hs) |Bi(z,u,p)| < a(|pf* + ), 2aM < A, sgmur =M

or
|Bi(z,u,p)f < C(lp|*~* +8)

Then the first dertvatives Dou' of u are Hélder continvous in an open set Qn C Q) with

meas (@' Qp) = 0.

In proving the theorem stated above, we need the following Lemma which can be
found in [5].
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Lemma 1.1 Suppose that (1.2)—(1.4) and 2aM < A (or (1.2),(1.3),(1.4)") hold with
sup|u| = M, ¢ > 2 and v > 1. Then there exists a p > 2 such that D.u' LY (@),

g
and for every Q(zg,4R) C Q we have

(f,.1owpas)? <c[(f 1oupas)? o (f mas)s

where R < Ry, Ry and C are constants independent of u, and
1 1
F=fl+3 1fE1+ 201512 (or[fol2)
i,0x %

Remark 1.1 Suppose that (H;), (Hz), and (Hs) in Theorem 1.1 hold. Then the
inequality in Lemma 1.1 becomes

1
2

(f%il * Iﬂul]”dz)’%' < G’(Lm(l - |Du[3jdz)

2. Caccioppoli’s Second Inequality

Denote

- 1|j;3 udz, B, = B,(xp)

\B
1

= ianl s udz, Qg =Qg()

ug
We have

Theorem 2.1  Let u € Vy(Q) be a weak solution of system (1.1). Suppose that
the conditions in Theorem 1.1 hold. Then for every zp € Q, every py € R™Y and every

; R
v, H mthﬂ{r{;and{?gc@ we have

./;M:“] |Du — po|*dz < C{ﬁ f;;,:'n;q.l:fu}l lu = uga(t) — po(z — z0)|*d=
+R“+“+“‘“h[zg,ﬂ}} (2.1)
where h(zo, B) = h(1 + |ug|+ |(Du)g| + ¢(20, R)*/?), a = gfl - ;—f)
Proof Without loss of generality we may assume 2o = 0. Let 0 < r <cp<a< ER
Choose x(z) € C§°(B(0,0)) with 0 < x < 1, x = 1 in B(0,p), |Dx| < {u‘?,ﬂj and

satisfying

(1) x(=) = x(~=)




(il) sup x(z) < f,'ff x(z)dx
Hﬂ' Hﬂ'
Define
E 2 2
Uy o (t) = j;dx ude‘[ﬁﬁx dr, Ulz,t) = u(z,t) — poz

Then from (i) (ii) it follows that

U (t) = tiy,q(2) (2.2)
_ LT 2z :
-/E;.g[.z“.]. |U{-T-1£} 'E-'I_‘.r_'.-ﬂ'{t_}l d-z "-‘_-: c‘/‘;’.#[ﬂr] |U|:ﬂ:, t} ) Uﬂ'[tjlﬂd.f {23]
l.e.
j’-’;’e[zu] |“'{I=-I} — Uy o(t) — FDEFdz <C Q,[r.u} lu(z,t) - uy(t) - pﬂ3|2dg {2_4:;

o 1
Let s € (to—p%,4p). Choose 1y, € Ccge (ED—{IE,S'-I*E) satisfying 7, = 1in [tg—p?, 4],
0=, <1,0< I:n{t:} < Cf(e — p)? when t € (tg — R2,ty — p*) and T:nlitjl. < 0 when

1 [ |
e (s,s + ;J, = < 1o — 5. Choose ¢; = Gﬂm( - T -I-) with gg{t} — gt(—i} = 0 and
[ @i(t)dt = 1. Denote u; = u* gy, and define
¢ = x'rhlw - v, (t) - poz] (2.5)
=1~ }:Eﬂi][ﬂ-a g u;.:,ﬁ{t} - poz] (2.8)

N 1
where pp € B™, u, ,(t) = [uyo(t)] + 1 = (u * gt)x,e(t). From (2.5) (2.6) we have
g4+ =u — u;_,lﬂ,{t} — ppz
D¢ + Dy = Dy — pg

Choose test function ¢; in (1.1)' (spt & € @ for | sufficiently large) we have

f

MNotice that

[ o (#i)ide = [ wiias

o

Af(z,u, Du) D ¢}dz = j; Bi(z,u, Du)didz + f u'(¢})dz (2.7)
T o

ir

& jc‘;ng[“ﬂ = o (&) = poz] (X1 (w — ul, (1) — poz))dz

_/{; {u,fg,a{i} + FDI];[}:zrifug == 1"‘;.'.-:'{” - pox)|dz (2.8)

o
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in which the last term vanishes as shown by an easy calculation. Therefore we have

. .-: 1 ]
/, e = 5 [ w0 = poaf (e iz = (4

Let I — oo (Note that ¢, ¢ are independent of | below, and safisfy D¢+ Dy = Du - pg)
for zp € Q, ug = BN we have

f A% (z,u, Du) D, ¢'d>
Qo

— _f,;. (A7 (20, 1o, Du) — A% (2, u, Du)|Dad'dz +f Af (20, ug, Du) D d'dz
5 Q

-

= ~T+ [ 47 (20,40, Du ~ Dy)Dogid:

o

1 & e : :
+f f dA; I[.En,. ug,i?'-'u Eﬂﬁldﬂﬂﬁtﬁ?lﬂaqydz
o 40 dpy,

- -] —E—f A?{zn,ﬂg,pﬂ -t- Dq&]ﬂagﬁ-idz —1II
<

o

||'
I

T — H+f@ [A{ (20, %0, p0 + D$) — A¥(20,u0,p0)] Dad'dz

> —I- 11+ j;; |47 (20, w0, po + D) — AZ (20, uo, po)| Dad'dz

> -I-1I+ .ka | Dg|*dz (2.9)
L
and
(+) = U~ e o(t) — poz|*xrmrl dz

to—p?
—, _/; {ﬂf - uxlg{t] —pgzﬁxgrmr:ndz

ﬂ-—ﬂz L.

Tm 2.2 i
+ dt = [t.t T ux,ﬂ{t} v Pﬂxl X T T d
&

o

combining (2.7), (2.8), (2.9) with (*) we have
3+l
A 1D 8Pde— [Tt [ o (6) - poaPrmrtyda
'GIEI' 4 B,_-.,-
<14 11+[ Bi(z,u, Du)¢*dz

Qo

AR] )

-’r-f A cftf |u — uy o (t) — poz|*x 7l dz (2.10)
tp—o .
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We first estimate the terms in the right-hand side. It is obvious that

(= [ [42(s0,u, Dw) ~ AF(z,u, Du)| Doss'dz
Qe
<G [ (1+1Dul)n(lul |2 = w0l + |u - uol?)|Dgldz
< C'[E]j;h[l +|ﬂu|1]ndz+e_[?’ |D|2dz

using the condition (Hs) in Theorem 1.1, we have

1 & i : :
11=f f A2y %0, o, Bu > YD) 1 of D g1 ds
<0 &pfﬂ

<c L \Dy|| Dg|dz

: C
Notice that |Di|, |D¢| < C|Du — pg| + mhz — Uy o(t) — pox| and supp Dy C
Qo \ @, we have =

1
n<c f U — Uy olt} — {;Iidz-f-f Du — Idz} ; 2.11
{EH_PJE JJ X {] F | quﬂpl .P':Jl '[ ]
By the condition (Hs) in Theorem 1.1 we have
fq Bi(z,u, Du)¢'dz < r:_":f (1+ | Dul?)|¢|dz (2.12)
. Qe
we know that
0<7(t) <Cllo - p)? in (tg — 0%,y — p%) .
and hence
ot W 2
f dt f | — vy o(t) — poz|*x T, dz
tﬂ—ﬂ'? o i
< Lf |t = uy o (t) — poz|*dz (2.18)
gt {ﬂ- i P}E o o & -

From (2.10)-(2.13) and the estimate of I, we have

1
’ *m ;
f df f |.D¢=|Ed.:t: - f rmr:n'ci.tf Ju — . (t) — pr|2IEdz
i B.ﬂl -

I::I_,l?i .Edl
1
< - — 2 _ 2
- G{{ﬂ ~ p)? f 4 = tia ) pozhide + fc;raw,; Py dz}
+ﬂ'{f E1+|Du|“}ﬂdz+f {1-|—|Du|2}|c,€:-|dg} (2.14)
T L
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3 : 1
Let s — tg and take into account 1), < 0 in (s,s - H} and |D¢| = |Du — pp| in
(to — p*,8) N Q,, we have

1
[|Du—pn]3dz£{3{r{--——f |f.\t—1'.—:;,;,.?'[!‘.}—;J1;|:t:Fa:si.',e:—l-'/f:;'1;L |Dﬂ“pﬂ|2d3}+A+B

- a = P]E & #
where ;
A E’L (14 |DuPin(lul, |2 = 26]® 4 = 5|1} dz
B=cC f (1 + | Dul?)||d=
o
Choosing tg = ug = tz R =f udz and using Remark 2.1 we have
Qrlzo)
2 2

A< comti( f (1 |Dulyds) ( f;@ a(lul, |z - z0f* + [u — ug|?)dz) P
z

< C’R"'”f (1+ |ﬂuﬁdzq(|uﬂ|, R2+f ju—uﬁﬁdz)l'F
oy Qr

Using the following inequality

[ lu-urlds < f u— uy p(t)|*dz < CR? f |Duf?dz

Yr 'Qn dr
we have
A < RPHER(lup| + |(Du)g| + (20, B)'?)
1 1
where & = 5(5 = —) and h(t) is an increasing function.

2

Without loss of generality we can suppose 1 — — < —. Choosing py = (Du)g, we
r

i
2

obtain
1

| sesmaly
B< G‘R“””"f |[1+|Du|2}dz[f |Dul?dz + po| "7 |
YR

dr
< R 2ep(|(Du)g| + ¢(20, R)?)

2

where o =1 — —.

F =
From the estimates of A and B we have

1
f |Du — pol®dz < C{W.{ Eu—ug{t]—pnzﬁdz-i-f

: —-r)* Jg. Qe \Qp
_]_Rr:.+2-i- Eah{zﬂl R]

| Du — pg|2dz}
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where h(z0, R) = h(jug| + [(Du)g| + $(z0, R)1/?) is an increasing function. Now we
note that

f |u — uy(2) - pox|?dz < f u— upr(t) — poz|idz (2.15)
& QR,.H
for & < T

Using hole-filling technique and Lemma 3.3 of Chap. V in [2] we finally get (2.1).
Let m — oo in (2.14) we get |

2 1
., 14029) = w0 0) —posiyids < L [ o= wer) i

-+ AEg |Du — p.;.|3-:if:} + R""‘Hhh{zg,ﬂ] (2.16)

and noting

e | B

Choosing p = -‘;—E, o =

G’f 2
— t—u p(t)—pyz dzii{;'f Du — py|*dz
R? *!?H;¢| IrT(} X r Qn,u] Pol

let s run over (t; — p%,t5), we have

Theorem 2.2 Suppose that the conditions in Theorem 1.1 hold. Let 4 e V(@)
be a weak solution of systems (1.1). Then for every R < Ro A dist (20,8,Q), we have

sup f lu(z,t) —u p(1) — poz|idz
By o ry

tEl R
< G{f | Du — pg[idz} + R Iap L R) (2.17)
R
4
where x i3 a cut-off function for {BRJ;E,BR;.;].
Denote 2+ = i !
n+2

Let r = 3 in (2.1), we have

f-;r = ur/a(t) - po(z - zp)|*dz

ifa

L Lm Ule,) = Urp(®)*dz < [ |0(a,t) ~ Unpo(t) P

(2537

- j;;-m L ux.g{t} = po(z — z0)[*d2
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vaere ¥ 18 a cut-off function for (Briy, Bryz), from (2.1) we have

: C
f [Du 2 polPds < ﬁf f U - U_g(t)]dz + R**h(zo, R)
R a Qe X9

+ +
C j‘ f . 1-2- f ) =
S = U—-U glt)]dz U-U g(t)dz dt
R* Jrgy, [( Hnnl xl%{ ) ) ( HHHi x.%[ ) ) ]
+R%*h(zq, R)
C ek 2l 2t
< 27 su f U—-U_g(t)dz 3f f U-U g(t)*dz) ® dt
RE :IETRI:?"-‘ ( HR‘.I'* | x-%{ }l ) IR,n"-I. ( 'E_R E x,%{ }[ )
2
+R*%h(zg, R)
< C

a4
=2
(B2 [ |Du=poltas + (a0, )P [ B(f D
Rz _ Rf4 A2
~pol** dz) dt + R**h(z0, R)

Using Young’s inequality we have

s
f |Du — po|*dz < f::*(f |Du ~ pu[2+dz) 2 4 ﬂf |Du — poldz 4+ R**h(zg, R)
Crys oy

n

with 6 < 1 (2.18)

Finally we use Prop. 1.3 in [4] and have the following theorem.

Theorem 2.3 (Reverse Holder inequality) Let u € Vn(Q) be a weak solution
of system (1.1). Suppose thal the conditions in Theorem 1.1 kold. Then there erists a
g>2(q < p) such that

2
(f | Du — (Du)gys|?dz)? < r:rf |Du — (Du)g|*dz + R**h(z, B)  (2.19)
Qrie QR

where o 15 similar to that in Theorem 2.1.

3. Partial Regularity

~ In this section we will prove Theorem 1.1. First we have the following proposition:
Proposition 3.1 Let u € Vi (Q) be a weak solution of system (1.1) with sup |u| =
¢

M. Suppose that the conditions in Theorem 1.1 hold. Then there exists an o € (0,1),
such that for every zo € B"t! and 0 < p < R < min(1, dist (20,8,Q)), we have

f@p |Du ~ (Du)y[*dz < C[(%)nﬂ—l—w{zmﬁj} f% |Du — (Du)g|*dz

+ Rttt Iz, R) (3.1)
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where
(20, B) = w[C(n)(1+ |ug| + |(Du)r] + (20, R)Y?, §(zo, E)]
H(z0, R) = H(lur| + [(Du)p| + (20, R)/?)
with w(sy,82) is an increasing function in §1, and going fo zero as s; — () uniformly
fer sy in a bounded set, H{(s) is an increasing function of 5, and @z, R) = | Du —

R
[Dujﬁﬁzdz.

Proof When no confusion exists we will omit the s

ubindex z; in Uy, g and
(Du)., g. Denote

A:'?g = *‘1?;:; (20, uRr, (Du)r/s)

y 1
= /;I Ai;-{zu,uﬂ',{ﬂﬂJRfE +t{(Du — (Du)r/s))dt
a
Then system (1.1) can be rewritten as
ﬂ:l— D.-:r [Ai'gpﬁul] - _Ba{[ﬂ:?g - ‘Exﬂ [‘D.HH'I " {Dﬂuj]ﬂf’g]}

~ Da{A%(z0,ur, Du) - 43 (z,u,Du)} + Bi(z, v, Du) (3.2)
let v be the solution of the Dirichlet problem

{ 1_:; - Dufﬂiigﬂﬁvj} =0 in Qﬂjl'g[zn}

(3.3)
v =tut= 1 on 30 g/s
For all p < —g we have
2oyontd 2
|Dv - (Do), |2dz < (2. f Dv = (Dv)p/a|2dz 3.4
[, 1Dv = (Do), s < c(2) . 1D~ (Do)l (.4

Let w = u — v. We know that

n--4
f D~ (Du), [Pz < ¢ (£)™ f |Du — (Du)g|2dz + :::f |Dwl2dz
Qs R @ r Qris

Obvicusly w e W(Qr/s), and for all € W(Qgrsp) N L= (@r/s, BY) with wlz,tg) =0,
w satisfies

AL Dy Dt s f wipidz

Qre Qe

= f,;_, (4% ~ A Do ~ (Dpu?)rys) Dapid
R/&

+ [Af (20, ug, Du) - Af(z,u, Du)]| Dy'dz + f Bi(z,u, Du)p'dz
& rya D Rys

(3.5)
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From Lemma 7 in [5] we have
[, 1ol < c [ 14zt AePPIDu— (Du)rpftd
& RjE

+C s [A?[.Eu,u}g,ﬂu} — A_"?‘{z,urﬂuﬂzdz
R/8

+ | B;(z, u, Du)||w|dz
DR/

= I+ 11+ III (3.8)

From the assumption (Hz) in Theorem 1.1 it follows that “here exists a nonnegative
bounded and continuous function w(s;, s;) such that:

a) w(s1,52) is increasing in s; for fixed sz and in s, for fixed 51

b) w(s1,s2) is concave in s, for fixed sy,

¢) w(s;,0) =0,

d) for every (z,u,p), (y,v,p) € Q x BY x B"™ with iu| + |p| £ M and for every
t,7=1,--,N; @,f =1,--- n, it holds that

|45 (22 .2) = AL (4,0, 0)] < @(M, |z — y* + [u — of? + |p — )

Therefore, by using reverse Hélder inequality (2.19) and the boundedness of w we have

2 i
L= (-/;;'Rfs R [Du}g;ﬂ'dﬂ) : (/';"H.-fa w-!fzJ i
<C[[ 1Du=(Du)afds + R*+2423n(a, B)] 8 il &

< w[C(n)(1 + [ug| + |(Du)p| + ¢I[fnaﬂl”z],¢fzmﬂ”1_§fg |Du — (Du)g|*dz

+RMHITE (2, R) (3.7)
& 2
where o = 3 (1 — ;), and
2 i
1< f (1+ |Du|)?ndz < CR™? (f (1+ [ Dulydz)? U’ ndz)' 7P
Qrrs QR D rsa
L e W (3.8)
. : ; Y - |
Using the assumption ( Hs) in Theorem 1.1 and the boundedness of w, letting 1—; < 5
and noting
f |Duw|?dz gf (1 + | Dul?)dz
Or YR
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We get

.

I < -:::f (1+ |Duf?)|wldz < r::f(f
Wrya Q

2

— 1 1__

R |ﬂu|z}§dz)P(f ol " dz)
R/B Rys

2

1—=

< G’f (1+ |Dul?)d= (Rgf IDw!Edz) s
@R Ur

2
< R“+2+2¢H[zg, R}, w= (1 — E) (3.9)

From (3.6) and the estimates of I, II, I1I, it follows that
2
]-:é |Dwl*dz < w[C(r)(1 + |ug| + |(Du)r| + (20, R)/?), (20, R)]'" =
RiE

f |Du — (Du)g[*dz + R*22 [ (2 R), o= E(I - E) (3.10)
YR B p

R
From (3.5) and (3.10) we see that (3.1) holds for p < g, (3.1) is obvious for g SP<E.
Finally, similar to [4] and Chap. VI in 2], we can prove Theorem 1.1.
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