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Abstract Tppllfmg Nash-Moser’s inplicit function theorem ,the author proves the
exlqtenc& of periodic solution to nonlinear wave equation
Uy, — t,, b 2 LTty U g Uy Uy U ) = 0
with a dissipative boundary condition ,provided e is sufficiently small.
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(. Introduction

In this paper we discuss the existence of time-periodic solution for the following
boundary value problem of nonlinear wave eguation

F.(u) =un, — 4.+ 3?":!'!1':”:?#ruriuur“urﬂﬂ) = U (0. 1)
w(t,0) =0 (0. 2)
w (t, ) + Au,(E,0) =0 (0. 3)

where ¢ is periodic in ¢ with period ®, A7=0 is a constant. When (2) and (3) are
Dirichlet’s boundary conditions and there is a dissipative term Aw, in operator F,(u),Ra
binowitz in [ 1] proved the existence of periodic solution if & is sufficiently small. The
aim of this paper is to prove that if a dissipative boundary condition is given at one end
of the interval instead of the term A, in the equation ,then the problem admits a periedic
solution provided e is sufficiently small.

As the second order derivatives of u appear in the nonlinear term of the operator
F (u) ,we shall use Nash-Moser’s implicit function theorem to obtain the pericdic solu-
tion of the problem. We shall apply the version of this theorem given by Moser in [2]
which requires to solve the linearized equation only.

1. The Main Results

All functions mentioned in this section are periodic in ¢ with the period . For sim-
plicity ,@,{ and A are taken below to be 2m,1 and 1 ,respectively.
Set

and :
= {u|Fu € HQ),j< pyult,0) = u, (¢, 1) + 2(¢,1) = 0},




F, = n:|‘]'uE:_ H? ()0 = p!

with norms

Il ¢, = max | “ B Q)
:ﬂ::-}Ln-F

|zl » = max || P EI e
# D= j=2p

where H™(Q)) are Sobolev’s spaces on @ with norms || « | wigy- 1t is clear that U, F
are Banach’ spaces and

[,"1_1 miE) {-"r-| ) I!T.-'rg ) owws Fﬂ =y F[ =) FE =

For any €& l/_,we can write it in the form of a Fourier’s series

F

1 1 = e S
° = E}Enﬂ.f.ﬂ -+ ;é (a;(x)cosjz 4 b;(x)sinjr)
We define the truncation ﬂpemtﬂr by

T pthi= Eﬂ,(r] + —-Z{a (z)eosgr + b;(x)sin jz)
FEN
then it is easy to prove that

L e U.—-q--r
and ’ >
| Tyulle, <N lnl, (1. 1)
: fl U T,.,Jaslli < .-"»""’||z:||, (1:-2)
for any nonnegative integer N.
-The linearized operator of the nonlinear operator F,(u) i
Fluw)e=wv, — v+ ela, v, + Byaty 4 Uast,,
+ aiv, + av, + auw) :
where a,=g, (£,2,u,, > yu) ya,=g, a,= Fu, 1011 =Fu, 3012==g, +8:=4, -
. In the following sections,we shall prove that if ¢ is sufficiently small,then F_(u)
satisfies the following for a constant b.
(1) lf ucUyand || | L.'iib_J then F,(z) € F, and F. () is linear and bounded
from U, into F,.
(2) For any u,vE€U, and | | t,.Exé_;b‘”l, | -2 | v, ==b ', we have
| F.Cut2)—F (u)—F.Cu)v || e 5 || ] f‘;
(3) If u€ U, and N=1 satisfy

Iy, S5N for A= 041,00,k
then
|| Fa) ||F =2 ford i =0l k
(4) I wel,,  AEFR,, ,,a-md NZ=1 satisfy
| 2| Ve = haiNe e e = bN* for A =0,1,,k

then the linearized equation
F{alt = (1.3}
admits a solution ?H.,’_—'_L"k'ﬁatjsfying
ol <ol



ol o <EN 0 for A= 10,155k
Once (1) — (4) are proved,we can obtain the main theorem immediately from
Moser’s theorem (see[ 2], [57]).
Main Theorem Suppose that g is sufficiently smooth,then exists £==0 such that
the boundary value problem (0. 1)— (0. 3) admits a solution u€& U, provided e=_g,.
Using the lemmas in Section 3, it is not difficult to prove (1), (2) and (3)
above. So we shall devote our effort to prove (4) in rest sections of this paper.

2. Periodic Solution of Boundary Value Problem
for Linear Equation

At first, we discuss the following boundary value problem for linear equation

L:ﬂ = HH = t'I:I: —I_ E(ﬂ]]uﬂ —|_ ':Ilzﬂu- —I_ HEEHII

+ au, + oau, + oagn) = k(t,z) ' (2. 1D
u(t,0) =0, (1) + u(,1) =0 (22
ull = 2m,x) = ull,z) (22587

where a are functions of { and x. Here we have shortened the notation writing o instead

o) S0 AT SRSCULEN, DS
In order to discuss the existence of periodic solution for problem (2. 1)— (2. 3),

we consider the following Cauchy problem .

Lu=—4h, in @ = [0,7] % [0,1] ' (2. 4)
u(t,0) = 0, u(:,1) +ut1) =10 (2.5)
u(0,2) = @u(z), u(0,z) = p (1) (2. 6)

Theorem 2. 1  ILet a(t,z) be suilably smooth,qe,& H* "1 (0,1),¢, € H*(0,1) and &
© H*(4)) satisfy compatibility conditions. Then Cauchy groblem (2. 4)— (2. 6) admits @ unique
solution w € C'([0,T]; H'7(0,1)) (G=0,1,,5+1) with boundary value 3u, and &u,
on boundary x=1 w the following sense ;there exists a sequence {u™'} of smooth functions safis-
fumng (2. 5) such that

| — o | oty =0
Iz — k | s — 0
| “l:”":ﬂr ) — gy | ey | 2 (0, +) — P, | w0
| & (+,1) — Fu (+,1) || L'(0,7)
+ a1 —Fw 1) || o > 0 (2.7
. a5 k—=co, grovided ¢ is suf ficiently small.
 Proof See [3]. : _

Theorem 2.2 Let a€ F, ,,fEF, o, H(0,1) and @, € HT*(0,1) , where
A 15 a nomnegative integer ,and let the data satisfy compatibility conditions. Then Cauchy problem
(2. 4)—(2. 6) admits a unique solution pECHCL0, T HC0, 1)) and u bas the boundary val-
ues ) u, and 3w at boundary x=1 i the sense as i (2. T).

Using the methods in [3],it is not difficult to prove this theorem.

Now , we discuss the periodic problem (2. 1)— (2. 3). Set



E,EH ZJ:[U + ayedu + (1 — apedull + e Jdz

T+ 1+

Erl:l":' :_[ LI+ ayeduf + (1 — ayeded + a?]dt

In the following lemmas, we always assume that =0 is sufficiently small and ¢ 1y
€y 2+ are positive constants. If u is a solution of Cauchy problem (2. 4)— (2. 6) with
k=0,then we have the following estimates.

Lemma 2. 1

E,mgeﬂuﬂﬁ.gm—(l—ege)j‘ufu,ma, vie[0,77 (2.8
1]

Proof Without loss of generality, we can assume u is sufficiently smooth. It is
easy to verify

.:.!E;u) 2%
o

1
EEI Lau, 4+ au, + ayuluds
0

1 1
“+- EI [Etﬂnuf — —E-H#::,E.uf — L-."l',nzguf — AU, | Eum:]da:
]

T [:.]. — G448 — ﬂzz-ﬂ}ﬂf{:_l ,t-} {Eq- g:}
Taking into account
1 1 T b 1
J. u’dy == L EJH={§,E‘.}d§j dr = J. uldz
0 o 0
from (2. 9) we have
dE. (1 i .
EI:;—EU' =— (1 = Ca)ul(2,1) + G’ll'.rE,(E] (2. 10)
The lemma is obtained immediately from (2. 10).
Lemma 2. 2
(D) < (Cye + 9)E(0) — C,6.(1), Vi€ [0,7],  (2.11)
Proof Using

u(t,1) = u(0,1) + L'u,{ﬂ,mq
it is not difficult to estimate |
L‘u“{s, 1)dt < E'Jlu;?(l},;:]{i:r — ::'Lrufu,ﬂd; (2.12)
Noting the boundary condition (2. 5) Zu z=1,from (2. 8) and (2. 12),we have |
E () = e""F (0)

T %{l — .2) f(uf -+ uf + eu”) (¢, 1)dt
D

F 1
e %(1 = CEE)E’ajuf(aﬂ,l}di -+ %(l — {J’EE){Z‘EL ul (0,z)dx
]
The lemma i3 obtained easily from above estimate.
Lemma 2.3 If t>1,then
G.(2) < CB.(1), VY ze [0,1] (2.13)
Proof Without loss of generality , we can assume u is sufficiently smooth. Then



-

we have
i&,(:) =+ (1 + ape)ut + (1 — apeded + ez, 7 + 1 + 72)

+ [ (1 + apo)eul + (1 — apedu? + a?](z,7 — 72)

+ E_J::Jm[ﬂ + apeduu, + (1 — ageduu, + eun,

+ edaul — ed,agu’ ] (z,)dt (2.14)
Using the formula for integration by parts if it need be,from (2. 14) we can obtain

éﬁ,‘[r.} =z[ (1 + ap2)ul + (1 — agpedu? + &)z, v + 1 + )

+ [ (1 + a,2)uf + (1 — a,.e)u® + eul |(x,7 — 72)
+ 2(1 + apdup (2,7 + 1 + 72) — 2(1 + a,&up (z,7 — 72)

+ apeul(z,t + 1 + 72) — a0 (z,7 — 72) :

v1-4711
-+ EJ L 2u, (a,u, + au, -+ Bot) — 2d.a, 4,

=y

+ 2un, + da,u — 3.a,,u° — a0t ]z, 8)dt (2.15)
Under the hypothesis v=>1 ,if ¢ is sufficiently small,from (2. 15) we have
£8,(z) =— CB.(2) (2. 16)

The lemma follows from (2. 16).
Lemma 2, 4 [Lét T>T,then
| E.(T) << qE,(0) (2.17)
where (<<g<"1.
Proof From Lemma 2. 2 we have
B (T) << (Cye + S DEW, Yite [0,7]

From the above and Lemma 2. 3 s We can obtain
; vt 1

E(T)<< (Coe + 5T | E.()dt

T
- "1:-|—]+-1::|.'H__
< (Cye + ) E,()dt

L Rt

o
= (Cye + 57 | G.(2)dx
. Pri]

= O (Cse + 5)GE.(1) (2.18)
From (2. 18) and Lemma 2. 2,it follows that

E(T) < (Cee + £ NE(0) — E (T)

4
O (Cse + 7))
If ¢ is sufficiently small,the above gives (2. 17). The lemma is proved.
Lemma 2.5 Under the hypothesis T 1, then
' E(T) = ¢gECQ) (2.19)
unth 0<Zq<T1, provided ¢ is suf ficiently small , here E(t)=F, (1)
Proof Noting

ﬂuﬂu,m)dx% Llufu,ﬂdm, Y ¢€ [0,7]




(2. 19) follows from Lemma Ak

Theorem 2. 3 Jef b and the coef fwients a of L, be periodic functions in t with period
L sand let RE LA(Q) a6 C' () it and ay € C°(Q). Then the boundary value problem (2.
1)—(2. 3) admils a periondic solution we O I0L 2l HECOR 1 D=0, 1) w the sense of
 Theorem 2. 1. -
Proof Set

H = H'(0,1) X L0, 1)

where f;”f[],?} = {u|lu & H'(0,1) and () = 0} .For p = Cgpa42,) ,the norm is
defined as
lel§= | oy |l i’m.u + [l o | izcn.l}

If we take pe H as the data in (2. 6), from Theorem 2. 1 it follows that Cauchy
problem (2. 4)—(2. 6) admits a solutian nC CH L0, T PO, DD (=0, 1) for any
T=0. Let & be a map ;

&, ':5”.:.:@;:-' (G2t Ny G2 e )
where u is the solution of Cauchy problem with data ¢, and . It is clear that @ mapsz
into M.
If 2wz >1,from Lemma 2, 2 we have
lep — oy | i <qllo—p|2

Therefore, " has a fixed point @€ H. It is easy to verify that @ is also a fixed point of
map . So the solution of Cauchy problem with initial data p={p,,p,) is a periodic so-
lution. The statement of Theorem 2. 3 is proved.

Theorem 2.4 Let a and b in Fovy be periodic Junctions wn ¢ with period 20, where k2= ()
1 an infeger. Then problem (2. 1)—(2. 2) admits o periodic solutfion :

w o C([0,2x]; H(0,1))
Proof Set ;
B=HI(0,1) X - X 7'¢0,1)
Let € H°75(0,1) and @, € H'* (), 1) be the initial data at t=0 which satisfy com-
patibility conditions. Then from the eguation (2, 4) and the data we can determine u
niquely .
P = (0, +),9u(0, +),+,3* (0, +)) € B

Let # be the solution of Cauchy problem (2. 4)— (2. G} and m>0 be an integer

satisfying &= 2mnx "> 1. For any integer {0 ,set
@ = [u(l@, «),qulE, «), -, s, )]

It is clear that " € B. We denote
(12

f P =T
Ag in the proof of Theorem 2. 3,we can prove that @ is contract in E. Therefore , there
exists .;u:“‘“f} b such that

)

P —— G i R e
We extend continuously @ to @™, then Bp ™ ==, Set

§ e ) = ez ] l:'ﬂn.l_:l L L=
Pt e s Pipy )

Then the solution % of Cauchy problem with initial data o™ and @' satisfies
]




R i) = D = fpém'l
u:'ﬁ:]{ﬂ?-,r'} = 2 (0,2) = i
That is,»""" is a periqe:lic solution in § with period @. If we write
() = u(id+ L2y, YieE [0,8]
then
2 e oY 0Le]); HU(0,1)), d=0,]
It is not difficult to see that if we treat v’ as a function defined in [0,a]x[0,
17, then it is the limit of {u*} in €°([0,@]; H' (0, 1)) (i=0,1). Therefore,
w= e O [0, ] HI(0,1))(i==0,1). From Theorem 2. 3,we know it is periodic
in ¢ with period 2«. Theorem 2. 4 is proved.

3. Solution of Linearized Equation and Its Estimates

In order to prove (4) in Section 1, we need the following lemmas.
Lemma 3.1 Lot m=2 and w, w6 HT (D,

I

= it i
> ol = m

then
1
| ey F'aawy + o0 = Ty | 2oy = {j]]_ I wy I amce
; 5=1

Proof See [4].
Lemma 3.2 Lol g(t,z, 0, ,= 1) be sufficiently smooth ,and w, e Fooad=0,1,
oo k. Then g E F, . Moreover ,if

|_| w..i‘ !I; .r}+1 '-C:-\.;EJJJ_HL.T;-’ 1:|; — ]..! I'-l--I,E., .|:!.- = I;}‘l +-il-’_|i:
Lhen

where by yby, are constants , N 2= 1.
Proof See [5].
The linearized operator of the nonlinear operator F {u) is
Flr=uwn, — v, + ela,v, + a0, + apv, T &% T 6% + ag)
where a,=g, (L Z 21,y y2t) 2 0 = 383 =0y 2By =Gy 2812 G 1 G0 = 0
Let ue I, ,,then a & F,, ,. Now , we consider the following periodic boundary val-

ue problem for linearized equation

Fluiy = hit,z) (3. 1)
RO ==, w (L) u, (5, 1) = 0 (3. 2)
gl == 2mox) = ult.x) (539

Lemma 3.3 lef ot f=d4-+A, =01,k =5, then
|| % Cay 2} — ay vy || o + | oy (aypv) — 4, F A || P
+ || FH(apr,) — Geod; 0., || 2y T+ | @ Cae) | v
+ || FE e, || iy + | T ¥ (agn) e




= GZH a || R | » | v, (3. 4)

=}

-where C is a constant, | | P [ ey, | ot | P

Proof We shall discuss only that case in which a-- =441, <"3. We take the
third term at left sjde of (3. 4) for example. It can be written as a summation of the
following terms

A = FIay,drdw,,
-Wwhere o, + 8, +a?—]—§g=&1+l,£,+m=3 and a,+ £, >=(.
In ‘the fol lowing estimates Lemmz 3. 1 is applied frequently,
If f,=3,then a +a,=14A4,a,<"4 and
| Al vy =C || $ray, | oo || o, || # (@
<Claxlls, lol,
If f,=2,then @+ &<2+4,5<1 and a,<<1+ 1, we have
| Al vigr =C || F1dhay, || o || Fro, | HE (@)
<Ccllalls llvl,, .

where

: — 1, if a—1>=40

: 0, if a—1=10

To the cases in which B:=1 or 0,the discussion is similar.

For the other terms, we can obtain the similar estimates in the same Wway.
Theorem 3.1 Jo ::ED'E_,_”.&EFE_H sutisfy

[Cf.-g T 1J+:%

LS

[ u o, <<o7'N, | a| n, SSBNY, A= 0,1,k (3.5)
for N=1. Then there exists 0,0 such that if e<ey,then the equation
Flu)p = j (3.6)
admits a solulion v, satisfying
D lolly<slal,
W) ol , <8N 2=0,1,. 8

Proof From Lemma 3. 2 we have a £ Faii And from Theorem 2. 4 jt follows
that equation (3. ) admits solution »& [/,
Now we want to prove the estimates i) and ii) in the statement of the theorem.
Operating on both sides of the equation (3. 6) by &' (a=—4-+1),we have
(Fe), — (Fw),, + ey (ay, 0, + <o 4 agr) = Fh (3. 7)
Writing

i
PRl Claw | ® + | 3w, |*)de
0o
from

I':-"P.:.:H.t [*T”er T ':???}zr]diiﬂ
| ;
¢

= — -Eﬂé'ﬁ‘u,é?_‘:{a,,r;u + v + auu)dndt - ﬂ“rﬁ‘fui&fftﬁi:&ﬂ, (3.8)
. 3

4]



we can obtain

1 fim
S D e e ) =2£—[ drv & (a0, + = + agv)dedt
: o

1 i«
= Ej j Fo.Fhdzdt (3.9
z W
Nating
1 Iz
J. Ko ay e dedt

1 Ix 2
| EL ﬂa||3§’ﬂ:12‘f£1])ﬂ—|—%£ “Jl':a:?-’:)?(h-r}ﬂ-

]2#1
IL 2%

<@ + 6 @) + la H (|70 |? + |20, | )dzdt  (3.10)
A g

o ZoE = aa”a:*v,afv:}mal

from Lemma 3. 3 it follows

1 réw
£ L afv;eilf(u”uu}eimﬁ‘

1 fFix
%:'_[ J dyv,a,,fv,dedt | 4

1 ri=x
I Efﬂ,[ﬁ‘:(a”r}ﬂ) —_ a]lﬂf'vﬂ]i:rﬂ
T 0

<SCG W) + @@ + Jlall ol ol 2y, + Il 20, I %))
I EZ ” o ” o | » ” p “ v, ” i [ 1)
w=}
and
1 i«
‘ J' J ﬂlﬂjzaauﬂixdt‘
T 1]
!1 1 ra=
=51 | [ (0o @0, ~ a0, 17) asae

lalls il @ |l 2 (3.12)
Using (3. 12) and Lermnma 3. 3,we can obtain in the wayv similar to (3. 11D

1 frEn
I L dy v, (ajn, ddrdt

<l e] F, I &, || 220y + ":"Z | al P Lol T | Fo |l e2eo (3.13)

wia (]

Using the formula for integration by parts,it is not difficult to obtain

j j Fv,a, % _dudt| <O (D) + @ () + ball s, Il . e

So using Lemma 3. 3 we have

1 B
I dyv,d; (ager, Ydudi
I 1]

=07 (1) + G (2)) + | a ., | &, EE

L3 (g

e lal ral 2l o dlive (3. 14)
p=0




And applying still use Lemma 3. 3 it Is easy to prove

[ SEr T |
| J J- v (ayw, - a0, -+ u:.;f,i'l}f!:ad.l',[
o Jo

'5-:'2, [I'a e ” v | o, ” v, | g

paa )

EromaGse9), 630715 (5. 13}, (3. 14) and (3. 15) we have
1) — G (x) Z=— Ce(@ (1) +- EREDY

{ H 1, Il 2? = || ” K f...n
— 3 o R [ O8
v=1]
i if i |l AT H Hf?-,- ” L5g)
Integrate (3. 16) from 0 to 1 it foliows
| E"’T”: ” ?1 O ” E';i'ma'?: !u i 5
=l UF)"“{I} + CeCl Zo, || 5, || %2, || o0
tellall, (f I s, P e o
A
+ 02 el ||ﬁ.f_,J.!afv,sfm

ve=fi
+ 2] T izl A S

Moreover .it 15 clear that

‘H""j:rv: (afv:: e afﬂ;;:’*f?'fﬁ

)

= ﬂEv?fu]]v” + o, + e A agp)dedt - ﬂ?v oy hdzdi
¢
Using the formula for integration by parts,we have

ﬂ':?fv,{n?fwu — v, dzdt = J- | v, (£, 1) | 2dt
o

In the same way,we can obtain the following estimates

| [z auntsad|< a1 oo, 5
i
4 ﬂ’L | e || w, v o & 2o
=
J U‘H’v g (aypv, Ydadt | <0G (1) + lal ¥, (REATAY B EPS
A
T HZ | a| . ” CANT I o, | L (g
{Ha‘m;ﬂ(aﬂb“mﬂﬂ SC@D + N ol 5, + |l o | o)

10

(3. 15)

(3. 16)

(3. 17)

(3.18)

(3.19)

(3. 20}

(3.21)



A
. ]
7E S%, ” €& “ Eh I| » || T ” dy v, || Lo (3: 22)
and

‘ HJHJ,H,‘ Ca,v, + a,v, + aygv)dzdt

i
<o lalle, Hollo %l i (3.23)
p=10
From (3. 18)—(3. 23) we have
{1—wnyrm}ﬂgh(u$mnﬂmj+ | 32, 1 e gy

z
+z2]lal ¥, | v, |l Lr g

i
o= EEZ | all pE | » | e | &, || Loy

wa ]
+ || &4 || 2o | Fe, |l 2o (3. 24)
If we take ¢ sufficiently small,from (3. 17) and (3. 24) it follows

i
| v, || el [ROR T ixm}
X
| - : a -
<ce lallf, Wolls + lanl i (3. 25)

Now we estimate the derivatives of » with respect to x. Differentiating eguation
(3. 1) with respect to £ and z,we have
EFv =& v, + aafaf_g{a”vu T+ a0,
+ ayv., + aw, o, + aw) — FECk
o+ b+ A2 =<5 (3. 26)
Use Lemma 3. 3,from (3. 26) it is not difficult to estimate

| g | oy = | & o, || ey T+ 52 | afl Fiie |2l thci
! ves )

+ | #&E % 2y a+ F<5+ 4,2 =5 (3.27)
Note v=10 at z=0, || » || ,2,,, can be dominated by || », || ;2(o,- So using (3. 27) suc—
cessively , we have

|l v |l o, =C( || &w, | Ly T | Fo, |} i

A
+ e > halle, Holle >+ IEls (3. 28)
o i}
From (3. 25) and (3. 28) it follows
A
lollo, <> llalle, Nollo +Cllrls, (3. 29)
r=10

From above inequality ,the estimates i) and ii} are obtained immediately.
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