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Abstract In this paper we consider the Initial-boundary value problem for the high-
er-order degenerate quasilinear parabolic equation
cu(z,£) lal pyo
e —+ Z (— 1) DA Cx,t, 80, 0% = ()

|a | 8
Under some structural conditions for Aoz, by bu, D™e) ,existence and uniqueness theo-

rem are proved by applying variational operator theory and Galérkin method.
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1. Introduction

Let & be a bounded domain in R, Q=0 (0,T]. Consider the following initia]

—-b-nunda;}' value problem for the parabolic equation of order 2m.
@;‘;’—t} —+ |§m{_ l}lﬂ"ﬂ"’ﬁia(z+t,ﬁﬂ,ﬂ”u} =0, (z,8) &
s 0u = (u,Du,+, 0" )

ou =0, (z,t) € 3Q x (0,T],

u(2,0) = u(z), z€ Q,u,(x) € L2Q)

(1)

When 4, (u) = E (— D"D"4,(x,t,6u, D) for each ¢ in [0,7T] is a regular elliptic

la|=m

operator in the Sobolev space W™ (£2) ,the problem (1) had been considered by [1]—
[3]. In this paper we discuss initial-boundary value problem (1) for a weak degenerate
equation. This is the generalization of a result obtained by the writers for the eguation

of second order (see [4]).

First we introduce the fundamental space V' which denotes the completion of
: ﬁ’"'(ﬂj}: {p(z, » )€ C™(D) ; which vanish on a neighborhood of 22} with respect to

norm

Lo, > 11y = { 3] I a0, )| %, 1

o] =m

where A(x) € L' (2,27 (2D E L (D) 180>, %-1 -_;?2${1 s 2P &

=1
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MNow we introduce LP(0,T; V) which is a space of functions defined on [0,7T]
with valu.cs in ¥V such that { J: | ulz, ) | :riiii " <+ oo,

Lemma 1. |V s a separable and reflerive Banack space(ef. [5]).

Lemma 1. 2V is continuously embedded in W™, and W™ is compactly embedded in

E]S L]
pts
Proof It is sufficient to point out that the following inequality can be established
for function u(z, +« )€ C™()

11y
[0l = { | I @a@omlua)™ < 7 @) 1 | a0

I_,i_.rm--]‘”!‘?ﬂfm'ﬁ' fr .E“tlf'i-qﬂ"fﬁ:'ﬂ F{ﬂ'{:g%q‘,m J==

117, .
By the interpolation inequality, { Z | D% || s }l " would be an equivalent norm on

Irﬁ]—-:.u
W™, then the first conclusion of the femma is obtained. By the compact imbedding theo-
rem it is easy to show that W™ is compactly embedded in W™ """ if ¢ satisfied p=<"o<
g

b II;!'

Lemma 1.3 JIfu(e, )€ (0,7T:V) and o (z,8)=—"1"2
u(z,t) € C'0,T; L (2)) (cf. [3]).

Definition A function u(x, )€ LECO, T3 V)G C0, T L)) is called a general-

tzed solufion of problem (1) if w' (z, ) E LY (0,T;V " ) yulz,0) =u,(z) yand u(x,t) sotis-
fies :

Julx,t)

> ELF(0,7;V"), then

7
Jrfﬂlrfﬂ}id +- J Alu,v)dt =0, Y viz,f) € L'(0,T;V)
b 0

T _[u' (z, =delx, »)dz
= (2)
Alu,v) = Z jﬂ i e :iu D"uyDv(x, *)dx

fre| =2
Furthermore we assume that A_{(x.¢,£.&) are Caratheodory functions and Ea.tjsf}’

the following structural conditions .
‘Structural condition |

20 A 000l <6 >, (Ao, ! = 4 &l A+ e @D

|| =m | Idlr}lccllemjm
> 1A@a,6,8 | by S CatdE |77 + &) + (8,6
|o|=m— | |a|'JiL;1"J
where -—;——i—%: | ,--}—I—%: lea,{(z) &€ L"{:.f;&} B () E f.-;{.f‘.};'l. The condition 47! (z)

& L7{82) implies that the eguation in (1) is weakly degenerate.
Remark There is a relation between the growth factors p and o,

T el ol
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Structural condition |

DA 6,8V, = D MDE T — v D, 4] — lay(z,) ]

] = |8l =m | =m—1
D0 A0 2— > |Gl — v D) 1E1UAGE ™ + 18,60 )
[af=im—1 [] =m—1 irl%;f
where 1, >0, p,.v, 2,220 are constants, 1 <r<_g,a,{(z,£) € C°(0,T; L' (£2)) b, (1)
L ECN0,T;ET(2)).

« Structural condition E

& f-':i'..-"l 15 o
Hoe 0> (%) ‘;Q};“m;f{ > e,

]2

la| = |#|=m aé-f' lo|=|g|=m
A 3-""1& *.l'l-'-! L —
B (| 5 Mo, A (6177 + 1)
il ; Tl
HAE(I*L@-.AE}
H = ﬂ
3 |ﬂ|§l Héﬁ !
<K, D 4@ (A@g, |77 777 + |7~ + 1)
it _
JT-IE.: Z aﬂntzééﬂgl‘;) i:; Kg E ([R{xjgﬂl;ful—ﬁ.a i |{;_rla.-'-:.—l i 1}
= ‘ d=al) -

where K, >0,K, . K, . K.=0 are constants.
Example Consider the following equatmn of order 4 in Q=2 (0,1]
5‘”(;; 2 D*C 2y (u,, + w, +u,) + JoyCu |7+ 2, |7 + Jayt)) = 0
where 00— {0<"z<T1,0<"y<"1}.

For p=2,n=2,5=3 and A(z,y) = ,/zy,we have
AN (z,y) € L(D),q = 6/5,0 = EHE,-E: = 5/4,

A(z, 4, i}ﬂsﬂzu} — '-u"lll:ryD:” ar ::1"_3’ | D | i s -."I;ny'
satisfies all the structural conditions.
Remark Our work may be more easily done by the following hypotheses instead
of the structural conditions I and I

4,060 Sa D) 1@EIT + 3 1617 + la@1), lal<m

18] =m ¢ )= me 1
and

Zﬂ (z:,5,850n, = ﬂqf Z [ACz) &) + z EQP]_“:E-’:J]

|ie]m | 8] = re [t =Sm—
These hypotheses are simpler but stronger because
ir R x
—,,‘}—.,}-Eﬂ cep—1. and r=iig<=g
L P o

2. Some Properties of Operator A4,

Lemma 2. 1 nder the structural condition 1 ,a bounded operator A, can be defmed by
Ih



ACuyv) From (2), such that u(z, » )EVIEA)EV" and
A:[:H:-H} o {J‘L{H}!”}! H'ifr U{I, T FT o [3)

Proof By the structural condition I ,we have

> -[A,{:c,i,ﬁu,ﬂ'"u}ﬂ"miﬂ:‘
o] =m =2

= ay j|n{;)ﬂ"u[(|k($]ﬂ"u|’_ -} |ﬂ‘u|:”" + |a,(z) | ddx

|a|=|B|=m
H|=m—1

= ’Iﬂz | Az D% || (| A(z) D'u “ ;r_] + || Du || I:J:Pr'i" | a,(x) “ )

Z J.Ji (x,t,0u, 0"u) D udx
|a|=m—1

-7 Jmﬂvuuumﬁum + D]+ 8, (2) | e

i
b z ” ﬂrﬂ “ ! ” Ale) Dy || i = H D' ” w.-’r'

By Lemma 1. 2 VC_, W™ """, we obtain
| A (u,0) | << K(u) || w(z, =) |l &
hence A,(u,») is bounded linear functional with respect to v(x, * ),and an operator 4,
can be defined as (3). Further, if || o, Cz, *» ) ||, =M, by (3) and (4) Wwe
have | (4,(x,), 0} | =< Mg | v(z, *) || v sthus || 4,(u) |+ <<My,i. e. A is bounded.
Corollary 2.1 Let 6 (0,1 ] ulz, » D) v(z, * ) w(z, » YEV then
lim {A4,(u 4+ Bw), vy = (A(u),v)
g0
Proof By the estimation established in Lemma 2. 1 and by F};}‘ E‘-‘}F"_]

-t

+ | &, (=) | >

(4)

(o)

we have
| €A, Cu 4 Bw) 0} |
=d, Z | ACxd) D% || pr » E"’“"{ | ACz) D% s Pl | ACz) D w || 1:!

[or] = | 8] =
[Hmm—1]

4 | D 2 A || Do ¥ F ey | )

. o -"I'?
+o, 2, Dol e 2 Cll D% | 5
.||-"'" | =m
[t =m—1
{ l:r_|":rl . { o fart T
+ [ Dull s + [ Dol - + Il 8C) '
each term of right side is independent of #,hence using dominated convergence theorem
(note that A4.(z,t,{,£) are Caratheodory functions) we have
lim <A4,(u + Eﬂ}}ﬂ-’}

peeyt

= J lim Z Az, 8,00 + 8dw, D™u + D7) D'vde = (A(u),v)
0

+ || Ao |

Y -
el Jo|=m

Lemma 2. 2 Under the structural condition 1 ,the operator A, salisfies
(Au),uy =0, || ulx, ) || I — NG, for all ul(x,t) € L*(0,T;V)
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where €0 is constant and N (¢) € LD, 2.
Proof Since |<"r<"gq in structural condition I and V is continuously embedded

in W™ hence for |{]=Zm-—1 we have
10 < el Dl S+ Ny < el +

Thus
2 LZ A, Gyt 8u, D™u) Dudz

|| =m

-EHLZ @ Dralraz — v, >, | Dally — HaGD ],

[a] =m [Efem—1

Zuflull) —ellull], — WV + [0 |l 2

j > Au(zatydu, D) Dudz
o) =m—1

Sy > D)L= [’lﬂfuau-m:z}ﬂﬂul'ﬁ*sr |8,Ca,0) | Yz
[f]=m—1 L |,g||'ﬁ%,=1:1 @

>— e flulll— o |l Dully = el by aotd || e
>—ellull) = Ny + el b0 I 5D
. Let e=x,/4 and N()=N,+N;+ || a,(z,0) | i-tes || BaCaat) || v we can obtain

A, = el — N®
Lemma 2.3 Under the structural condition 1 , A, is a semibounded-variational operalor , i,
£ Y M=0 and ¥ u{.zi . :}HB(I'I » }EV{:M:‘E{&J(Ig 5 }EF* H, wlz, * ) ” véM}!
'J,m&ﬁﬁaﬂ :
(Aw) — A () ,u — o) =— kM) (Jla— o jaro + [z — 2] i)

where constant k(M) =0 is independent of u(x, » ) and v(z, * ).
Proof Let w(z, * ) denote wv+8&(u—wn),#€ (0,1],by structural condition | |

we have -
(A () — A v) 0 — )

1
e L[ 94,(2,4,00, 070 py o yapDr (u — v)ds
1Al =m
=>4+ >+ > F 2 =kt hrELlh
S R - B P =
] s | At =m—1 1Fl=m Fl=m—1 . : T
‘The hypotheses H  can be used to estimate I respectively (j=0,1,2,3). Fitst, 1 Is easy

' 1 l 'I
to prove that when p = 2,/(y) = I ]g.r—t—ﬂ|"”r£9;=;p___ 1 2?_'] .Y y€ R, hence by
0
H, we have :
: L 3A (x,t, 60, Fn)
= : Df(u — »)dAD"(u — v)dz
L= - (u — 2d0D"(u — ©)
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=0, 2‘, jJ | Az D ACa)B80 (u — ) = Efif?|a(1}?}'glf?¢-— ») |%dx
I'ﬂ

::" {P_ 1}2;?— J‘ f[z |--::| E’"}Dﬂ{d_ i'..l}lf Elj-l:*; Dﬁ{ﬂ“‘ﬂ}lzd?‘
A=

=cllu—2]|’ -
Next,for all »,vE V(M) ,it is obvious that

Jf [A(2) B | *dBde << c( M), JI | D'es | “dda =< . c(M)
hence by H, we have

“l_( J‘J‘M(:;f:ﬁmﬂm}

==

D' (u — 2)dOD" (u — p)dx

[ ] =g T.I'i'
|#|=m=—1
Z J- j A D" (u — w) | | D (u — w) | C|Des |70 < 1)d0dx
||!I|I:=I.11T[
< f j [e| A@D (u — ) |* 4 K () |D(x — v) |7 (| Do |~ + 1)dbds
|f||===m ]
. [ 1 ¥ i
Me=oty+ > k@[ ['1pw =0 a0 |
4] | il

: HLJ;' [ﬂ*mrwd:]h_m e 1}

Sellz—oll] +eGm 3 D=
= |

by H, we have

|1, = IJ 2486 ) D e »)dOD" (u — p)dx
| ] == HT.IB
‘ﬂllin.ﬂt—"
=4, jj [A(z) D (u — ) | | D' (u — v} |
[#]l=m
[8]asm—1

* (|A(z) Dl | ¥r—2le ¢ | Do |7 = 1) dpde

i i r_."-:
<tllu—v|’ 4 Z ﬁ:r:f}”jlfﬂ*{u — v) I":fﬁd:i?
£ W

[ A =m
Hf=m—1

[ 1 lr—§ b 1 1 fe—p Mo
. i[jf |waxjﬂﬁmf’cfﬁ?ﬂ'm':[ -+ JJ; | Fes | “:il‘?cf:-:J 4 l}
o Jn
=ellu— o’ + ¢ e,n) 2‘ | D'Ce — ) “r

[ |=m—1

analogously by H. we have

[T | == £||u—-t.rﬂp,—|—c3{£ M) 2 I D'Ce — v || 2:
[ ==m—1

Let e=cufﬁ,max{ (esM),c,(e, M), cra(s,M}}w_uk:(M), by these estimations we

obtain for all u,v€ M)
18




() — A0 u — v) =— kM (| u— v || fmie + 2 — 2] <)

3. Existence of Solution

In this section the solution of problem (1) will be structured by Galérkin method.
Sinee I/ is a separable and reflexive Banach space,we can find a “basis” {o ()} in ¥
‘such that ¥ &k, @, ==+, @, are linearly independent and the linear combinations

Zﬂjmj(::} ,C; € R ,are dense in V. Let us define an “approximate solution” of prob-
Finee

lem (1) by u,(x,t) = Et_ !d,j” (t)w,(z) ,where d: (t) are chosen such that they sat-
jom

(isfy the following initial value problem of system of & nonlinear differential equations
szl(x,tj}m}.{z)im + (A (w),my = 0

o
HEEI,U)ZHM{I}, g= 1,2,k

; _J‘_,. Lo .
here u,, () = L{?}”mj{z} => u,(x) strongly.

S

(6

By Lemma 4 in Section 3 of [2],problem (6) admits a solution {d;"(£)}.
Multiplying (6) by 4" (¢) and summing over j and integrating with respect to t
from 0 to 7,we obtain

J;t La}{x,t}ug(x,t):ii:tﬂ -+ Lt{_—d:(ut),u;}ﬂ = O Vori e a0, T L7
By Lemma 2. 2 we have
%n w(z,7) || < é Il 22,00 || % + ¢ L |, Czst) || 2dt — L’Numg 0
Note [l ,(z,0) || %M, || 2(2) | &2 hence
max | w0 | o < M [ NuGoie< (8

Therefore {u,(x,¢)) is a bounded set in L*(0,T;V) and we may extract a subsequence
(we also denote the subsequence by {u,} )which converges to u(x,f)weakly in L7 (0,T:
V). By Lemma 2. 1 4, is bounded, thus {A,(a,.)}is a bounded set in LF¢0,T:¥V*) and
we may also extract a subsequence (we also denote it by {4 ()} )such that it con-
verges to JT(z,f) weakly in L7 (0,T;V " ).

Analogously to [ 4] we can prove that u(z,f) has generalized derivative u (z,8) €
L (0,T:V*) and o' (z,) = — I (z.¢) ,ulx,dY=n,(z). It remains to prove iz, )=
A ).

Let us consider the subspace L7(0,T;V(M)) ,here the closed ball V' (M )= {w(z,
eV | o, ) | ,<= M} and M is the constant in (8). By Lemma 2. 3 for
W oo(z, )€ L7C0,T;V(M)) we have

T
J (A (u) — A(w) u, — v)dt
o

=— k(Mo — v || G + e — 2]l gomred (9

Combining this with (7),the left side of (9) becomes
19




. T s Ly
— 5 G 1% L 012 = R ~ ["ca,m — via

For the right side of (9),noting that ¥ is compactly embedded in W™ ", thus let k—=co
in (9),we obtain

T
L T — Aw) yu — v)dt =— k(M) (|| — » || Faie |2 — v | 11-""'] (103

Now ¥V w(z,t) € L*(0,7;V(M)) ,taking v(z,£) =u(z,t) +0w(z,t) in (10),0€ (0,
1) ,we have

T :
IR E?J. I — Au & 00),0)dt Z=— (M) || 0| f;._l.. + | w || z,_u}
a
=
Dividing it by 0 (note p 1) ,then let #~~= -0 and we obtain, J- T — A (u),w)dt
0

- .
=20 ey J (I — A(u),0)dt = 0, hence IT = Alu) =— o' (z,8) .
|:| C

Thus we have u(r,2) e L7(0,T;V) (C0,T; LE(2)) u (x,8)+ A,(u)=0,and
u(z,0)=u,{z) ,hence ula,t) is the solution of the problem (1) and we obtain

Theorem 3.1  Assume that structwral conditions 1 , T and 1 hold , then the initial bound-
ary value problem (1) has a solution in L’ (0,T;V) (€0, T3 LE(S)).

Furthermore,if we have following condition T’ instead of E
> ) =k S A& A

v g
af e m | ] =m
Al=im [ ] =i

then by the estimation for /;in Lemma 2. 3 we have
(Au) — A,y — ) Zellu—uo| !

hence A, is a strongly monotonic operator and we can obtain the following unigueness

result.
Theorem 3. 2 dssume that structural conditions | s I and E' hold, then the initial
boundary value problem (1) has o wnique solution in L7 (0, T;V) €0, T;V).
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