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Abstract. The z-transform is introduced to analyze a full discretization method for
a partial integro-differential equation (PIDE) with a weakly singular kernel. In this
method, spectral collocation is used for the spatial discretization, and, for the time step-
ping, the finite difference method combined with the convolution quadrature rule is
considered. The global stability and convergence properties of complete discretization
are derived and numerical experiments are reported.
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1. Introduction

We consider initial-boundary value problems of the form
t
u(x,t) = J Bt —s)Au(x,s)ds + f(x,t), (x,t)eQ2x(0,T], 1.1
0

where f(t) = t~1/2/1(1/2), which has a weak singularity at t = 0 and Q = (—1,1)?,
subject to the boundary condition

u(x,t) =0 on 99, t>0, (1.2)
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and the initial condition
u(x,0)=uy, in Q. (1.3)

Here u,(x,t) = du(x,t)/dt, A is the two-dimensional Laplacian operator, 92 is the bound-
ary of the unit square Q and f is a real-valued and positive-definite kernel, i.e., f €
L11°¢(0, +00) and satisfies

Tt
J J B(t —s)p(s)dse(t)dt >0, VT >0, ¢eC([0,T]). 1.4
0Jo

Equations of the form (1.1) arise in problems concerned with heat conduction in mate-
rials with memory, population dynamics, viscoelasticity and theory of nuclear reactors (see
Mustapha [19-21] and reference therein). The numerical solution of problems of the type
(1.1) was studied extensively in the literature. See, for instance, Mclean and Thomée [17],
Mclean et al. [18] and Pani et al. [23,24] for the positive-type kernels, Chen [3], Sanz-
Serna [25], Lopez-Marcos [14], Lubich et al. [16], Mclean and Mustapha [19], Lin and
Xu [11,12], Tang [28] for weakly singular kernels, Da [31,32] for completely monotonic
kernels and Da [33] for log-convex kernels.

As we know, spectral methods have become increasingly popular and been widely used
in spatial discretization of PDEs owing to its high order of accuracy (cf. [1,2,4-7,26,29]).
Some work has been done along this line and we particularly point out that Kim and
Choi [9] proposed and analyzed a spectral collocation method for the PIDEs with a weakly
singular kernel, the spatial discretization is based on the pseudo-spectral method and the
temporal discretization by finite difference methods was considered. Lin and Xu [11]
proposed a finite difference scheme in time and Legendre spectral method in space for
fractional diffusion-wave equation. Meanwhile, Li and Xu [10] proposed a spectral method
in both temporal and spatial discretizations for this equation. In those papers [9-11], the
error bounds of discretization in time are valid only on finite time intervals and point-
wise. From a practical point of view, it is more interesting and challenging to develop and
analyze high-order methods for PIDEs in a long time period.

This paper, motivated by [30], is devoted to approximate the problems (1.1)-(1.3)
using spectral collocation in each spacial direction for the spatial discretization. Then the
resulting systems of integro-differential equations in the time variable are discretized using
backward Euler method, combined with the convolution quadrature rule, by employing a
different approach involving the z-transform with respect to time sequence, we derive the
global stability properties and associated error estimates for large T. It should be noted
that the z-transform with respect to time sequence was employed by Sanz-Serna [25]. Our
result is related to but different from [25].

The outline of this paper is as follows. In the next section, we first introduce the Sobolev
spaces on a square and then define several projection operators from Sobolev spaces onto
the space of polynomials with degree less than an integer N. In Section 3 we introduce
the z-transform of a sequence {f, }3° and collect some of its properties. In Section 4, we
establish stability and convergence of the full discrete scheme for (1.1). Numerical results
in Section 5 validate the theoretical prediction in Section 4.
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2. Preliminaries

We introduce some definitions and recall some basic results which will be used through-
out the paper. We first introduce the Sobolev spaces on the square. For any integer m > 0
and any x = (xq, x,) € £, the Sobolev space is defined by

m 2 oPtdy 2 2
H(Q): VEL(Q)—qEL(Q))(p)q)ENap-i_qu)

3x11)3x2

which is equipped with the norm

= (3

0<p+q<m

Pty

PA.d
dxy0x,

2) 1/2

Hy=H'n{v|lv=0o0n 90}

and set

Further, for v : [0, T] — H™ (), define the norm || - || 2(ym) by

1/2
”V”LZ(H’“):(J IIVIIZmdt) .
0

In particular, since HO(Q2) = L?(2), we have

T

IV llz2g0y = [VIlL2cr2)-

For an integer N > 0, we set Py = Py x Py, where Py is the space of the polynomials
of degree N in single variables. Further, we set ]P’R,(Q) = {p € Py|p(x) =0 on 9Q}.

For our work, we require some spectral projection operators. First define the orthogo-
nal projection operator Py : L2 — Py(€) by

(v—=Pyv,9p)=0, V¢ ePy(Q). (2.1)

The projection error is estimated as follows (see [1,2,4,5])
[v—=Pyv]| <CN °|v|,, YveH?(), o>O0. (2.2)

We define the Ritz projection operator Iy : Hy — P3(£2) by
(—A(v—Tyv),®) =0, V&P (). (2.3)

Lemma 2.1. The error estimate of the Ritz projection is: for all v € H°(Q) N Hé(Q) with
O<u<o,oc=>21
v = TIyvll, < N v]|,, 2.4)

wheree(u) =pifu<lande(u)=2u—1lifu>1.
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Proof. see [1,2,4,5]. O
We note that positive-definiteness of the kernel leads to global stability of the contin-

uous problem (1.1). The notion of a positive kernel plays a central role, the following

lemma, proved in [22], will often be used in this paper.

Lemma 2.2. B(t) € L%!°°(0,00) is of positive type if and only if

Reﬁ(s) >0, for s€{s€%, Res >0}, (2.5)

where ff denotes the Laplace transform of f3.

3. z-transform

In order to analyze the convergence of the discretization in time, we introduce the

z-transform of a real sequence (or L2-valued sequence) {f,, o o> namely
o0
Z({ful2) B =D fur ™, (3.1)
n=0
and review some of its properties. If {f,}>> ), {g,} =, -, are sequences, we shall denote
by capital letters F, G, - - -, their respective transforms.

Proposition 3.1. (see [13]) (Convolution Sum Theorem)
n
Z( Y fignor) @) = F)G(). (3.2)
k=0
Proposition 3.2. (see [13]) Let

gn:{ O sl a@=:FG). (3.3)

fn1, for n>1,

For any € > 0, suppose f.(t) is an impulse function, defined by
o0
F(6) =D f8(t = ne),
n=0

where 6(t — ne) is an unit pulse function at t = ne.

The following proposition is necessary for our stability analysis, which is an extension
of Proposition 3.4 in [30].
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Proposition 3.3. Let {f,}, {h,} are two sequences of L2(£2). assume we have two sampled
functions F,(s) and H,.(s) as the Laplace transform of f,(t) and h,(t) respectively. We have

D Fashadwe ™™ =2{(f (6), A(D))y 5. ()}
n=0

c+iZ

€

(F@HG-0), da, (3.4

27 c—iZ

where z denotes complex conjugate of z, .£(u) denotes the Laplace transform of a function u
defined on [0, 00), the discrete inner product will be defined the next section.

Proof. Since the proof follows the same procedure as [30], we omit the details (for
details on these conditions and the results see Proposition 3.4 in [30]). O

Both F,(s) and H,(s) are function of e** only, we can replace e** by z and e®? by p, so
that F,(q) becomes a function of p. that is, F(p) and H,(s — q) becomes a function of z/p,
that is, H(z/p). As required by this mapping

da= ()0 = (- )av

With this substitution equation (3.4) becomes

S s = GO M6} = o | 7 (F)H(E)) dp, @)
] n'*n/N ’ N%Ye 27Ti - > p N ) .
where T is a contour contain unit circle while not the poles of H(z/p) in the p-plane.

4, Full discretization schemes

In this section, we discuss the full discretization based on the spectral collocation meth-
ods in space and the backward difference quotient combined with the convolution quadra-
ture rule in time. Let £ gs be the nodes of the Gauss-Lobatto integration formula of degree
N and w; the corresponding Legendre weight at &;. Then, we see that

1 N
J p(&)dE= D> p(&w;, VpePy_s. 4.1)
-1 j=0
We define the interpolation operator Iy : C°(2) — Py (Q)by

Inv(xi;) =v(x5), 0=<i,j<N,

where x;; = (§;,€;) for 0 < i,j < N. For any real u, o such that 0 < u <1 < o, the
interpolation error is estimated as follows (see [8]):

v —Iyvll, <N 2lvlly, Vv eH(Q). (4.2)
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Thus our spatial semi-discrete spectral approximation of (1.1) is the following collocation
problem: we look for a mapping U € C*(P%,(2)) such that, for any ¢ € (0, T),

t
Ue(xi5) — f B(t —s)AU(x;j,s)ds = f(x;;), 1<i,j<N-1, (4.3a)
0
U(xo;) = U(xj0) = U(xy;) = Ulxiy) =0, (4.3b)
U(xij,0) = uo(x;)), 0<i,j<N. (4.30)

Remark 4.1. The global behavior of spatial semi-discretization spectral collocation meth-
ods for such equation is discussed in [27].

We now define a discrete inner product:
N [—
(¢, %y = D, plxihp(xipwiw;, Ve, € COQ).
i,j=0
By (4.1) it follows that
(¢:¢)N = (d)’lzb)’ v¢:¢ : d) . Izb € ]PZN—I(Q)'
The discrete norm .
Iplly = (¢, ¢ >, V¢ € CO),
is equivalent to the L?-norm, namely (see [1,2,4,5])
el <ll¢lly <2l¢ll, V¢ ePy(). (4.4)
Finally, for any v € C°(Q2), we define E(v) by
(E(v), )=,y —(v,9), Vo €C(Q).
Lemma 4.1. For any v € C°(Q), it can be shown that
IEO), @)l < clllv = Py_yvil+1lv = Iyvii}lgll, V¢ €Py,

from (4.2), for v e H°(Q2), we have

((E(W), @) <cN"CIvllsllPll, Ve €Py. (4.5)

Proof. see [2]. O

The semi-discrete approximation (4.3) gives a system of ordinary differential equations
in the time variable. Let k > 0 be a time step and let U" € IP’]%(Q) be the approximation
of the exact solution of (1.1) at time t,, = nk. The time discretization considered will be
based on the backward difference quotient

2,U"=(U"-U""Y)/k.
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Writing Sfﬂ () = fot" B(t, —s)¢(s)ds, we consider the convolution quadrature rule,
suggested by Lubich [15], for approximating Sﬁ (¢), ie.,

n
B(d) =KD w, ¢, (4.6)
j=1
where the quadrature weights w; are the coefficients of the power series,

FU-2)=(1-2)7 = we, (4.7)
j=0

J

We have the following quadrature error.

Lemma 4.2. Let Sﬁ (¢) and qf (¢) are defined accordingly, then

t

IISﬁ(¢)—qf(¢)II <ck3 /V/nll$ (0l +Ck%J ll$:(s)llds
th—1 1 "
+CkJ (tn =) 2l (s)lIds. (4.8)
0
Proof. see formula (6.9) of [30] with a = 1/2. O

We next describe the stability and convergence properties of complete discretization.
For this purpose, our fully discretized scheme is defined by

n
T UL+ W AU = £, for 1<i,j <N-1, n>1, (4.92)
m=1
Ui = Ujg = Uy, = Uy, =0, for 0<i,j<N, m=0, (4.9b)
Uy = uo(x;), for 0<i,j <N, (4.9¢)

where Uj; = U(x;
variational form

i»ty) and A = —A. Furthermore, we can rewrite the above as in the

n
(@U™ x)y K2 wo (AU, Oy = (F" 0y, Yx €PY(Q), n>1, (4.10a)
j=1

U° = Iyu,, for 0<i,j <N. (4.10b)

Theorem 4.1. For the backward Euler method (4.9), with U™ and qf are defined by (4.10)
and (4.6), respectively, then for any ¢ > 0:

o0

4 N —ng)?
D el < m{e—C||U°||%V+k2(Z||f“||Ne ") } (4.11)
2 n=1

n=1 —e
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Proof. By using Propositions 3.1, 3.2 and formulation (4.7), the application of the
z-transform to (4.10) leads to

(1—2")(U (), )y + k2B -2 )AT(), x )y = k(F(2), 1)y +271(U% 2)y,  (4.12)
where
U)=U " +U% 24+ U2 "+,
F@)=fla 4 f22 24 fl e
Taking the inner product of (4.12) with U(z), we find that

(1 =2z DITENZ +K2B(1 -2~ HAT), U)y
=k(F(2),U(2))y +2 1 (U°, U(2)y. (4.13)

Let z = 7" with any s, > 0. and note that
Re(l1—z ) =1—e"%cosn>1—e"% > 0.
Applying Lemma 2.2, we then have
Ref(1—z"1)>0. (4.14)

We take the real part of (4.13) and obtain, from the positivity of the Laplacian operator A,
an estimate of the form

1T < 5

1 o
{0+ e (4.15)
n=1

Now applying (3.5), we have that
[

= 1 ~ o~
DU = ﬁf P (U(p), U(%)) dp, (4.16)
Cc N

n=1

(S

e

c/2

where, C,2 is taken along the radius e®/“ circle, Therefore

o0 1 271
—nc(|prn)2 —_—_ L s Ny 17, 5=
DU =5 fo (T, T(es™) dn

n=1
1 27
=2—f 1T (2|3, dn. (4.17)
T Jo

From the inequality (4.15) we can get

o0

00 N2
S e un < e+ (e )’
n=1

n=1 (1_9_5)
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here, we have used a simple inequality, that is
(lal +[b)* < [2max(lal, [b])]* < 4(lal* + |b|*), for any a,b € Z,
then result follows. O
We are in position to prove the error estimate for the fully discretized scheme (4.9).

Theorem 4.2. Let u and {U"} be the solutions of (1.1) and (4.10) respectively. f € H° (),
with qﬁ given by (4.6). Provided 3 satisfies the conditions of Lemma 2.2, then for any 6 > 0,
we have that

o0
D e U - u(e,)I?
n=1

4c B B o © 5

< I [ ol el + (e )]

(1—e"2)? — o

2 S —ng n 2 = —né 2 = _p8 _1 2
+k (Ze 2||E(f )”) +(Ze leutt”Ll(In)) +k(Ze 2n 2||Au0||)

n=1 n=1 —1
S NG o 2

k(e gy (eI — M Oloy) | L @18)

n=1 n=1
where ¢ > 0 is a generic constant which may not be the same at different occurrences.

Proof. For any t > 0, we set u = IIyu, then u satisfies the variational equation: for all
x € PR(9),

t
(ﬁt’X)N:J ﬁ(t_S)(Aﬂ(s):X)NdS_(ut:X)-i_(ﬂt’X)N-’_(f’X)’ (419)
0
andsete" =U"—u"+u" —u" = 60"+ p", Subtracting (4.19) from (4.10) at time t = t,,,

@.U™ ) — W 1) +aP (AU, 1)y = (E(F™), 1) + SE (AT 1 )y
It follows that
(30", %)y +aB A0, x )y =(E(F™), 1)+ {@Wl, ) — (34", x)n}
+{F (A%, y v — aP (AT 2)n}. (4.20)
Applying (2.3), we can rewrite the above as follows
(3.0", x)n + a5 (A6, 1)y
=(E(f"), 1) +{(W? 2) — (3,8 2D} +{SF (A, ) — qP (Au, 1)}
=(E(f™), 1) +{W'—3.u" x)—(3.p" x)— (E@:p™), 1)
—(E@ ™), 1)} + 18P (Au, ) — a (Au, )} (4.21)
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We denote 77, 75 and 77 as follows:
1 =(EU"), 2),
5= (uy = 9", 1) = (3ep", 1)~ (E(@ep™), 1) = (BB ™), 1),
v} =St (Au, ) — qf (Au, ).
We now turn to the estimates for 77, 75 and 775. from (4.4), we obtain
I3 < HEC ™I - (4.22)

Using the Taylor formula with the integral form of the remainder will give

tn
|u’g—3tu”|SJ luglds, n>1.
t

n—1

Hence, from (2.4) and (4.5), we have immediately

CN—O' ty
(E@p™), 1)l < clldplllxlly < kf ’—(S) dsllxly = — f lullodslix s
th—1
a3 ..n —o||3q ,,n CN K
I(E@u™), )l = eN710 I llxllv = — llucllodsllxlln-
th-1
We have at once the following estimate for 77
n th CN—O' th
[Tyl < lteellds + — lucllods Jllxlly- (4.23)
th—1 th—1

Finally, to estimate 73, using Lemma 4.2, we have

178 =ISP (Au, x) — qP (Au, 1) < 1ISL (Aw) — gP (Al Iy

tn th1

A, (s + ck f (6 =) A llds ) 1zl (424)

0

<(ckin™3 Au(0)] + ck? J

th
Applying z-transform to (4.21), then following the same line as in the derivation of (4.11)
and using the above estimates yields

T ns 2 4c 20| -6 2 R _nt 2
> e el = {2 [ ol + (e o)
n=1 (1_6 2)2 n=1
2 S —n? n 2 S - 2
e (e i)+ (e o)
n=1 n=1
S ng _1 > _nd 2
wk( e augl) + k(e lAull,)
n=1 n=1
o0 5 2
+12 (D e 1Bt — YA Ol 0., } } (4.25)
n=1
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Where the first term of the right-hand side of the above inequality follows a simple calcu-
lation:

16(0)lly =I1U° = @°lly = lIyuo — G(0)lly
<2||Iyuo — a(0)|| < 2(llup — Inuoll + llu — @(0)|)
<cN"lugll,-

Finally we get

o0 o0
D e U —ule)IP < Y e (4l10"1% + 2llp"I%)
n=1 n=1

4C _ _ o0 _ o0 5 2

57{1\1 20 |:e Sllupl2 + > e lul2 + (Ze ”zllutlla,Llun)) }

(1—e2)? n=1 n=1

2 S —né n 2 - _n§ g § _1
+k [(Ze FEGEN) + (Do luclingy) + k(e En llAuoll)”

n=1 n=1 n=1
o0 5 2 o0 5
+k(Z€_n5||Aut||Ll(1n)) +k2(26_n5||/5(tn—')Aut(')llLl(o,t,,)) }}
This completes the proof. O

5. Numerical experiments

In this section, numerical examples for both 1-dimensional (1D) and 2-dimensional
(2D) partial integro-differential equations are given.

Example 5.1. (1D numerical example).
In our test problem, we choose the weakly-singular kernel

B(t) = (nt)"2, for t > 0.
So, with uy(x) =0 and
3 3
flx,0) = 5(1—x2)t% + %Et{

the exact solution is ,
u(t,x) =t2(1—x?).

Denoting
U"= [U(XO5 tn)5 U(Xla tn)5 Y U(XN5 tn)] and F" = [f(XO: n) f(xh n) f(XN’ tn)]T'
From (4.9), we can obtain an equation of the matrix form:

n—1
ZN((I — k*/2p@) U") — 7y (U”_l +K23 w0, DPU + kF”),
=1
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Table 1: L? errors in u, at t =2, 1D case.

N | L?errorinu (k=1.0E —3) | L? error in u (k = 1.0E — 4)
4 1.529e-1 1.526e-1
6 3.408e-3 3.089%e-3
8 7.676e-4 9.363e-5
10 8.502e-4 8.578e-5
12 9.284e-4 9.366e-5
Table 2: L2 errors in u, at t =100, 1D case.
N | L?errorinu (k=1.0E—3) | L? errorin u (k = 1.0E — 4)
6 1.127e40 1.107e+0
8 5.495e-2 1.883e-2
10 5.692e-2 5.698e-3
12 6.215e-2 6.215e-3
14 6.697e-2 6.697e-3

where ngz) is the second order Legendre collocation differentiation matrix (see formula
(2.3.29) of [2]), I denotes the unit matrix of order N + 1 and Zy is the matrix which
represents setting the first and last points of a vector to zero. From which we obtain
an explicit equations of U". Considering the initial conditions, the L2-errors by using
our spectral collocation and backward Euler with convolution quadrature approach are
presented in Tables 1 and 2 for t = 2 and t = 100, respectively.

The first order convergence rate for the proposed method are observed from the above
table and it is observed that for fixed values of k the error decreases until N = 8 and then
remains almost unchanged. This implies that for N > 8, the error is dominated by that
of the time discretization. Due to the small values of the time step, the effect of rounding
errors can also be observed.

Example 5.2. (2D numerical example).
In our test problem, the kernel B(t) = (rt)~Y/2 and the forcing function f(x,y,t) is
chosen so that

u(x,y, t) = 21— xH(1 - y?)

is the exact solution of the partial integro-differential equation problem.
In the implementation of the spectral collocation methods, let U™ and F" be two ma-
trices of order (N — 1) x (N — 1) such that

Ut = (U(gb gj: tn) é\’[j_zll’ F'= (f(gu gj: tn) é\’lj_:ll'

Then, (4.9) becomes the matrix equation

n
Ur=U""+k: Y w, ;DU +kF",
j=1



568 J. Tang and D. Xu

Table 3: L? errors in u, at t =2, 2D case.

N | L?errorinu (k=1.0E —3) | L? error in u (k = 1.0E — 4)
4 1.95%-1 1.954e-1
6 5.825e-3 5.425e-3
8 1.363e-3 1.775e-4
10 1.679-3 1.679e-4
12 2.003e-3 2.003e-4
Table 4: L? errors in u, at t =100, 2D case.
N | L?errorinu (k=1.0E —2) | L? error in u (k = 1.0E — 3)
6 1.953e40 1.929¢-0
8 1.016e-1 4.109e-2
10 1.148e-1 1.150e-2
12 1.369e-1 1.369e-2
14 1.589%e-1 1.589%e-2

which can also be written as a standard linear system,

n—1
3 3 . -
[I®I—k2(I®D+D®I)]i"=a""' +k>2 E w,—jI®D+D DT +kf",
=1

where [ is the identity matrix and D = Dﬁ)(z :N,2:N), f ™ and 4" are vectors of length
(N —1)2 formed by the columns of F" and U™ and ® denotes the tensor product of matrices.

The similar error estimates for 1D PIDE can be obtained in the same way as we have
done for 2D PIDE case. In Tables 3 and 4, we list the L?-errors for t = 2 and t = 100,
respectively.

It is seen from Table 2 and Table 4 that our scheme is valid for large time computations
both in 1D and 2D cases.

6. Concluding remarks

We have formulated and analyzed the spectral collocation method associated with
backward Euler method and the first-order convolution quadrature rule on Eq. (1.1) under
properly regularity conditions which yield the global behavior of stability and convergence
of fully discretized numerical scheme in a straightforward way. Numerical results support
the analysis.
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