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Abstract. In this paper, we propose a regularized version of the generalized NCP-
function proposed by Hu, Huang and Chen [J. Comput. Appl. Math., 230 (2009),
pp. 69-82]. Based on this regularized function, we propose a semismooth Newton
method for solving nonlinear complementarity problems, where a non-monotone line
search scheme is used. In particular, we show that the proposed non-monotone method
is globally and locally superlinearly convergent under suitable assumptions. We test the
proposed method by solving the test problems from MCPLIB. Numerical experiments
indicate that this algorithm has better numerical performance in the case of p =5 and
6 € [0.25,075] than other cases.
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1. Introduction

The nonlinear complementarity problem (NCP for short) is to find a point x € ®" such
that

x>0, f(x)=>0, x'f(x)=0, (1.1

where f : % — R" is a continuously differentiable mapping with f := (f, fo, "+, fo) . If
f is a Py-function, i.e.,

max  (x; — y)(fi(x) = fi(¥)) =0

1<i<n x;#y;
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holds for all x,y € ®" and x # y, then we call (1.1) the P,-NCP The NCP has various
applications in operation research, economics, and engineering (see, for example, [1-4]).
Various methods for solving the NCP have been proposed in the literature (see, for example,
[5-18]). In all the mentioned methods, the so-called NCP-function, i.e., ¢(a, b) = 0 if and
only if a > 0,b > 0,ab = 0, plays an important role.

Recently, a family of new NCP-functions was proposed in [19], which is defined by

wep(a,b) := /6(lalP + b|P) + (1 - 6)la— b|P —a — b, (1.2)

where p € (1,400),0 € (0,1], and (a,b) € R2. When 6 = 1, the function wg, reduces
to the function in [20,21], and when 6 =1 and p = 2, the function wy, reduces to the
Fischer-Burmeister function [10]. It was showed in [19, Propositions 2.1 and 2.3] that
the function wg,(-,-) is an NCP function and a semismooth function in 2. Moreover, it
is known that wép(-, -) is continuously differentiable and strongly semismooth in %2 (see,
e.g., [19, Proposition 2.5]).

In this paper, by using the symmetrically perturbed technique proposed in [22,23], we
give a regularized version of the generalized NCP-function (1.2), which is defined by

¢9p(“: a, b)
=8/0(lua+blP +|a+ublP) + (1 — 0)lua+b — (a +pub)P — ((ua+ b) + (a + ub))
=4/6(lua + bIP + [a + ublP) + (1 — 0)(1 — u)(a — b)P — (1 + pu)(a + b), (1.3)

where (u,a,b) e R, xR x R; and 6 € [0,1] and p € (1,+00) are two given parameters.
It is obvious that ¢,(0,-,-) is an NCP function. For all z := (u, x) € R, x R", we define

Hop(2) 1= ( e ) Wp(2) 1= IHop@IP = 12 + 180, (14)

where

Pop(u, x1, f1(x))
®g,(2) = : . (1.5)
¢0p(.u’3 xn:fn(x))

It is easy to see that z := (u,x) is a solution of Hy,(z) = 0 if and only if u = 0 and x
solves the NCP (1.1). We will show that the function H, gp(z) defined in (1.4) is coercive
with respect to z. Such a property can improve the global convergence of the semismooth
Newton method (see [24,25]; also see [26] for comparisons about the conditions of the
global convergence). It should be noted that the function Hg,(z) defined in (1.4) is not
coercive with respect to z if the function ¢, (-,-,-) in the definition of Hg,(-) is replaced
by the function wg,(+,-) given in (1.2).

Many numerical methods based on the NCP-function (or the smoothed NCP-function)
have not only good convergence, but also good numerical results, such as the semismooth
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Newton method and smoothing Newton algorithm. Generally, the theoretical analysis of
these methods was given based the method with a monotone line search; while numerical
experiments were done based on the method with a non-monotone line search in order
to improve the numerical results (see, for example, [18,23-25]). Recently, the theoretical
analysis of non-monotone smoothing Newton algorithms were given in [14] for the NCP
(1.1) and in [27] for system of equalities and inequalities.

In this paper, based on the new function ¢¢,(-,-,-) defined by (1.3), we propose a
semismooth Newton method with a non-monotone line search for solving Hy,(z) = 0. We
show that the method is globally and locally superlinearly (quadratically) convergent un-
der suitable assumptions. We test the proposed method through solving the test problems
from MCPLIB [28]. Numerical experiments indicate that this method has better numerical
performance in the case of p =5 and 6 € [0.25,075] than other cases. It should be noted
that the case of p =5 and 6 € [0.25,075] is not contained in those known cases given in
the literature (for example, [10,20,21]). In addition, in order to see that how the regular-
ized parameter u would affect the numerical performance when 6 and p are fixed, we also
do some numerical experiments by changing the value of uy. The numerical results show
that the proposed method has worse numerical performance in the case of ug = 0 than the
other cases, which demonstrates that the regularized technique used in this paper is useful
for the numerical computation of the method.

The rest of this paper is organized as follows. In Section 2, we discuss some properties
of the new function. In Section 3, we give a non-monotone semismooth Newton method
for the NCP. The global and local superlinear (quadratic) convergence of the method are
discussed in Section 4. Numerical results are reported in Section 5. The conclusions are
given in Section 6.

Throughout this paper, ¢ := {1,2,---} and £ = {1,2,---,n}; |J| denotes the cardinal-
ity of an index set J; ®" denotes the space of n-dimensional real column vectors and R’
(respectively, R . ) denotes the non-negative (respectively, positive) orthant in ®"; the su-
perscript T denotes transpose; and the sign(-) denotes sign function. We use vec{uy; : i € .#}
to denote the vector u, and use diag{u; : i € .#} to denote the diagonal matrix whose i-th
diagonal element is u;. For any two vectors x € ®! and s € ®", where [ and r are any two
positive integers, we write (x7,sT)T as (x,s) for simplicity. If {a;} and {B;} are two se-
quences in R with ay, B > 0 for all k € &, a; = O(f8;) means limsup,_, | o, ar/Br < +00;
and a; = o(8;) means limsupy_, , ., ar/Pr = 0. For a matrix A € ™", and two index sets
aC{l,---,m}and B € {1,---,m}, A,g denotes a submatrix of A with A,g € g lalxIBl For
any (u,x) € % x R", we always use the following notation unless stated otherwise:

z:=(u, x), zk :Z(Mk,xk),VkGJ{, zf‘ :Z(Mk,xf),VkG%,ieﬂ.

For any fixed 6 € [0,1] and p € (1,+00), and any (u,a,b) € R, x R x R, we denote

hop(u, a, b) :=%/6(Jua + blP +|a+ ublP) + (1 - 6)I(1 — u)(a — b,
h(u,a,b) :=6 [al,ua + b|P~tsign(ua + b) + bla + ub|P~sign(a + ,ub)]
—(1—0)(a—b)I(1—p)(a—b)P~'sign((1 - u)(a— b)).
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2. Preliminaries

In this section, we give some basic concepts and preliminary results which will be used
in our analysis.

A matrix M € ™" is called a Py-matrix if, for every x € R" with x # 0, there is an
index iy = iy(x) with x;, # 0 and x; [Mx];, > 0; and a P-matrix if, for every x € ®" with
x # 0, it holds that max; x;[Mx]; > 0.

The concept of semismoothness plays an important role in the analysis on local fast
convergence of some Newton-type methods. Such a concept was originally introduced by
Mifflin [29] for functionals and was extended to vector valued functions in [30] by Qi and
Sun. A function f : " — R" is said to be semismooth (or strongly semismooth) at x € R"
if it is directionally differentiable at x and Vd — f’(x;d) = o(||d||) (or= O(||d||?)) holds for
anyd — 0and V € df(x + d), where d f (x) denotes the Clarke’s generalized Jacobian of
f at x [31].

By the definition of ¢¢,, similar to the proof of [19, Proposition 2.3], we can obtain
the following lemma.

Lemma 2.1. Let (u,a,b) € R and ¢op be defined by (1.3). Then the function qbgp(-, ) s
continuously differentiable in ®°; and the function $op(,-,+) is strongly semismooth in R3.

Next, we give the expression of the generalized Jacobian of the function Hg,,.

Proposition 2.1. Suppose that f is a continuously differentiable P,-function. Given 6 €
[0,1], p € (1,+00), let IHy,(2) denote the Jacobian matrix of Hg,, defined by (1.4), then
forany z =(u,x) € R, x R", we have

1 v@p(z)T i|

where

Vo, (2) :zvec{ h(u, x;, f;(x))
P hop (W, X, f;(x))P~1
Egp(2) :=0uA(z) + 6B(2) + (1 — 0)(1 — u)C(z) — (1 +w)I
+ Vf(x)[6A(z) + 0uB(z) — (1 - 0)(1 —w)C(z) — (1 +w)I],  (2.1b)

—(Xi+fi(X)):i€j}, (2.12)

where I denotes the n X n identity matrix and A(z), B(2z), C(z) are possibly multi-valued n x n
diagonal matrices with the i-th diagonal elements given by

_ lux; + ;)P tsign(ux; + fi(x))

A;i(2) oy Qi £, , (2.2a)
|x; + pfi GO)P~ signo; + pf;(x))

(2) = 2.2b

) hop(o o FGY T *20

€)= (1 = w)(x; = fiGDPLsign((1 = p)(x; = f;(x))) (2.20

h@p(nu’) Xi’fi(x))p_l
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if (x;, fi(x)) # (0,0); and by
Ay(z):=0;, By(z):=m;, Cyu(z):=¢; (2.3)
for any (§;,m;, &) such that || <1, ;| <1, [€;] <1, and
0L P/ P 4 [P/ 4 (1 - 0)] ;PP < 1 (2.4
if (x;, fi(x)) = (0,0).
Proof. For any z := (u,x) € R, x R", it follows from [31, Proposition 2.6.2(e)] that
0Hg,(2)" S 0Hg,1(2) X 8Hgp o(2) X -+ X OHgp 111(2), (2.5)

where the right-hand side denotes a set of matrices whose j-th column belongs to dHy,, ;(2),
and Hy, ;(z) is the j-th component function. Firstly, from a direct computation, we ob-
tain that dHg,;(z) = (1,0,0,---,0)" € ®'*". Secondly, for j € {2,3,---,n+ 1}, let
i=j—1,if (x;, fi(x)) # (0,0), by a direct computation, we obtain that the first component
of dHg), (2) is
hl(n“’) Xi’fi(x))
oy (it Xo, fCOP

and the last n components of dHy, ;(z) are

— (x; + fi(x));

[9|Mxi + £GP sign(ux; + f;(x))(ue; + V£;(x))

+01x; + uf; )P sign(x; + pfi(x))(e; + uV fi(x))

+(1 - 0)(1 — w)I(1 — w)Cx; — £GP sign((1 = w)(x; = £;(x)))(e; = V£ (x) ]

X hop (W, x;, f;())'7P = (1 + p)(e; + V£i(x))
= [hop (1> X3, £; ) P {Oulux; + f; ()P sign(ux; + f;(x))

+01x; + pfi ()P sign(x; + wfi(x))

+(1 - 0)(1 — w)I(1 — w)Cx; — £GP sign((1 — w)(x; — FiGN}— (1 + )] e

+ [ hop (> xi, £;() P16 ox; + £;()IP sign(uax; + £(x))

+ Oulx; + pfi ()P~ Tsign(x; + ufi(x))

—(1 = 6)(1 — wI(1 = w)Cx; = £GP Lsign((1 — w)(x; — FiCIN} = (1 +p)]| VSi(x),
where e; € R" denotes the vector of the i-th component is 1 and the other components are
zeros. Hence (2.1) holds, where

A(z) = diag{A;(2)}, B(z) =diag{B;(2)}, C(z)=diag{C;(z)}
with every A;;(z), B;;i(z), C;;(2) being given by (2.2). In addition, if (x;, f;(x)) = (0,0), then

it is easy to obtain that (2.1) holds, where

A(z) =diagi{A;(2)}, B(z) =diag{B;(2)}, C(z)=diag{C;y(2)}
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with every A;;(2), B;;(2), C;;(z) being given by (2.3) for any ({;, n;, ;) satisfying |¢;| < 1,
Inil <1, 18] <1, and

O P/ + P~ + (1 - )15 1P/ < 1.
The proof is complete. O

Proposition 2.2. Suppose that f is a continuously differentiable Py-function. Given 6 €
[0,1] and p € (1,+00). Let Eg,(2) be defined by (2.1) where z = (u, x), then for any u > 0,
—Eg,(2) is a P-matrix.

Proof. Since f is a continuously differentiable P,-function, it follows that Vf(x) is a Py-
matrix, i.e., for any x € R"\{0}, there exists an iy € {i : x; # 0} such that

XiO(Vf(X)TX)l’O Z 0.
In the following, we show that for the same index i, the inequality
xio(_Eep(Z)TX)io >0

holds for any u > 0. From the definition of Eg,(z), we obtain that

xiO(EGp(Z)TX)iO
= (BuA;;, + 0B;; + (1 —0)(1—u)C;;, — (1 +,u))xl.20
+ [0Ay;, + OuB;;, — (1= 0)(1 — pu)Cyyy, — (14 w)]x;, (VF () x),,, (2.6)
where
1 1.
Ay =4y, (2) = %S—i?lm, ioio *= Biyip(2) = |b|Pd:>—ig1n(b),
|c|P~'sign(c)
Ciyiy := Ciyip(2) = g1 AT + fi,(x), b =x;, + ufi (x),

1
¢ =1 —wxi, — fi,(x)), d =hgp(u, x;y, fi,(x)) = [Blal’ + O[b|P + (1 — 6)]c|P]» .
It follows that

[OuA,;, + 0B, +(1—0)(1 —u)Cy,l
<OulalPt +6|bP +(1—0)|1 —pullc|P7t x d*P

1 p-l 1 1 p-l 1 1 =l 1-
=u0r(0 7 lalP7)+607(0 7 b7 ) +[1—pl(1-6)P((1—6) 7 [clP7) xd P

P
-1

1P 1P Rak p-1 5
S[(MGP) (6% +(|1—u|(1—9)f’)] [(9 #lap )

P
-1

+(07 [Py’

p-1 215
(1= 9)F (el ] x d1*

1 p-1
p

1 1-p
=[MP9+9+|1—H|P(1—9)]" x [9|a|"+9|blp+(1—9)|clp] x [9|a|P+9|b|P+(1—9)|c|P] !

1

=[MP9+9+|1—M|P(1—9)]”.
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where the first inequality follows from the triangle inequality; and the second inequality

follows from the well-known Holder inequality. For u > 0, it is easy to show that

g(6):= [uP6 + 6+ 11— puP(1—6)]

is a monotonically increasing function. Then for any 8 € [0, 1],

g(0)<g(1)=(1+pP) <1+p.

Thus,
OuA; i, + 0B, + (1 —60)(1 —u)Cy;, — (1 +pu) <O.

Similarly,
0A, ;

lolo
These, together with the fact that x; (Vf(x)"x); > 0, imply that xiO(Egp(z)Tx)iO < 0 for
any u > 0. Therefore, for any u > 0, —Eg,(2) is a P-matrix. O

lolo

From Propositions 2.1 and 2.2, the following result can be easily obtained.

Corollary 2.1. Suppose that f is a continuously differentiable Py-function. Given 6 € [0,1]
and p € (1,+00). Then, for any z = (u,x) € R X K" with u > 0, all V € IHgy,(z) are
nonsingular.

If u = 0, then the result obtained above does not hold in general. In the following, we
give a condition for which all generalized Jacobians of Hy, at a solution of the NCP are
nonsingular.

Let 2* = (U, x™) € R, X R" be a solution of Hy,(z*) = 0. Then, u, =0 and x* is a
solution of (1.1). Associated to the solution x*, we define three index sets:

a:={ilx} >0}, B :={ilx} = fi(x*) =0}, 7 := {ilfi(x*) > O}. 2.7)

We say that the solution x* is R-regular if V f;5(x*) is nonsingular and the Schur-complement
of Vf55(x™) in
Vaa(x") V(")
M = 2.8

( Vfzalx) Vfap(x) @8
is a P-matrix.
Proposition 2.3. Suppose that z* = (u,, x*) € R, x R" is a solution of Hy,(z*) = 0, and x*
is an R-regular solution of the NCP then all V € dHgy,(z") are nonsingular.

Proof. From Proposition 2.1, it can be seen that for any V € dHy,(z"), there exists a
W(z") := (vgp(2%), Egp(2")) € R™ x R"™*" such that

V=l mten | .9

Vep(Z*) EQP(Z*)
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where
Egp(z*) =60B(z*)+(1-0)C(g*) T+ Vf(x")[0A(Z")—(1-0)C(z*)—1I], (2.10)

with u, = 0 and A(z"), B(z"), C(z*) being characterized as in Proposition 2.1. By the
definition of V, it is easy to see that nonsingularity of V is equivalent to nonsingularity of
Egp(2"). With the expression of V f (x*), Eg,(z") can be written in the following partitioned
form:

(0 —2)Vfaa Vs [QABB —(1-6)Cpp - Iﬁﬁ} Oay
Egp(z")=| (0-2)Vfzs [6Bsg+(1—6)Cs5—Ig5]+845 0p;
(6 —2)Vfza Vi [6A55—(1-6)C5—I55] (6—2y

where
e A (o* e (o e (o
Sop = Vipp [04g5 — (1= 0)Chg — Ipg]
Thus, Eg,, (z*) is nonsingular if and only if the matrix

U:((Q‘Z)Vfaa Viap 0455~ (1= 6)Cp ~Ipg] )

2.11
(6 =2)Vfz, [0Bzs+(1-0)Ch5—1I55] + 505 -

is nonsingular; which is equivalent to that if the zero vector is the unique solution of the
system of equations

UyzU(yd)ZO. (2.12)
VB
It is easy to see that this system can be rewritten as
(0 —2)VfaaYa+ Vfag [0A55 —(1—0)Cp5 —Ig5] ¥5 =0, (2.132)
(6 — Z)Vfﬁa}’a + (I:QBB/; +(1- Q)Cﬁ'/; - I/;/;J + 59/3) Y =0. (2.13b)

Suppose that x™* is an R-regular solution of the NCB then V f;; is nonsingular. Thus, solving
the first equation with respect to y; and substituting it into the second equation, we have

Ya=—((60 = 2)Vfaa) 'V [0Ag5 — (1 - 0)Cs5 — 155 ¥5» (2.14a)
(Vfsp = VSV faa Vfap) [1p5 — 0Ass + (1 - 0)Chp] ¥p
= [6Bgs+(1—6)Csp — 155 ] ¥ (2.14b)

where Vfzz — Vf,ngfd‘alVfaﬁ is the Schur-complement of Vf;; in the matrix M defined by
Eq. (2.8). Consequently, it is a P-matrix by the R-regularity assumption. Furthermore, showing
the nonsingularity of U is equivalent to showing that the unique solution of the second equation
of (2.14a) is the zero vector. We proceed by contradiction. Suppose that there exists a solution
Y5 # 0, and consider the two cases:
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(a) Suppose that [Iﬁ:f; —0A55+(1— 9)6/3/3] ¥g = 0. Define b= {ily,;i # 0}. Then for any
i€ f,1-0A;+(1-0)C; =0. We assume that OB;; + (1 — 0)C;; — 1 = 0 for the same index i.
Then, it follows that 6(A;; + B;;) = 2, this is a contradiction with |A;;| < 1,|B;;| <1 and
(1A P/P™D + B, [P/P~D) + (1 - 0)|C, PP~V <1
from Proposition 2.1. So, 6B;; + (1 — 6)C;; — 1 # 0, and hence,
[QB/;/; +(1- Q)C/;/; - I/;/;] Yg #0.

This and the assumption lead to a contradiction to the second equation of (2.14a).

(b) Suppose that [1[3[3 —0Ag5+(1— 9)6/3/3] Yg # 0. Since for any i € 4, |A;| < 1,|B;| <
1,|Cil £1,1—-0A; + (1 —6)C; and 6B;; + (1 — 8)C;; — 1 which are both nonzero (if any) have
opposite signs. Thus,

( [155 — 645 + (1~ 6)Cs ] y/é) A ( (Vfo5 = Vi3V Saa Viap)

[155 — 0Az5+(1—6)Cs5 ] yfg) <o. (2.15)

i

Since V5 — V3V fs5 Vfap is a P-matrix, we have

a
(16 — 045 + (1= 0)Cg5] v5 =0,
which is a contradiction to the assumption. Therefore, the proof is complete. O

The following result is about the coerciveness of Hg,(-), which will be used in our analysis on
the convergence of the algorithm.

Proposition 2.4. Suppose that f is a continuously differentiable Py-function. For any sequence {z*}
satisfying that ||z¥|| — +o00 as k — 400 and w, € [[i, ii], where fi and i are positive scalars with
a < fi, it follows that ||H9p(zk)|| — 400 as k — +o00.

Proof. By the definition of Hy,(-), we only need to prove that lim;_, ., [|®¢), ()| = +00. Suppose
that the proposition is not true, then there exists a sequence {(u, x*)} such that

0<fi < <A, 189, <c, [lx*]| = +o0, (2.16)

where ¢ > 0 is certain constant. Since the sequence {x*} is unbounded, the index set N := {i €
{1,---,n} : {xlk} is unbounded} is nonempty. Without loss of generality, we can assume that
{lekl} — 400 for any i € N. Let the sequence {%} be defined by

=0 if ieN and xF=xF if i¢gN. (2.17)
Then, {x*} is obviously bounded. Noting that f is a Py-function, we have

0<  max  (xf = 2O[fi(x") = £i(&)] = xf [f;, (") = £, ()], (2.18)

1<i<n xlf‘;éfcf‘ 0
where i; € N is one of the indices for which max;cy xl‘ [fi(x¥) — f:.(%)] is attained, and i, is
assumed, without loss of generality, to be independent of k. Noting that i, € N, it follows that

lei | = 400 as k — +00. We now consider the following two cases:
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Case 1 Suppose that xli — 400 as k — +00. Since { fio(fck)} is bounded by the continuity of f; and
{%*} is bounded, it follows from (2.18) that { fio(xk)} is bounded below. Since 0 < i < i <
i, we have “kng, +fio(xk) — 400 and xg:) + ,ukfio(xk) — +00. Hence, by [19, Proposition
2.4] and (1.5), we get ||<I>9p(zk)|| — 400 as k — +o0.

Case 2 Suppose that xli — —o0 as k — +o00. Since fio(fck) is bounded, it follows from (2.18) that
fio(xk) < fio(fck) for a sufficiently large number k € #. Since 0 < i < u; < i, we have
ukxli +f;,(x¥) = —oc0 and xli + g f;, (x*) = —o0. Hence, by [19, Proposition 2.4] and (1.5),
we get ||<I>9p(zk)|| — 400 as k — +oo.

In either case, we obtain ||<I>9p(zk)|| — +00 as k — +00, which is a contradiction to the boundedness
of {\Ilep(zk)}. This completes the proof. O

Assumption 2.1. The solution set S = {x € R" : x > 0, f(x) = 0,xT f(x) = 0} of the NCP (1.1) is
nonempty and bounded.

3. A Semismooth Newton Method

In this section, we propose a semismooth Newton method for solving Hy,(z) = 0, and give
some basic results.

Algorithm 3.1. (A semismooth Newton method with a non-monotone line search)

Step 0 Given any p € (1,+00), and choose 6 € (0,1),0 €(0,1/2),0 €[0,1],t € [1/2,1], and a
positive integer M. Let 2° := (g, x°) € R, x K" be an arbitrary vector. Choose y € (0,1)
such that yuo < 1. Set €® := (1,0,---,0) € K", Cy := Wy, (2°), By, (z7") :== 7, and
Qo := 1. Choose 1 € [0,1] and a sufficiently small positive number ¢. Set m, := 1 and
k:=0.

Step 1 If\IJep(zk) =0, stop. Otherwise, let
Bop(z") :=min{y,y ¥, (z")", By, (" 1)} (3.1)
Step 2 Compute Az* := (Auy, AxK) € R x R by
VAZN = —Hg,(2") + 1o Bo, (2 )eo, (3.2)

where V € ang(zk).

Step 3 Let a; be the maximum of the values 1,5,52,- -+ such that

\Ilep(zk +a;AzK) <G —20(1 — yuo)aklllep(zk). 3.3)

Step 4 Set zX1 := 2% + aq;, AzX, and my := min{k, M}. If
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m—1

D i3 ) < B i W, (35, 01, g, (5) <, (3.4)
i=1

we set 1), := 0; otherwise, we choose M, € (0,1]. Set

Mk D MW, (D) + Wy, (25)
Qx ’

Ck . (3-5)

where Qi :=1+ 1 Z:nzkl_l Ni—i> and k : =k + 1, Go to step 1.

In Algorithm 3.1, a non-monotone line search scheme is adopted. Such a non-monotone line
search scheme were originally introduced by Hu, Huang, and Wang [14] in a smoothing Newton
algorithm for the NCP; and by Hu, Huang, and Lu [32] in a descent algorithm for unconstrained
optimization. It is easy to see that C, is a convex combination of \Ilep(zo),\llgp(zl), e ,\Ilgp(zk).
The choice of n; controls the degree of the non-monotonicity. If 1, = 0 for all k € ¢, then the
line search reduces to the usual monotone Armijo line search. It should be noted that Algorithm
3.1 is a non-monotone semismooth Newton method, which is different from those non-monotone
algorithms mentioned above.

Lemma 3.1. Suppose that f is a continuously differentiable P,-function and the sequence {z*} is
generated by Algorithm 3.1. Then the following results hold.

(@) Forall ke %, \I'ep(zk) < G

(b) The sequence {fg, (25)} is monotonically decreasing.

(c) Let A :={(,x) € Ry X K" : B, (2)o < to}. Then 2" € A for any k € # and 0 < piyyy <
M-

(d) Algorithm 3.1 is well-defined.

Proof. (a) By Step 0, we know that C, := ¥y, (2°). In the following, we assume that k > 0. When

m—1 m—1

N Wep (27 < Z Ny P, (2°)
=) =)

1 1
or Wy, (z*) < &, we have 7, := 0, and hence, C; := ¥,,(z*) by (3.5). Otherwise, i.e., when

m—1 m—1

Z N Po,p(z71) > Z N Po,(z5),
im1 i=1

by(3.5), we have that

m—1 m,—1

up Z M- Yo, (2" )+ Wg,(z)  my Z Ni—i W, (5°) + Wy, (z5)
Ck — i=1 > i=1
Qx Qx

m—1

(M« Z Ne—i + Dy, (z5)
= = 3 =Wy, (z"). (3.6)
k
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Then, ¥y, (z*) < C; holds for any k € .
(b) From the definition of Sy, in (3.1), the result (b) is obviously satisfied.
(c) When k=0,

HoBop(2°) = o miny, y ¥, (2°), B, (2™} < oo, (271 = Hor < Ho,
i.e., 2° € 4 holds. Without lose of generality, suppose that z* € 4. Then,

poBep(Z ) — by = poBep () — (uk + o Ap)
= boBop &) — [(1 — @) + o By, (2°)]
< MOﬁ@p(zk+1) -[(1- ak).uoﬁep(zk) + akMoﬁep(Zk)]
= o[ Bo, (21 — By, (z¥)] < 0. 3.7)
That is, zX*1 € . Therefore, 25 € 4 holds for all k € %

Next, we show that 0 < ., < u for any k € £. Obviously, uy > 0. We assume that y; > 0.
From the first equation in (3.2), we have Auy = —uy + UofBg) (z5). Thus,

M1 = Mg+ oA = (1= ag) g + o Bep () > 0, (3.8a)
g1 = (1 — @) + agioBep () < (1 — aug + agpy = pi- (3.8Db)
Thus, the results in (c) hold.

(d) Firstly, from (c) we know that u; > 0 for all k € 2#". Thus, it follows form Corollary 2.1 that
the system of equations (3.2) is solvable. Secondly, we show that Step 3 is well defined. For any
z € R, x R", we denote py,(z) := ||<I>9p(z)||2. For any z* € R, x ®" with yu, > 0 and k € .,
there exists a W, € dpg, (z¥) such that

(Vo ()T Az* = 2(24, (") W, Az
= =24, (z"))" @0, (") = —204, (). (3.9

Since t € [1/2,1], we can show that By, (z*) < y ¥y, (z*)"/2. Thus, using p, + aAp; = (1 — a)ue +
a,uO[a’ep(zk), we have

(e + aAp)* = (1 — a)*uf + 2(1 — a)apop e, (z°) + uiBo, (z*)*a?
< (1— )i + 2ol o, (2> + 0(a®)
< (1— a)*uf + 2apoy]|Hg,p (2514, (z")? + 0(a®)
= (1— )’} + 2apey ¥, (z°) + 0(a?). (3.10)
Define h(a) = cpep(zk + anzk) — cpep(zk) — a(V(pep(zk))TAzk. Since @g),(-) is continuously differ-
entiable at any zX € R, we have h(a) = o(a), and hence,
@0, (2" + anrz)|?
= cpgp(zk + anzk)
= op(2") + a(V g, (z*)" AZ* + h(a)
= 0o,p(5") — 2ap,(z") + o(a) (by (3.9))
=(1- 2a)c,09p(zk) +o(a) <(1- 2a)\119p(zk) +o(a). (3.11)
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Therefore, we obtain
Vo, (2" + alz") = (e + aAp)* + [| @, (2" + anz)|?
<(1- a)z,u,i + 2a,u,0)f\I'9p(zk) +0(a®)+(1- 2a)\I'9p(zk) +o(a)
< W, (2°) — 2(1 — yug)a¥y,(z) + o(a)
< G —2(1 — ypo)a¥,,(z°) + o(a), (3.12)

where the last inequality holds from the result (a). The above inequality implies that there exists
a € (0,1] such that
W, (2F +anz") < G —20(1 — yue)awy,(z)

for all @ € [0,a], which implies that Step 3 is well defined. Therefore, Algorithm 3.1 is well
defined. O

4. Convergence of Algorithm 3.1

In this section, we will consider the global and local superlinear convergence of Algorithm 3.1.

Lemma 4.1. Suppose that f is a Py-function and Assumption 2.1 holds. Suppose that {u,} and {v,}
are two infinite sequences such that for each k € &, u; > 0,v; > 0 satisfying

li =0 d 1l =0. 1
L =0 and - T v v

For each k € A, let x* € R" satisfying
n
D62, (e X, £,(x4)) < vy (4.2)
i=1

Then {x*} remains bounded and every accumulation point of {x*} is a solution of the NCP (1.1).
Proof. The proof is similar to the one in [33, Theorem 5.4]. We omit its proof. O

Lemma 4.2. Let Hg,(-) and Bg,(-) be defined by (1.4) and (3.1), respectively. {z*} is the infinite
iteration sequence generated by Algorithm 3.1. Then

. Ky — . ky —
k1—1>Too Bop(z") =0 and k1—1>I—Poo y,(z") =0. (4.3)
Proof. By Lemma 3.1 (b)(c), we obtain that sequences {[a’ep(zk)} and {u,} are monotonically
decreasing and z¥ € 4 for all k € #. It is not difficult to see that both {u,} and {[a’ep(zk)} are
convergent. We denote their limit points by u, and ﬁ;p, respectively. Then we have u, > [a’gp > 0.
Suppose that ﬁ;p # 0, then u, > ﬁ;‘p > 0. Since
0 < Bop(z )0 < ﬁep(zkﬂ).uo = ﬁep(zk).uo S g S g1 =000 = Hos 4.4

by the definition of By, (-), we can obtain that the sequence {¥y, (z")} is bounded. Thus, by Proposi-

tion 2.4, we obtain that the sequence {z*} must be bounded. Without loss of generality, we assume
that limy_,,, 2¥ = z* := (u,, x*). Then,

s ky * : kN *
kll)l}:loo \I’QP(Z ) = \I’QP(Z ) >0 and kETm ﬁep(Z ) = ﬁep(Z ) > 0. (45)

Let a; be the step-length at the k-th step iteration. We consider the following two cases.
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Case 1 Suppose that a; > d > 0 for all k, where d is a constant. Then, by combining

\Ijgp(zk + akAzk) <C,—20(1—- '}/Mo)ak\pgp(zk) +o(a)
<C,—20(1— }f,uo)d\Ilep(zk) +o(a) (4.6)

with the fact that limsup;_, , , Cx = ¥g,(z*) by (3.5), we have

Wop(2") < Vg, (%) — 20(1 — ypo)d ¥, (27), (4.7)
ie., 1 <1-20(1—7yue)d, which contradicts the fact that d € (0,1],20 €(0,1), and yu, < 1.

Case 2 Suppose that lim;_,, ., a, = 0. Then, the stepsize &, := a; /5 does not satisfy the line search
criterion (3.3) for any sufficiently large k, i.e.

W, (2 + @ AzF) >C — 20(1 — yug)a, T, (z5)
>[1—-20(1—- y,uo)dk]\llgp(zk). (4.8)

Hence [\Ilgp(zk + a, Azk) — \Ilep(zk)]/dk >—-20(1- }f,uO)\Ilep(zk). Furthermore,

—20(1 — ) ¥e,(z") <2Hg,(z")' VAZ*
=2Ho,(2*)" [—Hg,(2") + By (2 eo]
= —2Hy, () Ho,(2*) + 2000, (2 )Ho, (2*) €
S2>=1+ype)¥e,(2"), (4.9)

where in the second step we have used Eq. (3.2) and in the last step we have used Eq. (3.1).
By ¥y,(z") > 0 and yu, < 1, we have —20(1 — yu) < —2(1 — yuo) which implies o > 1.
This contradicts the fact that o € (0,1/2).

By combining Case 1 with Case 2, we obtain f3y,(z*) = 0, i.e., the first result of the lemma
holds. This, together with the definition of the function fBy,(-), implies that there exists a subse-
quence {z} such that the sequence {¥, v (z")} converges to zero. Thus, by (3.4) given in Algorithm
3.1, we know that 1, = 0 for all sufficiently large k. Thus, \I/ep(zk“) < \Ilep(zk) for all sufficiently

large k. Therefore, the sequence {¥y, (z5)} converges to zero, i.e., the second result of the lemma
holds. =

Combining Lemmas 4.1 and 4.2, we obtain the global convergence of Algorithm 3.1.

Theorem 4.1. Suppose that f is a continuously differentiable P,-function and the sequence {(uix, x*)}
is generated by Algorithm 3.1. If Assumption 2.1 is satisfied, then the infinite iteration sequence
{(ug, x*)} is bounded and every accumulation point (u,,x*) of the sequence satisfies that u, = 0 and
x* is a solution of the NCP (1.1).

Now, we investigate the local superlinear (quadratic) convergence of Algorithm 3.1. By the
definition of By,(-) in (3.1), we have that [a’ep(zk) < y\Pep(zk)t for all k € #. By a similar way as
the one in [25, Theorem 5.1], we obtain the superlinear (quadratic) convergence of Algorithm 3.1
as follows.

Theorem 4.2. Assume that f is a continuously differentiable Py-function and Assumption 2.1 is satis-
fied. Let t = 1. Suppose that z* := (u,, x*) € R, x R" is an accumulation point of the infinte sequence
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Performance Profile on problems of MCPLIB
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Figure 1: Performance profile for test problems in MCPLIB with the schemes: p=1.1,p=2, p=5.

{z*} generated by Algorithm 3.1 and all V € 0H op(z™) are nonsingular. Then the whole sequence {zF}
converges to z* with

125 =25l = o(llz* = 2°1D),  piera = o). (4.10)

Furthermore, if Vf is locally Lipschitz continuous around x*, then
124! —2F] = OCllz" — 2" 11P),  pisr = O(p). (4.11)

By Proposition 2.3, if the assumption that all V € dHy,(z") are nonsingular is replaced by that
the NCP is R-regular at x*, then all conclusions of Theorem 4.2 hold.

5. Numerical Results

In this section, we implement Algorithm 3.1 for solving complementarity problems from MC-
PLIB [28] by the codes in Matlab. All experiments were done at an PC with CPU of 2.8 GHz
and RAM of 2.00GB. In our computational experiments, the parameters used in the algorithm are
chosen as follows:

0=10"% y=0.02, &6=05 (=075 u,=0.1, M=5 &=10"°

And if (3.4) holds, set 1, = 0; otherwise, set 17, = 0.85. The starting points x, are taken according
to those given in [28] and we use ||H ep(zk)ll < 107° as the stopping rule. We test all most problems
in MCPLIB [28] to see the numerical behavior of Algorithm 3.1 on three specific values of p, i.e.,
p=1.1, 2, 5; and five specific values of 8, i.e., 6 = 0,0.25,0.5,0.75, 1.

To compare the performance profile of the cases: p = 1.1, p = 2, p = 5 with respect to the
iterative number, we give some numerical analysis based on the performance profile proposed
in [34]. Now, we give a brief introduction of this method. Let & := {p = 1.1, p = 2, p = 5}, the
schemes to be compared; 98 be the set of the 225 problems from MCPLIB; and t; ; be the number
of iterations needed to solve problem b by scheme s. Then, we compute

1
ps(T) = 555 size {b ERB Ty < T},
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Figure 2: Performance profile for test problems in MCPLIB with the schemes: 6 = 0,0 = 0.25,6 =
0.5,0=0.75,0 =1.

t S
m Ps
within a factor 7 € R of the possible ratio, and it is the distribution function for the performance
ratio r;, ;. The analysis results are mapped in Fig. 1. It was pointed out in [34] that schemes with
large probability p,(7) are to be preferred. From Fig. 1, we can see that Algorithm 3.1 works better
for the scheme of p =5 than the schemes of p =1.1 and p = 2.

Then, we also compare the performance profile of the cases: 6 = 0,8 = 0.25,0 = 0.5, 60 =
0.75, 6 = 1 when p = 5. The analysis results are mapped in Fig. 2. From Fig. 2, we can see that
Algorithm 3.1 in the case of 6 € [0.25,0.75] is comparable to the cases of 6 =0 and 6 = 1.

From the above numerical results, we see that the proposed method has better numerical per-
formance in the case of p =5 and 6 € [0.25,075] than other cases.

In addition, it is easy to see that the regularized parameter u introduced in ¢, defined by (1.3)

where rp, ;1= (7) is the probability for scheme s € & that a performance ratio r, ; is

Performance Profile on problems of MCPLIB
1 T T T T
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Figure 3: Performance profile for test problems in MCPLIB with the schemes: u, =0, yu, =107°, u, =0.1
when 6 =0.5 and p =5.
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Figure 4: Performance profile for test problems in MCPLIB with the schemes: u, =0, yu, =107°, u, =0.1
when 6 =0,0.5,1 and p =5.

plays an important role in the proof of the global convergence of Algorithm 3.1. A natural question
is How the parameter u affect the implementation of Algorithm 3.1 depends on the initial value of u,
that is u,. In the following, we give the performance profile of the testings of Algorithm 3.1 for the
same problems as above through choosing the parameter u, in the cases of uy = 0, ug = 107>, and
uo = 0.1, respectively, where for the case of p =5 and 8 = 0.5, the numerical results are mapped
to Fig. 3; and for the case of p =5 and 6 = 0, 0.5, 1.0, the numerical results are mapped to Fig. 4.
From Figs. 3 and 4, we can get that Algorithm 3.1 works best for the case of u, = 0.1 and worst for
the case of uy = 0. This demonstrates that it is helpful for the numerical computation to introduce
the regularized parameter u into the NCP function wg, defined by (1.2). We have also tested some
other cases, and find that if u, is too large, the number of iterations becomes large as u; converges
to zero. Thus, from the view of computation, it is not suitable for Algorithm 3.1 to choose large u,.

6. Conclusions

Based on a symmetrically perturbed function of the generalized NCP-function in [19], we pro-
posed a regularized semismooth Newton method with a non-monotone line search for solving the
P,-NCP. We showed that the proposed method is globally and locally superlinearly (quadratically)
convergent under suitable assumptions. We also reported some numerical results, which demon-
strate the proposed method is effective for solving the problems from MCPLIB. Numerical experi-
ments indicate that the proposed method has better numerical performance in the case of p =5
and 6 € [0.25,075] than other cases; while the case of p =5 and 6 € [0.25,075] is not contained
in those known cases given in literature. In addition, the method has better numerical performance
in the case of u, = 0.1 than the other cases. Thus, it is valuable to investigate the symmetrically
perturbed function ¢, defined by (1.3) and the semismooth Newton method for the P,-NCP It is
interesting whether the function ¢, can be extended to the case of symmetric cones or not; and
by which some methods can be designed to solving the symmetric cone complementarity problem.
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