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Abstract. In this paper, using Lin’s integral identity technique, we prove the optimal
uniform convergence O(N_ 2In®N, + N 21n? N,) in the L?-norm for singularly per-
turbed problems with parabolic layers. The error estimate is achieved by bilinear fi-
nite elements on a Shishkin type mesh. Here N, and N, are the number of elements
in the x- and y-directions, respectively. Numerical results are provided supporting our

theoretical analysis.
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1. Introduction

It is well-known that singularly perturbed problems [14] appear in many application
areas, and solving them efficiently is very challenging due to its inherent multiscales.
Hence singularly perturbed problems often serve as challenging benchmark problems. In
the past decade, many novel numerical methods for solving these problems have been
proposed (e.g., [9,11] and references cited therein).

In this paper, we consider the singularly perturbed elliptic problem:

5 2%u  9%u u ) _ 5
—€ ﬁ—i‘a—yz +E+u=f(x,y) in Q=(0,1), (1.1
u=0 on 99, (1.2)

where 0 < ¢ < 1. This problem is different from most singularly perturbed problems
in that it not only has the ordinary exponential boundary layer at y = 1, but also has
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parabolic boundary layers at both x = 0 and x = 1. Such parabolic layer problems have
been studied by many researchers (e.g., [1,3,10,12,15]). Li [3] has studied (1.1)-(1.2)
using bilinear finite elements with Shishkin type meshes, but only first-order convergence
in the L2-norm was proved. Later, Roos et al. [10, 15] studied similar problems, and
only first-order convergence in the energy norm was obtained for bilinear finite elements.
However, we observed almost second-order convergence in the L2-norm in our numerical
tests [3]. In this paper, we fill the gap by providing a rigorous proof for this phenomenon.
We like to remark that the proof is not trivial and needs to use the so-called Lin’s integral
identity technique developed in early 1990 by Lin and his group [5, 6,8] for finite element
superconvergence. More details can be found in a later book by Lin and Yan [7]. Li [2,4]
was the first to use such technique to prove optimal uniform convergence for reaction-
diffusion type singularly perturbed problems. Now it becomes an indispensable tool for
proving optimal convergence for singularly perturbed problems [13,16].

The rest paper is organized as follows. In Section 2, we construct the Shishkin mesh
based on the boundary layers of the analytic solution. Then we present our finite element
method and the interpolation error in Section 3. In Section 4, we provide the optimal
convergence error analysis. A numerical example is provided in Section 5 to support our
theoretical analysis.

2. Solution decomposition and Shishkin mesh

To reduce technicality as Roos et al. [10,15], we assume that the analytic solution of
our problem (1.1)-(1.2) exists the following decomposition:

Theorem 2.1. If f € C>%(Q), for some a € (0,1), satisfies the compatibility condition
f(0,0)=f(0,1)=f(1,0)= f(1,1) =0, then the solution of (1.1)-(1.2) can be decomposed
as

u=S+E1+E2+E3, (21)

where for all (x,y)€Qand 0 <i+j <3,

|3 ig i(x’y)l =C |a P 1]- CNDIRS Ce U~ (-0/e*
xXoy xidy
%3 = (x, )| < Cei (e 4717/,
X oy
i+j
|: iaESj (X,J’)l < CG_(H_Zj)e_(l_Y)/EZ(e—x/e + e—(l—X)/E).
X oy

To construct a Shishkin type mesh accordingly, we assume that the positive integers
N, and N, are divisible by 4, where N, and N, denote the number of elements in the x-
and y-directions, respectively. In the x-direction, we first divide the interval [0, 1] into the
subintervals

[O)O-x]) [O'x,].—O'x], [1_0-)() 1] .
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Figure 1: An exemplary Shishkin mesh for problem (1.1)-(1.2).

Uniform meshes are then used on each subinterval, with N, /4 points on each of [0,0, ]
and [1—o0,,1], and N, /2 points on [0,,1 — 0, ], where

1
o,=3¢lnN, < Z

In the y-direction, we follow the same way by dividing the interval [0, 1] into the subin-
tervals
[0,1-0,], [1—0,,1].

Uniform meshes are then used on each subinterval, with N, /2 points on each subinterval,
here

— 9.2 1
o, =3¢”InN, < >
For easy reference, we introduce the following subdomains (see Fig. 1):

Ql = [O,O'X] X [051 - Oy]s QZ = [Oxsl - O-x] X [051 - Oy]s
Q=[1-0,,1]x[0,1-0,], Q=[0,0,]%x[1-0,,1],
Qs=[oy,1-0,]%x[1-0,,1], Q=[1-0,1]x[1-0,,1].

3. The finite element method and interpolation error
The weak formulation of (1.1)-(1.2) is: Find u € Hé(Q) such that
B(u,&) = e*(Vi, VE) + (1), §) + (w,§) = (f,§), VEE€H (D), (3.1)

where (-,-) denotes the usual L?(2) inner product and Hé(ﬂ) is the usual Sobolev space.
Let us denote the weighted energy norm

VIl = (IVvIP+ VI, ¥ v € Hy(Q).
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Then it is easy to see that for any & € Hcl)(ﬂ), we have

B(E,&) = &*IVEI* + (&, &) = lllgllI*. (3.2)

Let Sp(Q2) C Hé(ﬂ) be the conforming bilinear finite element space. Our finite element
method can be defined as:

B(up, &p) = (f,&r), V&L € Sp(). (3.3)
Furthermore, let
w! =TLI,w=T1,,w
be the bilinear interpolation of w, where I1, and II, are the interpolations in the x- and
y-direction, respectively.

Lemma 3.1. For the solution u of (1.1)-(1.2), we have

llu = u'lloo0,u0, < CIN2IN® Ny +N2),  lu—u|loon, < CIN2+ N2,
llu = u' oo 0,00, < C(Ng 10> Ny + N2 In®N,),
llu = u']|o,0, < CNS2 + N, 2In® Ny ).
Proof. From the interpolation property [3, p.55] and Theorem 2.1, we have
llu = ' loo,0, < 11— Tyttllog, g, + T (1 = Tyu)lloo 0,

< u = Tyullg 0, + lu =Ty ulle o,

< CR2 g ity lloo.0, + CH2 g 16 + E)yy oo, + 13 + Eslloo 0,

< C(eN;'InN)’e 2+ CN;2+C _max ¢ (/¢

0<y=<l-o,

< C(N?In*N, + N;Z),
where in the last step we used the fact

—(1=v)/e2 o /2 _
max e (Y€ < om0y/e" = N3,
0<y<l-o, A

Exact estimate holds true on 5. Similarly, we can obtain

lu— oo, < llu— Mtllg g, + llu— Mullgq,
< Ch2 o IS + Ey)xxlloo,, + B2 + Esllos 0,
+Ch2 0 IS+ Ex)yy lloo 0, + 11 + Eslloo,g,
<SCN>+C  max  [e/ +e 07 4+ CON? + C . max e~ (=€

0,<x<1-0, y=<l-o,

< C(N2+N;2),
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where in the last step we used the fact

max [e7¥/¢ 4 e (17)/€] < 2¢70x/¢ = N3,
0,<x<l-0, - X

Also we have

= oo 0, < llu = Myttllog 0, + llu = Ty ullog 0,
< Chi’ﬂ4|luxx ”oo,Q4 + Chf/,ﬂ4”u}’y ”00’94
< C(eN ' InN,)*(1+€72) + C(e*N,  InNy * (1 +€79)
—2142 —2142
<C(N, “In N, +N, In“N, ).

Exact estimate holds true on Q¢. Finally, we have

lu =t lloo,05 < CH3 o (S + Ex)xlloong + I1E2 + Eslloo,ng + Ch3 g Ity lloo 0

X,

<CN724C max [e ™ +e 0/ 4 (2N InN,)?(1+€e)
X 0,<x<1-0, Y Y

<C(NJ*+ Ny—2 In®N,).

This completes the proof of Lemma 3.1. O

4. Optimal uniform convergence

For any rectangular element 7, let (x, y;) be the center of the element, and 2h,,2h,
be the length of the element in the x- and y-direction, respectively. Furthermore, we
denote

1 2 _ 12 1 2 _ 12
EC) =gl —xo)" =], FO)=ly—y)" -kl
First, we have a simple result:
Lemma 4.1. On any rectangle element T, we have

||(W_Wl)x||oo,’rSSHWx”oo,T, ||(W_Wl)y||oo,’r S?’Hwy”oo,r, VWGCl(T).

Proof. Let the four vertexes of 7: P;(x1, Y1), Po(xa, Y1), P3(Xa,¥2), P4(x1,Y2). The cor-
responding function values of w are w;,i = 1,2, 3,4. Hence the bilinear interpolation of w
on T can be written as

a0y o x)a )
C 4, > ahh,
_ (x=x))(y—xy1) (e =)y — 1)

YT A, YT e,
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from which we obtain

(y2=¥) =y
—_ I —_ —_ —_ _ —_ _—
||(W w )XHOO,T ”Wx (WZ Wl) 4hxhy (WS W4) 4hxhy ”OO,T
dw (a—y) adw v —y1)
= I = S ()5 = S92 s = 3l
In the same way, we can prove the inequality for derivative with respect to y. O

To prove the optimal uniform convergence, we need the following integral identities:

Lemma 4.2. [5] For any rectangle element T and v € Q;(7), we have
2
(a) J (W - WI)xdeXdy = J F(y)nyZ [vx - g(y - }’T)ny]dXdy, 4.1)
T T
2
(b) J (w— Wf)yvydxdy = J E(x)w,a,[vy, — E(X — X7 )y ldxdy, 4.2)
T T
I 2
() | w—=—w)yvdxdy = | {E(xIw,2y [v—(y —y:)v, — 3 (¢ =Xy
T T
2 1 1,
+§(X - XT)(.y - yr)vxy] + EF(J’)(J’ - yT)Wy3vy - ghyW}ﬁV}dXdy

1
+§h§( —f Jwy2vdx. (4.3)
Y=yothy  Jy=y.—hy

Lemma 4.3. For any & € S;(Q2) and the solution u of (1.1)-(1.2), we have
(@) €*((u—u")y, &)< CN,*In*N,|lIg]ll, (4.4)
(b)  €*((u—u')y,&,) < CN2In® NlIE]]]- 4.5)
Proof. (a) Denote E= E, + E5. Hence we have
62((11 - ul)x: gx)
= e*((S =8Ny, &) + €*((Ey — E}),, &) + €((E — EN, ). (4.6)
By the identity (4.1) and Theorem 2.1, we obtain
(S + E) = (S + E2))y, £4) < R3S + Ex)y 2l ol 21kl log
< Ce2N2eTMIE, ]| < eNS g (4.7)
By Lemma 4.1, we have

25 Bl 215
€“((E — E' )y, € )o,0,u000; < CE7I|Ex|loo.0,u0,u0, 1€ xl0,0,u0,u0,

2 -1 —(1-y)/€?
e“-Ce max e
<X 1€:llo.0

CeN, 2l llon < CN2IIENI. (4.8)

IA

IA
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By the identity (4.1) and Theorem 2.1, we obtain

25 _ Bl 2021
e“((E = E )x, Exdoa,unsuny < CEMYIIEL 200, 0,00500 1€ xl0,0,00500
e2lnN

< @ C(—2P e e Mg llon < N, 2 I N, I[E] . 49

Ny

Substitution of the above estimates into (4.6) completes the proof of part (a).
(b) By the identity (4.2) and Theorem 2.1, we obtain

62(5 _Sl)y: gy) = Cezhinsxzy||oo,Q|Q|1/2||€y||O,Q
< Ce*N2||E, Il < CN2IIEN. (4.10)

By the same argument, we can easily obtain

GZ(EZ _Eé)y) gy)ﬂz < GZChil|E2,x2_y||oo,9|92|1/2||£y||0,92
277 —2 2/, -x/ —(1-x)/ —4
= Ce°N, UXSIJ?SE‘{(_UXG (e +e T NE g, < CNN|IElloq,, (4.11)
€*(Ey — Eé)y,iy)glum < EZChi”Ez,xzy”oo,QlQl U Q4|1/2||€y||0,ﬂluﬂ4

elnN
—=)-e7?I&, llo,a,ua, < CN, 2In® N, J|IE]], (4.12)

X

< Ce?(

and

EZ(EZ - Eé))u gy)ﬂs = EZChil|E2,x2y||oo,95|QS|1/2||€y||O,QS

< Ce®N2- (€)' 2[[Ey llog, < CN2IIENNI- (4.13)
Using Lemma 4.1, Theorem 2.1 and the inverse estimate, we obtain

208 Bl 207
e“(E—E )ysgy)ﬂluﬂzum <Ce ||E_y||oo,ﬂluﬂzuﬂ3||€y||O,QIUQZU93

< 2 -2 _—(1-y)/e? < -3 < -2
< Ce’_max e 1€, llo.0,un,09, < CN;*NylI€lloq < NIl

Similarly, by the identity (4.2) and Theorem 2.1, we have

EZ(EI _E{))u gy)ﬂs = Cezhil|E1,x2y||oo,95|QS|1/2||€_y||O,QS

< Ce’N2-e2(e)'2[[Ey llog, < CN2IIENNI- (4.14)

Using Lemma 4.1 and Theorem 2.1, we obtain

€*(E3 — E3)y, &y ), < €21|Es ylloo 0,11 211 llog,

<Ce? max e (e e ) ()2E g, < CNAIIEN (4.15)

0,<x<1-0,

Finally, by the identity (4.2) and Theorem 2.1, we have

(E ~E"),, &), < R1IE 2y lloo 0,1 2IIE, llo g,

elnN B 3
< CeX(——=) e Y€ llgq, < CN2In® N[ E]Il. (4.16)

X
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Substitution of the above estimates into
2 I 2 1 2 I 20( T I
€ ((u —u )x) gx) =€ ((S - )x) gx) +e ((EZ - Ez)x; gx) +e€ ((E —E )x; gx)

concludes the proof of part (b). O

Lemma 4.4. For any & € §;,(2) and the solution u of (1.1)-(1.2), we have
((u—u")y,&) < C(N2In® N, + N2 In N | IE]]- (4.17)
Proof Denote E = E; + E;. Hence we have
(u—u"),, &) =((S—S"),,&) +((Ex — E3)y, &) + ((E — EN),, ). (4.18)
Using (4.3) with v =& =0 on 92 and the inverse estimate, we have

((5—51,,8)a,0a,

2 2
< ¢ (K211S.2, logyun, + 21180 llog,un, ) 1€l loa,ue,

Ox
+C(h§”ﬂl - him)J (5,28)(x,1— 0y )dx
0

1 Oy
< C(eN?In*N, + va—2)||§||0,Q + CN;ZJ J (Sy2& 45,28, )dydx
1—0'y 0

< C(NX_2 In*N,, +Ny_2)||§||o,ﬂ

+CN; 2 (118, lo0, 1€ 0., +11Sy2l00,0,124 2 11E 0,0,
< C(N2In® N, + N2 (4.19)

By symmetry, we have
((5 ="y, Oayun, < CNA I N+ N2 IIE]I
Similarly, we have

((5—5Ny,8)a,u0,

< C(hiHSnyHO,QZUQS + h§,||Sy3||0,92u95)||§||0,92u95

UX
+C(hi’92 — hi’ﬂs)f (8y28)(x,1—0,)dx
0
1

O-X
<CIN2+ N )IE o+ CN;ZJ J (Sy2E 48,28, )dydx
0

1—ay

< CIN;2+ N, 2)l[Ello + CN, 2(IISysllo,0,E o, + 11Sy21lso.0, 192512 11E llo,0,)
< CIN2+N2)IEN (4.20)
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By Lemma 4.1, Theorem 2.1 and the inverse estimate, we obtain

(E - EI) 5}/)01UQZUQ3

< CllElloo,0,00,00,1 1€y

—(1-y)/€
lo,0,un,u0, < C OSyH%ean e 1€,

oo /e _ _
< Ce oy/e 1€y ll0,0,u0,u0, = CNy3||§y lo,0,unu0, < CNy2|||€|||-
By Cauchy-Schwarz inequality and Lemma 3.1, we easily obtain
(E—E"&))a,u000 < 1E—E'lo 000000 1€y

< C(N?In* Ny + N, % 1n% Ny |4 U Q5 U Q6| 211E, 10, 0,un508
5C(Nx—zanNx+Ny—21n2Ny)|||§|||. (4.21)

lo,0,u2,u0;

lo,0,u0sU0,

By Lemma 4.1 and Theorem 2.1, we have

(Ey — E3, & ))q, < ClIEsllo0 0,121 2I1E, |
<C max (e_x/€+e_(1_x)/e)||§y

0,<x<1-0,

< Ce™7/4||E,|

0,9,

lo.c,

00, SCN2E,

-3
lo,0, < CN_ Ny [[€]lo,q,-

Similarly, by Lemma 4.1 and Theorem 2.1, we obtain

(Ey—ELE g, < CllEallon,l0sV211E, |

0,05
< CN?¢l|&ylon, < CN2IENN (4.22)
Using (4.3) with v =& =0 on 9, we have
(B3 = E3)y,&)ayun,
< C(hi”EZ,xzyl 0,0,uQ, T hf,“EZ,yBl 0,.0,ua)1€llo,0,u0,

1 Ox
T3, - hi,m)JO (Eyy28)(x,1 -0, )dx

X

elnN, , _, L L ! Tx
SC((N—) € "+ N )Elloa+CN, 1 ) (Eq,3E +Ey 28, )dydx
o,

< C(N;?In® Ny + N, 2)|[E]

0,2
+CN},_2(||E2,y3| 0.0.l1Elo.q, + ||E2,y2||00,Q4|Q4|1/2||5y| 0,04)
< C(N2In® N, + N )|l (4.23)
By symmetry, we have
((E2 — E9)y» Oayua, < CIN2In? Ny +N2)[E]I1.
Substitution of the above estimates into (4.18) concludes the proof. O

Using the above Lemmas, we obtain our main result:
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Theorem 4.1. Let u be the solution of (1.1)-(1.2), uy, be the bilinear finite element solution
of (3.3). Then we have

llu—upllog < C(N;2In*N, + Ny—2 In®N,).
Proof. Denote & = u! — u;,. We have the error equation

e(VE,VE) +(&,,8) +(&,8)

= (V' —w), Ve + ((u' —w),, &) + (' —u,&). (4.24)
By the coercivity (3.2) and Lemmas 3.1, 4.3 and 4.4, we obtain
lu' = upllog < lllu’ = uylll < C(N?In® Ny + N, *In* N, ),
which along with the triangle inequality and Lemma 3.1 completes our proof. O

5. Numerical results

Here we solve the problem (1.1)-(1.2) with a properly chosen f such that we have the
exact solution

u(x,y)=y(1 - e—(l—y)/eZ)(1 _em/e) (1 — e~ (m0)/ey,

We solved the problem with various € from 1072 to 1077 and different rectangular
meshes with N, = N, = 12,24, and 48. The errors in the L?-norm and the corresponding
convergence rate r = (Iney —Ineyy)/In2 are provided in Table 1. Here ey and e,y denote
the L2 errors obtained with N and 2N piecewise uniform elements in both directions. From
Table 1, we can see that the L2 errors are indeed second-order (more obviously when ¢ is
small), as we predicted in our theoretical analysis.

Table 1: L? errors and convergence rates.

L? error L? error rate | L? error rate
€ N=12 N =24 N =48
1.0E-02 | 1.29448E-02 | 5.07218E-03 | 1.35 | 1.71577E-03 | 1.56
1.0E-03 | 4.68345E-03 | 1.70260E-03 | 1.46 | 5.60574E-04 | 1.60
1.0E-04 | 2.71983E-03 | 7.86218E-04 | 1.79 | 2.26156E-04 | 1.80
1.0E-05 | 2.43805E-03 | 6.24585E-04 | 1.96 | 1.57606E-04 | 1.98
1.0E-06 | 2.40807E-03 | 6.06082E-04 | 1.99 | 1.49021E-04 | 2.02
1.0E-07 | 2.40386E-03 | 6.02303E-04 | 2.00 | 1.47396E-04 | 2.03

The numerical solution and corresponding pointwise error are plotted for a special case

with e = 107> and N = 24 and N = 25 in Fig. 2.
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X-axis X-axis
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Figure 2: Results on N = 24 mesh: approximate solution (Top Left); pointwise error (Top Right);
Results on N =48 mesh: approximate solution (Bottom Left); pointwise error (Bottom Right).
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