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Abstract. In this paper, we propose efficient algorithms for approximating particular
solutions of second and fourth order elliptic equations. The approximation of the par-
ticular solution by a truncated series of Chebyshev polynomials and the satisfaction
of the differential equation lead to upper triangular block systems, each block being
an upper triangular system. These systems can be solved efficiently by standard tech-
niques. Several numerical examples are presented for each case.
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1 Introduction

Boundary methods such as the Boundary Integral Equation Method (BIEM) [2, 5] and
the Method of Fundamental Solutions (MFS) [12,16] are numerical techniques applicable
for the numerical solution certain elliptic boundary value problems. In these methods,
the dimension of the problem is reduced by one as only the boundary of the domain of
the problem under consideration needs to be discretized. The advantages of these tech-
niques can be fully exploited if the governing differential equation is homogeneous. It
is therefore often desirable to convert an elliptic boundary value problem governed by
an inhomogeneous differential equation to one governed by a homogeneous differen-
tial equation. This can be achieved using the Method of Particular Solutions (MPS). To
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describe the MPS, consider the boundary value problem
Lu=f in Q, u=g on 0Q, (1.1)

where L is a second order linear elliptic operator and () is an open bounded domain in R
with boundary dQ). If u, is a particular solution of the governing equation, then it satisfies
Lu,= f but does not necessarily satisfy the boundary condition. If we let v=u—1u,, then
v satisfies the boundary value problem

Lv=0 in Q, v=g¢g-u, on JQO. (1.2)

Clearly, the governing equation is now homogeneous and thus problem (1.2) can be easily
solved using a boundary-type method. In order to transform problem (1.1) into problem
(1.2), we need to construct an approximation to the particular solution u,,.

In recent years, many methods have been proposed for the approximation of particu-
lar solutions. These methods may be classified as direct or indirect [10]. Direct methods
approximate a solution of Lu,= f by a numerical method. For example, it is well-known
that a particular solution of the Poisson equation Au,=f in R? is given by the Newtonian
potential [1]

up(P) =5 [ logl|P—QIF(QV(Q), (13)

where |P—Q| denotes the distance between the points P and Q. In general, the inte-
gral (1.3) cannot be evaluated analytically and so numerical integration is used. Since
() can have an arbitrary shape, the numerical evaluation of the integral (1.3) requires a
complicated domain discretization of (). To avoid the difficulties associated with such
a discretization, Atkinson’s method [1] may be used. In it, one assumes that f can be
extended smoothly to Q, where QC Q). Then u,(P)=5- [5log|P—Q|f(Q)dV(Q) is also a
particular solution of Au, = f. The advantage of using this expression instead of (1.3)
is that the domain () may be chosen so that the calculation of the integral is simpli-
fied [14]. The indirect approach for solving, for example, Poisson problems, is based
on the Dual Reciprocity Method (DRM) [9,17,25]. In the DRM, the source term f is
approximated by f =Y ,a; f;, where { fi}?zl is an appropriate set of functions. An ap-
proximation to the particular solution u,, is obtained by taking i1, =), a;il;, where each
0l; satisfies Al; = f;. An appropriate set of functions is the set of Radial Basis Functions
(RBFs) [7,9,15,17,18,22]. The most popular RBFs are thin plate and higher order radial
splines, multiquadrics and Gaussians which are all globally supported [9,10,17-19]. The
problem is that these globally supported basis functions lead to dense systems which can
be highly ill-conditioned [9]. This difficulty can be overcome by using compactly sup-
ported RBFs (CS-RBFs) which have been extensively discussed in [9,17]. The most pop-
ular CS-RBFs are Wendland’s CS-RBFs [9,17]. Polynomials and trigonometric functions
have also been used as basis functions [22]. With these sets of basis functions a number
of numerical methods can be used for determining approximation f [9,10,17,22]. The
properties of orthogonal polynomials, such as Chebyshev and Legendre polynomials are
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well-documented [3,6,26]. It would therefore be reasonable to consider obtaining partic-
ular solutions by approximating f by truncated series of such polynomials on rectangular
domains containing the actual domain of the problem. It is well-known that Chebyshev
polynomials are valuable tools in numerical analysis and approximation theory [23]. In
particular, they are widely used in the numerical solution of boundary value problems
for partial differential equations with spectral methods [3, 6,8,26]. The reason for this is
the fact that a Chebyshev series expansion may be viewed as a cosine Fourier series, for
if f(x) =Y ga,T,(x) where T, (x) =cos(ncos~!(x)) denotes the Chebyshev polynomial
of degree n on the interval (—1,1), then f(cosf) =3 ;> ya,cos(n6). This leads to rapid
convergence properties and the possible use of Fast Fourier Transforms (FFTs) [6,26]. As
far as the convergence of Chebyshev series is concerned, it can be shown [18, 26] that if
pn(x)=YN_a, T, (x) is the polynomial which interpolates a function f€C*[—1,1],5>1, at
the Gauss-Lobatto points x, =cos(n7t/N), n=0,1---,N, then py converges spectrally to
f. This means that the more regular the function f, the more rapid the convergence of py
to f. In particular, if f is infinitely differentiable, then the approximation error || f —pn/||co
is smaller than any power of 1/N and the convergence is said to be exponential.

In this paper, we propose efficient algorithms for approximating particular solutions
of second and fourth order elliptic equations using truncated series of Chebyshev polyno-
mials. These algorithms could be viewed as Matrix Decomposition Algorithms (MDAs)
for which an overview can be found in the survey article [4]. More recently, efficient
Chebyshev spectral-Galerkin MDA for second and fourth order elliptic boundary value
problems were developed in [27]. Although the basis used in [27] consists of linear com-
binations of Chebyshev polynomials, the upper triangular matrix structures encountered
in our approach is also present there. The MDA approach of [27] is extended to general
ultraspherical polynomials in [11]. In this work we first consider the Poisson equation
which is encountered in fluid mechanics, elasticity, heat conduction and is used to de-
scribe many other physical phenomena. We also consider the Helmholtz equation, which
is encountered in acoustics, and the biharmonic equation, which is encountered in fluid
mechanics and elasticity. The paper is organized as follows. In Section 2, we discuss
the case of the Poisson equation. We first present the problem and the method which is
based on some theoretical results. We then describe the algorithm in detail and apply it
to several numerical examples. In Section 3, the algorithm is applied to the Helmholtz
equation. In Section 4, we discuss the case of the biharmonic equation, describe the cor-
responding efficient algorithm and present numerical experiments. Finally, in Section 5,
we provide some concluding remarks.

2 The Poisson equation

Our goal is to find an efficient way of obtaining an approximation of a particular solution
of Poisson’s equation on the rectangle (a,b) x (¢,d), that is,

Au(xy)=f(xy),  (xy)cQ=(ab)x(cd), 2.1)
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where the function f(x,y) is known.

Let T, (x) and T, (y) denote the Chebyshev polynomials of degrees m and n, defined
on the interval (—1,1) in the x and y directions, respectively. We also let T} (x) and T (y)
denote the shifted Chebyshev polynomials of degrees m and n, defined on the intervals

(a,b) and (c,d), respectively. Thus, T;,(x) =T, (be_—j’a_b) T (y) =Ty (Zy — d>.

[

Further, suppose f is approximated by

fun (x,y) = Z menTx (v), (2.2)

m=0n=

where the coefficients f,,,,m=0,---,M,n=0,---,N are given by [18]

xu]/] imrt ]n_n
MN& az ZZOJE ( M >C°S( N ) 23)

1 ]

fmn

where ci=¢%,=2,c¥=1,i=1,--- M—1,cp=c{=2,¢/=1,i=1,--- ,N—1,and x;=(b—a)&; /2+
(b+a)/2,i=0,1,---,M, y;=(d—c)n;/2+(d+c)/2, j=0,1,---,N, where ;=cos(irr/ M) and
11j=cos(jrt/N) are sets of Gauss-Lobatto points on the interval (—1,1). The quantities in
expression (2.3) can be evaluated using FFTs.

Let u(x,y) be approximated by uyn(x,v), where

umn(x,y) = Z ZumnT Ti (). (2.4)

m=0n=

We want to find the coefficients {u,;, }%i\[: o 50 that the Poisson equation Aupy = fuy is
satisfied:

Z ZumnTX” y)+ Z Zumm )T (y Z Z funTh(0)Tiy)  (25)

m=0n= m=0n= m=0n=

for (x,y) € (a,b) x (¢,d). From [13], page 61, we have that

[m+] l]
T (%) = 7L T, (2.6)
where cp=1/2 and ¢;=1,i € IN. Clearly,
4 [m+l 1]
Tii”(x) Z Cm—2k— 1 2k 1( ) (2.7)

By substituting (2.6) into (2.7), it can be easily shown that [23]:
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Proposition 2.1. For m even,
m 1
T ( Z i Ty (x (2.8)

where o =4m(b—a)~2cy (m? —4k?), k=0,---,m/2—1. For m odd,

H]
&

MN\

T (x) =Y a5 1 Toyq (%), (2.9)

k

Il
=

where afy | =4m(b—a) 2copqq (m*— (2k+1)?), k=0,---,(m—3) /2.

Similarly, in the y-direction, for n even, we have

4" (y Z LTS (2.10)

where B =4n(d—c) 2cy(n*—4k?), k=0,---,n/2—1, and, for n odd,

2
|
[

Ty (y) =

M~|

p Bor1 T (), (2.11)

0

where B =4n(d—c) 2cyei1(n*—(2k+1)?) k=0,---,(n—3) /2. We can write

M-2 N
Z ZumnT"" )TH ()= Y. Y omn T (x) T3 (y), 2.12)
m=0n=0

m=0n=

and similarly,
Z E thyun T (X)TH E Z W T (X) T (y), (2.13)
m=0n= m=0n=

where the coefficients v,,, and w,,,, can be expressed in terms of the coefficients u,,,, from
(2.8), (2.9) and (2.10), (2.11), respectively.
Thus (2.5) can be written as

M N-2
Y zvmm D+ L omTi() _y z fnTEOTY),  (214)
m=0n= m=0n= m=0n=

and, from (2.14), by equating the coefficients of T%(x)T, (y), we obtain the system of
equations,
vmn+wmn:fmn, m:O,l,"',M, Tl:O,l,"',N. (2.15)

System (2.15) can be written as

(AR Iy+Iy®B)u=f, (2.16)
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where

uT: [MOOIMOl/uOZI‘"IMON/uloz"'/ulN/‘",uMOI"'/uMN],
fT: [fOOszlszZz"'rfOszlOz"',le/"'/fMOI"'/fMN],

and the symbol ® denotes the matrix tensor product. When M is even,

00 a3 0 af 0 af§ - 0 a!
00 0 a8 0 a3 0 - a1t 0
00 0 0 a3 0 a5 -~ 0 o
000 0 0 4 0 - a4t 0
A= 0 rr e : , (2.17)
000 0 0 0 O a3 0
000 0 0 0 O 0 aM
000 0 0 0 O 0 0
000 0 0 0 O 0 0
while, when M is odd,

00 a 0 af 0 af 0 at 0

00 0 a5 0 a5 O a2 0 aM

00 0 0 af 0 af 0o a1t 0

000 0 0 a3 O 20 !

T S A'A-;Z : M , (2.18)

000 0 0 0 0 - ati™2 0 aM,

000 0 0 0 O 0 a1l 0

000 0 0 0 O 0 0 aM,

000 0 0 0 O 0 0 0

000 0 0 0 O 0 0 0

The form of the matrix B is the same as that of A, except that « is replaced by p and M
is replaced by N. The (M+1)(N+1) x (M+1)(N+1) system (2.16) can be decomposed
into the following four block systems:

* ok 2 % 4% ME __x ¥
B*uyt+agu; +aguy + -0+ “9\/1 uy, =f;
koK 4_ % E 4q% _fx

* ook Eqq% —f*

(2.19)

* ok Mg * o __ £k
Brujy, ey oun, =fi, o
* ook _f*
Bruy, =fy,
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where *=E and * = O represent two block systems, and

B*uj+aduj+ajui + -+ Déiwou}ho =f]
Buj+afui+ -+ adOoul, =f;
B*u*—l— —|—IXMOL1* —f*
5‘ 5 .MO .5 (2‘20)
o M ‘ * *
B uMO—Z"HXMg—zuMO:fMO—Z
Bruy,, =fiy,
where * =E and * = O represent the other two block systems, and where
ulE = [uiO/uiZ/' e /uiNE]T/ uio = [uil/ui3/' : '/uiNO]T/
£ =fuo for fine)'s £ =[fa fis, o o), 1=0,1,--M,
N N
0 ,5% :5% :38 (I)VE 0 IB% :3? }\[O
00 BB - B 00 B B
BE=| ¢ i o on o r |, BO= ;@21
N, N,
O O O e O ﬁNi*Z 0 0 0 e ﬁNgiz
o 0 0 -~ 0 0 00 0 - 0

and Mg=2[M/2], Mp=2[(M—1)/2]+1, Ne=2[N/2], No=2[(N—1)/2]+1. Note that uf
and ff are Ng/2+1-vectors, ulo and fio are (No+1)/2-vectors, the matrix BF is (Ng/2+
1) x (Ng/2+1) and the matrix BC is (No+1)/2x (No+1)/2.

Each of the systems (2.19)-(2.20) can be solved independently for uf, i=0,2,---,Mg,
uio, i=0,2,--,Mg, uf, i=1,3,---,Mp, and uio, i=1,3,---,Mp, respectively. For instance,
system (2.19) with *=E, can be solved by solving a sequence of Mg /241 upper triangular
(Ng/2+1) x (Ng/2+1) subsystems. Each of these subsystems is underdetermined and
we have addressed this issue by choosing u;p =0, i=0,2,---,Mg. Similarly, we choose
ujp=0,i=1,3,---,Mo, uy =0,i=0,2,--- , Mg and u;; =0,i=1,3,---,Mp. When choosing
ujp=up=0,i=0,1,---,M, the method is applicable for any values M and N. However,
choosing the parameters u;y, u;1,i1=0,1,---,M, to be nonzero can, in certain cases, lead to
inconsistencies. For instance, in the case M = N is even, in subsystem (2.19) with x=0O,
we must take 1 to be equal to zero in order to have consistency. The reason for this
is the following. If we choose 1 to be nonzero and solve the subsystem backwards,
when we reach the first block line of (2.19), the last equation is not necessarily satisfied.
On the other hand, in the case when M = N is odd, there is no problem. It is therefore
recommended to always choose uo=1u;; =0,i=0,1,---,M. The cost of solving each upper
triangular subsystem is clearly O(N?) and thus the cost of solving each of systems (2.19)
is O(MN?). Each of the systems (2.19)-(2.20) is solved in a similar way and thus solving
(2.16) has multiplicative complexity O(MN?).
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If we reorder the equations and unknowns, we can write (2.15) as
(IN® A+B®Iy)ii=f, (2.22)

where

T
u :[u001u10/u20/"'/uMO/uOL‘"/uMl/"'/uON/"'/uMN]/

£ =1[foo, f10, f20,* » fsos for, o faat, = fon -+, fmN-

The (M+1)(N+1)x (M+1)(N+1) system (2.22) can be decomposed into the following
four block systems:

Aug+pgas +ppay + 0 .Bo ay, =k
Ayt phay + -+ pYrag, =6
Kok N i ¥
A B, < 223)
Aty L +BNE ak =f}
Ng—2TPNp2UN=INg 2
Aray, =1y,
where *=E and * = O represent two block systems, and
R
Arwp+plai + o+ Byoag, =H
* ook No =~ x £
Atts e+ Bty =k (2.24)
A*ﬁ* +‘BNO . ﬁ* :.f*
No—2TPNo—2UNo ~ENo -2
Aray, =15,
where *=E and * = O represent the other two block systems, and where
ﬁ]E = [uoj,uzj,' " ,uME]']T, ﬁ? = [ulj,u3]',' - ,uMO]-]T,
~}E:[fo;‘,fzj,“',fME]']T, f]oz[flj,f:gj,“',fMoj]T, j=0,1,---N,
0 a2 af af - a)f 0 o a3 a)to
0 0 oaf af - it 00 af - ag°
AE= o s A= s s s | e
M M
00 0 - 0 ay:, 0 0 0 - ay2,
oo o - 0 0 o o0 o0 - 0

As in the previous ordering, each of the systems (2.23)-(2.24) can be solved independently
forif,i=0,2,-- Mg, @9,i=0,2,--- , Mg, @F,i=1,3,---,Mp,and @?, i=1,3,--,Mo, respec-
tively. Each of these systems is solved i 1n a slmilar way to the way systems (2.19)-(2.20)
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were solved and thus solving system (2.22) has multiplicative complexity O(NM?), hav-
ing taken #y; =1i1;=0, j=0,1,---,N. As mentioned in the previous case, choosing the 7;,
ij, j=0,1,---,N to be different than zero can lead to inconsistencies and it is therefore
recommended to always take these parameters to be equal to zero.

Both sets of coefficients u and @ provide particular solutions of equation (2.1) via ex-
pression (2.4). Clearly, the vector v= (u+1)/2 also gives a particular solution of (2.1).
For symmetry, we choose our particular solution to be v. It is noteworthy that the deter-
mination of the coefficients u,,, from collocating equation (2.5) at (M+1)(N+1) points
has multiplicative complexity O(M3N?). A survey of Chebyshev collocation methods
for Poisson problems may be found in [23].

We apply the proposed algorithm to a variety of functions f(x,y) on [a,b] X [c,d]. In
order to demonstrate the accuracy of the method, we calculate the error

M N M N
E= max |)_ vanTﬁi”(Xi)Tg(yj)"‘ )3 vanmei)Tg”Wj)_f<xi/y]')
0<ij<L|, —0n=0 m=0n=0

on a uniform grid on [a,b] x [c,d] defined by x; =a+(b—a)(i/L), i=0,1,---,L, y;=c+
(d—c)(j/L), j=0,1,---,L where L was chosen to be equal to 100. For the evaluation of
the Chebyshev polynomials and their derivatives at given points, we use the formulee
resulting from the definition of Chebyshev polynomials in terms of the cosine (see [6],
Appendix A.2). In all examples we chose M =N.

We considered the following examples for which we present a graph of logE versus
N (see Fig. 1):

Example 2.1 f(x,y)=f2(x,y) = m

Example 2.2 f(x,y) = fs(x,y) =€ on [-1,1] x [-1,1].

on [—1,1] x [-1,1].

Example 2.3 f(x,y)= f¢(x,y) =sin(37tx)sin(37ty) on [—0.2,0.5] x [0.5,1].

We also investigate the conditioning of the matrices arising in systems (2.19)-(2.20)
and (2.23)-(2.24). In particular, we calculate the condition numbers ., of the matrices
AE, AC, BE, BO. These condition numbers were calculated using the NAG [24] routine
FO7TGF. In Fig. 2, we present the condition numbers x,, of the matrices AE, AQ defined
on the interval (—1,1).

From the numerical results, we observe that, for all the examples considered, the
Chebyshev approximation converges exponentially to the exact f as N grows. It should
be noted that, for large values of M and N, there is loss of accuracy due to ill-conditioning
of the coefficient matrices of the systems involved (see Fig. 2). Further examples confirm-
ing these observations may be found in [20,21].
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Figure 1: Maximum error versus N for Examples 2.1-2.3.
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Figure 2: Condition number ko versus N for matrices AE and AC on (—1,1).

3 The Helmholtz equation

In this case, our goal is to find an efficient way of approximating a particular solution of
the Helmholtz equation on the rectangle (a,b) x (c,d), that is,

Au(x,y)+ku(xy) =f(xy),

(x,y)€Q=(a,b) x(c,d),

(3.1)
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where k # 0 is a constant and the function f(x,y) is known. In the case k > 0 equation
(3.1) is known as the Helmholtz equation whereas if k <0, it is known as the modified
Helmholtz equation. Adopting the notation used in Section 2 and following the same
steps as in the case of the Poisson equation, we want the coefficients {an} 0 in (2.4)
to satisfy

U T2 () TY (y) + Z Zumm 74" (y)+k Z ZumnTx Ti(y)

m=0n= m=0n=

M= I)=

fon T () Tt (y) (3.2)

=

=
Il
o

for (x,y) € (a,b) x (c,d). Using (2.12) and (2.13), (3.2) becomes

M-2 N M N-2
Y 0 T ()T () + Y Z W TS () T) (y) +k Z ZumnT" T (y)
m=0n=0 m=0n= m=0n=
M N
=) menTx( )T (v), (3.3)

3
\é
3
\ |

and by equating the coefficients of the products of Chebyshev polynomials T (x) T (v),
m=0,1,---,M, n=0,1,--- N, we obtain the system of equations v, + Wy +kityn = frun,
m=0,1,---,M,n=0,1,---,N. This system can be written as

<A®IN+IM®B+kIM®IN)u:f, (3.4)

where A,B,u and f are defined as in Section 2. It can be decomposed into the four block
systems (2.19)-(2.20) where now the matrices BF and B© are replaced by BE and B, re-
spectively, which are of the same forms as those of B and B as defined in (2.21) ex-
cept that the diagonal values 0 are replaced by k. As in the Poisson case, each of the
four systems can be solved independently for uf, i=0,2,-,Mg, u; 0 i=0,2,--,Mg, uf,
i=1,3,---,Mp and ul-o, i=1,3,---,Mp, respectively. However, each of these subsystems is
no longer underdetermined and therefore we do not need to preassign any coefficients.
As before, the cost of solving each upper triangular subsystem is clearly O(N?) and thus
the cost of solving the four block systems is O(MN?).
If we reorder the equations and unknowns we can write the system as

(IN® A+B@Iy+kIy®Iy)a=F, (3.5)

where @ and f are defined as in the Poisson case. This system can be decomposed into
the four block systems (2.23)-(2.24) where now the matrices AF and A© are replaced by
AE and A9, respectively, which are of the same forms as those of AE and A as defined
in (2.25) except that the diagonal Values 0 are replaced by k Each system can be solved
independently for ﬁf, i=0,2,---,Mg, &; 0 i=02,-,Mg, i Z ,i=1,3,---,Mp and ﬁio, 1=
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1,3,---,Mp, respectively. Each of these subsystems is nonsingular and therefore we do
not need to preassign any coefficients.

Both sets of coefficients u and @ provide particular solutions of (3.1) via expression
(2.4). As in the Poisson case, for reasons of symmetry, we choose our particular solution
tobe v=(u+1u)/2.

With the same notation as in the Poisson case, but with the error now defined as

M

N
E= max | Y Y 0 5" (x) T (y; -1-2 EvmnT (x)TY" (vj)
0<ij<L m=0n=0 m=0n=0

HY Z O Ty (50) T () = f (xi29) |
m=0n=
we consider the following examples (with k=1 and M= N) for which we present a graph
of logE versus N (see Fig. 3):

Example 3.1 f(x,y)=f7(x,y)=e*"Y on [-1,1] x [-1,1].

Bxample 3.2 £(x,y) = f((x4) = ! n [—1,1] x [~1,1].

4—x)(d—y) °

From the numerical results, we observe that the Chebyshev approximation converges
exponentially to the exact f as N grows. It should be noted, however, that for moderate
values of M and N, there is significant loss of accuracy due to ill-conditioning of the
coefficient matrices of the systems involved. The ill-conditioning in the Helmholtz case
is considerably more serious than in the Poisson case as can be observed from Fig. 4,
where we present the condition number ko, of the matrices A and A® defined on the
interval (—1,1), corresponding to the Helmholtz case. Further examples may be found
in [21].

4 The biharmonic equation

Our goal is to find a particular solution of the biharmonic equation on the rectangle
(a,b) x (c,d), that is

fu(rvy)=f(xy),  (vy)€Q=(ab)x(cd), 4.1)

where the function f(x,y) is known. Using the notation of Section 2, we approximate
u(x,y) by

upmn(x,y) = Z ZumnT" Ty (y), 4.2)

m=0n=
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MAX ERROR

10-12 L 1 10-12 L i
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10

Figure 3: Maximum error versus N for Examples 3.1 and 3.2 in Helmholtz case.

2 CONDITION NUMBERS OF MATRICES AF AND A°
10 T T T T T

Figure 4: Condition number ko versus N for matrices AF and A© on (-1,1) in Helmholtz case.

where the coefficients {umn}%i\i o are determined so that the following equation is satis-
fied:

M N M N
wn T ()T )42 Y. Yt T (O TY )+ Y Y e TE() TS ()

m=0n=0 m=0n=0

S T (%) Tt (), (x,y) € (a,b) x (c,d). (4.3)

™Mz
1=

3
Il
=}
I
Il
o

I
=
=

3
Il
=}
I
Il
o
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Using (2.8), in the case m is even with, say, m =2t,

o 51 k-1 272
TE"(x)= Y alt T3 (x)= Y < ag’gm(x)) =Y 15 T(x), (44)
k=0 k=1 =0 k=0

and rearranging the series, we obtain

271 51 2
Y= ), abpad=32cum ) ﬁ(%—ﬁ) (2—k)

0=k+1 0=k+1
t—1

=6dcyt Y L(P—07)(F=K*), k=0,1,..t-2. (4.5)
l=k+1

Similarly, in the case m is odd with, say, m =2t-+1, using (2.9) we have,

3
w

-
T () =) 051 Ty (x)
k=0
mTfS m e 2k+17x %73 m X
=Y g | i T (0) | = Y V1 T () (4.6)
k=1 (=0 k=0
Rearrangement of the series yields
m—3 m—3
2 2
Vo1 = 2, W agi=m ), (20+1) (m* = (20+1)%) ((2041)* = (2k+1)?)
(=k+1 (=k+1
t—1
=(2t+1) Y (2041)((2t41)> = (20+1)%) ((20+1)*— (2k+1)?), (4.7)
(=k+1

where k=0,1,...,t—2.
From (4.4)-(4.5) and (4.6)-(4.7), we have the following result:

Proposition 4.1. For even m=2t,

w_p
2
T ()= ) 15 Ta(x), (4.8)
k=0
where Y8 =256(b—a) toyt ((t—k)*—1) (F—k*) ((t+k)*—1) /3 for 0<k <t—2. For odd
m=2t+1, we have

&1

m—

7+

Tr;;m/(x) = ')/g;c-HTéck-&-l (x), (4.9)

k
where 'y 1 =128(b—a)~*(2t+1) ((t—k)? —1) (2 —k?) (t+k+1) (t+k+2) /3 for 0<k<t—2.

Il
=
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Similarly, it can also be shown that for even n=2t,

12
4" ( Z ST, (4.10)

where 65, =256(d —c) eyt ((t—k)?—1) (£ —k?) ((t+k)*>—1) /3 for 0<k <t—2, while for
odd n=2t+1 we have

o
////
Ty Z Ses1 Topr (U (4.11)

where 67, ,, =128(d—c)*(2t+1) ((t —k)z— ) (P—K?) (t+k+1) (t4+k+2) /3 for 0<k<t—2.

We can write
—2N-2

Z ZumnT"" )T (y Z sznT" TY(y), (4.12)

m=0n= m=0 n=

where the coefficients z,,, can be expressed in terms of the coefficients u,,, from (2.8),
(2.9), (2.10) and (2.11). Similarly, we can write

x//// _M_4 N " y
Z Z Unin Ty <]/) = Z Umn Ty, (x) Ty (]/), (4.13)
m=0n= m=0n=0
and
x y//// M N—4 " y
Z Z“mnT W)=23 ) wunTy(x) T (y), (4.14)
m=0n= m=0n=0

where the coefficients v,,,, and w,,, can be expressed in terms of the u,,, from (4.8), (4.9)
and (4.10), (4.11), respectively. Thus (4.3) can be written as

M—-4 N M-2N-2 M N—-4
Z vanT" y)+2 Z sznT" y)+ Z Zwmn y)
m=0n= m=0 n= m=0n=

= Z Z FunTE(X)TY (y), (4.15)
m=0n=0

and by equating the coefficients of T}, (x) T} (), we obtain the system of equations
Umn+2Zmn+Wmn = fmn, m=0,1,---,M, n=0,1,---,N. (4.16)
System (4.16) can be written as
(CRIN+2A®B+Iy®D)u=f, (4.17)
where

T
u :[u00/u01/u02/"'IMON/uloz"'/ulN/'"/uMOI"‘/uMN]/

£ = [foo, for, foz, -+ fons fro, - o fiNs ==+ o ft0, - fMND,
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and the matrices A and B are given by (2.17)-(2.18). When M is even,

0000 9 0 195 0 0 Y
0000 0 5 0 97 A0
0000 0 0 95 0 0 ¥
0000 O 0 7} oo
C={oo0oo00 o0 0 0 O Wi 0| (4.18)
0000 O O O O 0o M,
00000 0 0 O 0 0
00000 O 0 O 0 0
00000 0 0 O 0 0
00000 0 0 O 0 0
while when M is odd,
00001 0 15 0 o "' o
0000 0 75 0 o W20 M
00000 0 9§ 0 o 7t o
0000 0 0 0 % « M2 0 ¥
c—.loooo o0 o 0o o T 0 M, (4.19)
00000 O O O 0 M1 0
0000 O O 0 O 0 0 M,
00000 0 0 O 0 0 0
00000 O 0 O 0 0 0
00000 0 0 O 0 0 0
00000 O 0 O 0 0 0

The form of the matrix D is the same as that of C, except that -y is replaced by é and M is
replaced by N.

The (M+1)(N+1) x (M+1)(N+1) system (4.17) can be decomposed into the follow-
ing four systems:

D*uj+203 B w} + (yAI+204B* Juj+ -+ (Y ME 1+ 20 M5B yuj, =
D*uj+203B uj+ -+ (73 FI+20) FB* )ujfy =£5
D uj+ -+ (4 F T+ 20, F B )ufy =f; 4.20)
D"y, 5+20f B wiy, =f}y,
D*uj, =f},
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where *=E and * = O represent two block systems, and

D*uj+207B w3+ (1] [+203B" Jus+-+ (1, °1+20y" 0B ) ujy, = £;
D*u}+203B*us+- -+ (73 O I+2a5 O B* Ju}yy = £5
. x M Mo 44 % *

(4.21)
kg gk MO *’* *
D*uy, =£y,
where *=E and * = O represent the other two block systems, and where
uf = [up,up, - uing|",  u®=[un,u, w7
fiE:[,inI_fiZ/"'/_fiNE]T/ f?:[fillfi?)/"'/fiNO]T/ izolll"'M/
the matrices BF and B© are given by (2.21), and
00 & & - o 00 & o .. 4o
00 0 & - &F 00 0 08 - 8o
DF=| © i i G po=| i e (40)
00 0 0 dyfy 00 0 O N
o0 o0 - 0 0 000 0 -~ 0
000 0 0 000 0 - 0

and the dimensions Mg, Mo, Ng and Np are given in Section 2. Note that uf and ff are
NE /2+41-vectors, u? and £ are (No+1) /2-vectors, the matrix BE is (Ng/241) x (Ng/2+
1) and the matrix BC is (No+1)/2x (Npo+1) /2.

Each of the systems (4.20)-(4.21) can be solved independently for uf, i=0,2,---,Mg,
uio, i=02,,Mg, uf, i=1,3,---,Mp and uio, i=1,3,---,Mp, respectively. For instance,
(4.20) with * = E, can be solved by solving a sequence of Mg/2+1 upper triangular
(Ng/241) x (Ng/2+1) subsystems. Each of these subsystems is underdetermined and
we therefore choose ujg =u;p =0, i =0,2,---,Mg. Similarly, we choose u;; = uj3 =0,
i=0,2,-,Mg, ujgp=up=0,i=13,---,Mp and ujy =u;3=0,1=13,---,Mp. Choosing
these parameters to be nonzero can lead to inconsistencies as in the Poisson case, and it
is therefore recommended to always choose 1o =u;; =ujp =u;3=0,i=0,1,---,M. The cost
of solving each upper triangular subsystem is clearly O(N?) and thus the cost of solving
each of systems (4.20) is O(MN?). Each of the systems (4.20)-(4.21) is solved in a similar
way and thus solving (4.17) has a cost of O(MN?).

If we reorder the equations and unknowns, we can write (4.16) as

(IN®CH+2BRA+D®Iy)d=f, (4.23)
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where

ﬁT: [uOOIulOIMZOI' o /uMO/uOL‘ UM /uON/' o /uMN]/
1= [f00, f10, 20, 1 fm0s for, o faar, o fons ==+ fMN -

The (M+1)(N+1) x (M+1)(N+1) system (4.23) can be decomposed into four indepen-
dent subsystems as in the previous ordering. Each of these systems is solved indepen-
dently as described earlier for systems (4.20)-(4.21) and thus solving system (4.23) has a
cost of O(NM?). The full details of this decomposition may be found in [20].

Both sets of coefficients u and @ provide particular solutions of equation (4.1) via ex-
pression (4.2). Clearly, the vector v=(u+1)/2 also gives a particular solution of (4.1). For
symmetry, we choose our particular solution to be v. We applied the proposed algorithm
to a variety of functions f(x,y) on [a,b] X [c,d].

In order to demonstrate the accuracy of the method, we calculate the error

M- N 1 "
3 3 o (T Ce) T () + 2T Ce) T () + T () T (9) ) — f (i)

m=0n=0

E = max
0<i,j<L

on a uniform grid on [a,b] X [c,d] defined in Section 2.
We consider the following examples (with M = N) for which we present a graph of
logE versus N (see Fig. 5):

Example 4.1 f(x,y)=fs(x,y)=sin(x)sin(y) on [—1,1] x [-1,1].
Example 4.2 f(x,y)=fis(x,y)=e" on [—1,1] x [-1,1].
Example 4.3 f(x,y)= fo(x,y) =sinh(x+y) on [—0.5,1.5] x [0.5,2].

As in the case of second order problems, we observe that for all the examples con-
sidered, the Chebyshev approximation converges exponentially to the exact f as N in-
creases. As is those, however, we observed that, for large values of M and N, there is loss
of accuracy due to ill-conditioning of the coefficient matrices of the systems involved (see
Fig. 6). Additional numerical examples may be found in [20].

5 Concluding remarks

In this work, we use Chebyshev polynomial expansions to estimate approximations to
particular solutions of second and fourth order elliptic partial differential equations in
two dimensions. By using elementary properties of Chebyshev polynomials, it is shown
that the methods used, lead, in both cases, to the solution of four block systems. Each
of these systems can be solved independently, by solving a sequence of upper triangu-
lar subsystems. The cost of solving each of the four block systems has multiplicative
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Figure 5: Maximum error versus N for Examples 4.1-4.3 in biharmonic case.

CONDITION NUMBERS OF MATRICES CF AND C°
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- _CO
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Figure 6: Condition number ko versus N for matrices CE and C© on (-1,1) in biharmonic case.

complexity O(N3) and thus the cost of the algorithm for calculating the Chebyshev ap-
proximation is also O(N?) where  is the highest degree of the Chebyshev polynomials
used in each direction. The methods are applied to several numerical examples and it
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is shown that the errors for both types of equations converge exponentially to zero with
N. In the case of the Poisson equation, however, it was observed that for large values
of NV the accuracy of the method suffered due to the ill-conditioning of the matrices in-
volved. In the case of the biharmonic equation, this problem was slightly exacerbated
and the conditioning of the matrices became poorer for smaller values of N. This is an
interesting phenomenon and requires further investigation. The algorithms developed
in this work maybe used in the MPS for the solution of inhomogeneous boundary value
problems with boundary methods, such as the MFS. The application of this technique to
three-dimensional problems is currently under investigation.
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