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Abstract. In this paper, algorithms for finding the inverse of a factor block circulant matrix,
a factor block retrocirculant matrix and partitioned matrix with factor block circulant blocks
over the complex field are presented respectively. In addition, two algorithms for the inverse
of a factor block circulant matrix over the quaternion division algebra are proposed.
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1 Introduction

Factor block circulant matrices arise in diverse fields of applications [1-3], especially on the
differential equations involving circulant matrices. So, computing the inverse of the factor block
circulant matrix has become an important problem. In order to solve differential equations
involving circulants, we consider in this work the inverses of factor block circulants over the
complex field and the quaternion division algebra.

In Section 1, a computation formula for the inverse of a factor block circulant matrix over
the complex field is presented by utilizing only the interpolation methods and basic properties
of matrix. A remarkable character of the method needs neither the diagonalization method of a
factor block circulant matrix nor the theory of the Jordan canonical form.

In Section 2, a computation formula for the inverse of partitioned matrix with factor block
circulant blocks over the complex field is presented by using Schur complements.

In Section 3, we consider a new kind of matrices which are factor block circulant matrices
over the quaternion division algebra and give a sufficient and necessary condition to determine
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2 Algorithms for Finding the Inverses of Factor Block Circulant Matrices

whether a factor block circulant matrix is singular or not and propose two algorithms for the
inverse of a factor block circulant matrix over the quaternion division algebra.

In Section 4, by utilizing only the relationship between a factor block retrocirculant matrix
and a factor block circulant matrix, a computation formula for the inverse of a factor block
retrocirculant matrix over the complex field is presented.

Definition 1.1. Let Cy,Cs, - - ,C}y,, A be square matrices each of order n over the complex field
C. We assume that A is nonsingular and that it commutes with each of the C}s. By an A-factor
block circulant matrix of type (m,n) over the complex field C is meant an mn X mn matrix of
the form

Cl 02 o Cm—l Cm
Acm Cl T Cm—2 Cm—l
R =circa(Cy,Cq, -+ ,Cp) = : : : :
ACs ACy --- C Cy
ACy AC3 --- AC), o
We define 74 as the basic A- factor circulant over C, that is,

o I 0 -~ 00
0o oI ... 00
A=,
0 00 ... 01
A0 0 ... 00

The following useful results are well known [1].

Lemma 1.1. R is an A- factor block circulant matriz over C if and only if ® = F(mwa) for some
matriz polynomial F(z). The polynomial F(z) = S p=y Crr12" will be called the representer of
the factor circulant over C.

Lemma 1.2. Two A-factor circulants over C B = circa(B1,- -+, Bp,), R = circa(C1,- -+, Cn,)
commute if the B;’s commute with the Cj’s.

Lemma 1.3. Let R be an A- factor block circulant over C. Then
R=VaF(Da)V;",
where

Va=Vo(K,wK,...,w" 'K), F(Da) = diag[F(K),F(wK),...,Flw™ 'K)),

m—1
w = exp(2mi/m), F(z)= Z Cri12".
k=0

Lemma 1.4. The inverse matriz R~ ' of a nonsingular factor block circulant matriz R over C
s also a factor block circulant matriz of the same type.

Lemma 1.5. Let K denote the principal mth root of the nonsingular matrix A over C. Then
VoK, wK,...,w™ 1K) is nonsingular, and its inverse equals

1
Frn X1 )m = E[Vn(K—l,wK—l, I Ay "G

where
X = diag[l, K, K?,..., K™ 1].
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2 Inverse of factor block circulant matrices over the com-
plex field C

Theorem 2.1. Let R = circa(C1,Ca,...,Cp) be a nonsingular A-factor block circulant matriz
over C, if R™ = circa(B1,Ba,...,Bn) = Z;’:OI Bji17y, then

GW'K)=F(WK) ' i=01,...,m—1.

where w = exp(2mi/m), F(z) = Z:Ol Cry12" is the representer of the A-factor block circulant

matriz R, G(z) = Z?:Ol Bji127 is the representer of the A-factor block circulant matriz R=1 |
K denotes the principal mth root of the nonsingular matriz A.

Proof. Since RR~! = I,,,,,, by Lemmas 1.3 and 1.4, we obtain
[VaAF(D AWV VaG(DaVi'] = L,
diag[F(K), F(wK),. .., Fw™ 'K)]diag[G(K),G(wK),...,G(w™ ' K)] = Lun.
Therefore,
diag[F(K)G(K), F(WwK)G(wK),...,F(w™ ' K)G(w™ 'K)] = diag[l,, ..., I.].

Then F(w'K)G(w'K) = I,,,i =0,...,m—1. This implies G(w'K) = F(w'K) " 1,i=0,...,m—1.
|

Theorem 2.2. Let R = circa(C1,Ca,...,Cp) be a nonsingular A-factor block circulant matriz
over C, if R=* = circa(B1, Ba, ..., Bn) = Z;’:OI Bji1m, then

m—1
k g\ —j k=1 -
Bj-i-IZEZ(w K) [FWEK) ™ j=0,1,...,m—1. (1)
k=0
where w = exp(2mi/m), F(z) = Z:Ol Cri12¥ is the representer of the factor circulant R, and

K denotes the principal mth root of the nonsingular matriz A.

Proof Let the representer of R=! be
g(ac):Bl—l—ng—l—...—l—Bmxm_l. (2)

Replacing z in the equation (2) with K,wkK,...,w™ 'K | respectively, we obtain the following
system of equations

By + BsK + ...+ B, K™ ! = G(K)
By + BowK + ...+ Bp(wK)™ ! = G(wK)
which is equivalent to
1 K e Km-1 B, G(K)
1 wK ... (wK)m—1 By G(wK)

1 W™K L (wm’llK)mfl By, g(wm;lK)
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The coefficient matrix of the system of equations (3) is precisely [V,,(K,wK, ..., w™ 1 K)]T where
Vo(K,wK,...,w™ 1K) denotes the block Vandermonde matrix of the w*K’s. From Lemma
1.5, we know that V,,(K,wK,...,w™ 1K) is nonsingular, then [V, (K,wK,...,w™ 1K)|T is
nonsingular. Thus, the system of equations (3) will have the unique solution By, Bs, ..., By,. By
the system of equations (3), we have

B 1 K Km1 G(K)
B, B 1 wK e (wWK)m—1 G(wK)
Bom 1 W™K (wm_lk)m_l g(wm._lK)
Jord
= {Vu(K,wK,...,o™ KT}~ w
g(wm.flK)
g(K)
g G(wK)
= (VoK Wk, w KT :
g(wm.—lK)
By Lemma 1.5, we have
g1 gg(fi()
S e e ATt S N (“f :
By, G 1K)
5
— %[Vn(Kfl,wal, ,wm T K TY)] (uf )
g(wm'flK)
By Theorem 2.1, we have
B F(K)
FwK)~
B A L wh) (4)
By, Flwm=1K)~!

Multiplying the (j 4 1)th row of the [V, (K~ @K', ..., @™ 'K~1)] by
(F(K) L FwK) ™ Flm KT

respectively in the system of equations (4), we have

3

(WK) I [FWE)™Y, j=0,1,...,m—1.
0

BjJrl =

S
i

This completes the proof of this theorem. H

Let R = circa(C1,Cy, ..., Cy,) be a nonsingular A-factor block circulant matrix over C, by
Theorem 2.2, we have the following algorithm which can find the inverse of the matrix ¥ :
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Step 1. Find out the principal mth root K of the nonsingular matrix A.

[

m—
Step 2. By F(z) = Cri12" for computing F(w*K),k =0,1,...,m — 1, respectively.
k=0

e Step 3. By Step 2 for computing [F(w*K)]~, k =0,1,...,m — 1, respectively.

Step 4. By Equation(1) for computing Bjy1,j =0,1,...,m — 1, respectively, we have

R~ = circa(By, Ba, ..., Bn).

3 Inverse of partitioned matrix with factor block circulant
blocks over C

Let Ry, R, N3, Ry be A-factor block circulant matrices over C. If $; is nonsingular, and if let

(R R _ I 0 (T —R7R
Q_<%§ éﬁi)’Hl_(—%g%;l I)’HQ_(O T 2)’

then

(R 0
HiYH, = < 0 Ru— R Ry ) (5)

So € is nonsingular if and only if $4 — 8?3?)?1_1%2 is nonsingular. Furthermore, if €2 is nonsingular,
by equation (5), we have

1 R 0
@ = H2< 0 (mafegafe;la%g)l)”l

_ I —R7'R, ®! 0 I 0
- \o 1 0 (Ra—ReRTRy)t ) MRyt T

R RTIR(Ry — RNy Ry) ! r 0
0 (§R4 — %3%;1%2)_1 —%3%1_ I
_ RV RTIR(Ry — RN R) T IR3RTE RN (Ry — ReRT Ry !
*(§R4 — %3%;1%2)_1%3%;1 (§R4 — %3%;1%2)_1 ’

Therefore, we have

Theorem 3.1. Let

o= ¥

where 1, Ro, N3, Ry are all A-factor block circulant matrices over C. If %1 is nonsingular, then
Q is nonsingular if and only if Ry — RN, "Ny is nonsingular. Moreover, if 0 is nonsingular,
then

01— < R+ RTIRo(Ry — ReRTIR) I RRTT —RTIR (R — N3Py Ry) ! >

—(Ry — %3%;1%2)71%3%171 (R4 — %3%;1%2)71 (©)

In particular, we have
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Corollary 3.1. Let R; = circa(Ci1,Cia, ..., Cim),with each Ci. and a-factor scalar circulant
over C, fori=1,2,3,4 , and let us assume that A is an a-factor circulant over C. Let

a=(R ¥ )

If R is nonsingular, then Q is nonsingular if and only if R1Ry — RoRs is nonsingular. Moreover,
if Q0 is nonsingular, then

01 = %;1 + (%1%4 — %2%3)_1%2%3%f1 —(%1%4 — %2%3)_1%2 (7)
— (1R — RoR3) Ry (R — RoR3) 'Ry )

Proof Now since each Cjj is a-factor scalar circulant, then the Cj;’s commute with the Cji’s
ifi1#j,fori,j=1,2,3,4and k=1,2,...,m. By Lemma 1.2, we obtain that the ®; commutes
with the R; if ¢ # j for ¢,5 =1,2,3,4. Thus

§R1(§R4 — §R3§R1_1§R2) =11 — RaRs. (8)

By Theorem 3.1 and equation (8), we conclude that Q is nonsingular if and only if ;%4 — Ro¥s
is nonsingular and the validity of equation (7) is proved. W

Using the proof similar to that of Theorem 3.1, we can obtain the following conclusion.

Theorem 3.2. Let

a=(§ #). 9)

where 1, Ro, N3, Ry are all A-factor block circulant matrices over C. If Ry is nonsingular, then
Q is nonsingular if and only if V1 — §R2§RZI§R3 is nonsingular. Moreover, if £ is nonsingular,
then

Q—l — < (%1 - §R2&%4;1%3)_1 —(%1 - %2%21%3)_1%2%_1 >

SRR (Ry — oy M) Ry Ra(Ry — oy M) IRR, R (10)

4 Factor block circulant matrices over quaternion division
algebra

Let F be a field, and D = F[i, j, k] = {a+ bi + ¢j + dk|a, b, ¢,d € F} a quaternion division algebra
over the field F , and suppose that 1,4, 7,k is a basis of D as a vector space over the field F,
where i, 7, k are elements in I such that i = j2 = k2 = —1,4j = k = —ji, ki = j = —ik and
jk =i = —kj. It is easy to show that there exist matrices Rg, R1, Re, R3 over the field F such
that ® = Ry + iR + jR2 + kN3 for a matrix RN over D .

Definition 4.1. Let C1,Cs,...,Cy,, A be square matrices each of order n over . We assume
that A is nonsingular and that it commutes with each of the C’s. By an A- factor block circulant
matriz of type (m,n) over the quaternion division algebra D is meant an mn x mn matrix of the
form

Ci Cy, ... Cpn1 Cpy
AC,, C; ... Cp_a Cp_1
R = circa(C1,Co,...,Cp) = : : : :
ACs; AC, ... Co

ACy ACs ... AC), C
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We define w4 as the basic A-factor circulant over the quaternion division algebra D , that is,

o I 0 ... 00
o 0 I ... 00
=i
0o 00 ... 0 I
A 00 ... 00

This block matrix can be conveniently written as
TA = (EQ, Eg, ey Em; AEl)T = (Aem, €1,€2,..., em_l),

where E; = (0,0,...,1,...,0),e; = col(0,0,...,1I,...,0) are the jth unit row and column block
matrix respectively. The powers of w4 are easily seen to be

. (Aem—kt1y-- s Aem,e1y .. yemk),k=1,...,m—1,
(Ek+1,...,Em,AE1...,AEk) = AImn,kZm,
At k=gm+pp=1,....m—1,¢=1,2,...,

where I,,,,, denotes the mn x mn identity matrix, and the product of a square matrix with a block
matrix is to be understood as the block matrix obtained by multiplying the square matrix with
each matrix component of the given block matrix. These powers can be visualized as follows.
The matrix A which occupies the lower corner entry moves up, occupying each entry of the kth
lower subdiagonal, while the nonzero upper subdiagonal shrinks into the next one. For k > m
there is a cyclic reproduction of the above, times a power of A.

In view of the structure of the powers of the basic factor circulant w4 over D , it is clear that

= CiI‘CA(Cl, CQ, .. ,Cm) =C1+0Coma+...+ Cmﬂ'glil. (11)

Thus, R is an A-factor circulant matrix over D if and only if 8 = F(m4) for some matrix

polynomial F(z). The polynomial F(z) = ZZZOI Cry12" will be called the representer of the
factor circulant over I .
Clearly, we have

Theorem 4.1. R = Ry + iRy + jR + kN3 is a factor block circulant matriz over D if and only
if Ko, N1, Ra, N3 are all factor block circulant matrices over the field F.

Theorem 4.2. The inverse matriz R~' of a nonsingular factor block circulant matriz R over D
s also a factor block circulant matriz of the same type.

Proof From representation (9), we have & = C1+Cama+.. .+Cm7rzkl. and the inverse matrix
R~ of a nonsingular factor block circulant matrix i over D is also a factor block circulant matrix
of the same type if and only if there exists By, Bs, ..., By, over D such that

R™' =By +Bama+...+ By (12)
Since RR~! = I and 77" = Ark| then

RR-! = (Cl+CQ7TA+...+Cm7727’71)(Bl+BQ7TA+ +Bm7TA )
= Dy +Domg+...+ Dy} =1

if and only if

D,, = C1By, + CQqu +...+ Cm 1B2 + Cp, B = 0,
Dm 1 = ACp B + C1Bi_1 + ...+ Cpo9Bs + Crp_1 By = 0,

= AC3B,, + AC4B,,—1 + 4+ C1By + 3By = 0,
= ACyB,, + AC3B,,,_1 +. AC By +C1B; = In,



8 Algorithms for Finding the Inverses of Factor Block Circulant Matrices

if and only if R(B,y, ..., B2, B1)T = (0,...,0,,)T. Since R is nonsingular, so
(Bma"'aBQ;Bl)T :%71(07"'7();]}1)71' (13)

By the above system of equations (11), the existence of By, Ba, ..., By, in the system of equations
(10) has been proved. W

Theorem 4.3. Let R be a factor block circulant matriz over D, then R is nonsingular if and
only if R = Ro—iR1 — jRo — kN3 is nonsingular, where Ry, N1, N2, N3 are all factor block circulant
matrices over the field TF.

Proof By computing, it is easy to prove that No + iRy + jRs + kN3 is the inverse of % if and
only if Ng — iRy — jNy — kN3 is the inverse of R, where Ng, Ny, No, N3 are all factor block circulant
matrices over the field F. W

Theorem 4.4. If matrices Ry, K1, R, N3 are all factor block circulant matrices over the field

F, then ® = Ro + iRy + jR2 + kN3 over D is nonsingular if and only if R2 + N3 + N3 + RZ s
nonsingular. Furthermore, if R is nonsingular, then

R =(Ro — iRy — jR2 — kR)(RZ +RT+ N3+ R3) !
Proof If R% + N7 + N3 + R3 is nonsingular, then

R[(Ro — iRy — jRo — ER)(RE+RZ+ N2+ R2) 7 =1
Hence R is nonsingular, and

R =(Ro — iRy — jR2 — kR)(RZ +RT+ N3+ R3) !

If R is nonsingular,and suppose that X = Ry + iRy + jNg + kN3 is the inverse of R. So N is also
a factor block circulant matrix over D such that X = X = [ . Hence we have the following
system of equations:

o —-R1 Ny Ny I
R R N3 RN R 0
R Ny Ro I NO 0
Ry —Fa Ny Ro Nl =10 (14)
R R Ry —Iy N2 0
Fo =Nz Ry Iy 3 0
Rs Ra —-F1 RN 0
By solving the system of equations (12), we have the following system of equations
N R AR ) - M
Nt R ) -
N i
N3 (R + R3) = Ny
Therefore
R(RG +RT + R+ RG) = Ro — iRy — jR2 — kN (15)

Since R is nonsingular, we know that g — i¥t; — jRe — kN3 is nonsingular by Theorem 4.3. So
R2 + N2 + N2 + N2 is nonsingular by equation (13).
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In the following, let D = F[i, j, k] = {a + bi + ¢j + dk|a,b,c,d € C} be a quaternion division
algebra over the complex field C, we give another algorithm for the inverse of R = Ry + ity +
JRa + kRs.

Suppose that X = Ng + iRy + jNo + kN3 is the inverse of ® . Then we have the following
system of equations which is equivalent to the system of equations (12)

§RQ —%1 —%2 —%3 NO I
1 Ry N3 RNy Ny _ 0 (16)
Ry N3 Ro - No | | O
Ry o 0 N3 0
Let
B Q -W
A=(w )
where

(B W) v (B ).

Then R is nonsingular if and only if A is nonsingular. If € is nonsingular, then

(cwar )% )06 %77 )=(0 avwaw ) (17)

where I is an 2 x 2 identity matrix. Hence A is nonsingular if and only if Q + WQ~!'W and Q
are both nonsingular. W

We now introduce the following algorithm for the inverse of it = R + %, + jR2 + kR3.
e Step 1. If Q is singular, stop. Otherwise, go to step 2.

e Step 2. By equation (6), we have
al=( S5 ) =p (18)
e Step 3. Calculate

iy [ (R R0 — (R + R
“”“Zw<m%%%n<ﬁ+ﬁmo-

If Q + WQ~'W is singular, stop. Otherwise, go to step 4.

Step 4. By equation (6), we have
Q+wWo W)t =3 (19)

Step 5. By equations (15), (16) and (17), we have

e (5 ) 1) -
e Step 6. By the system of equations (14) and equation (18), we have

Ro I

o )= (o 7708 )0 1) 8

3

The 1 = X = Ry + ¥y + Ny + kN3 is then obtained.
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5 Factor block retrocirculant matrices over C

Definition 5.1. Let C1,Cs, ..., C,,, A be square matrices each of order n over C. We assume
that A is nonsingular and that it commutes with each of the Ci’s. By an A- factor block
retrocirculant matrix of type (m,n) is meant an mn x mn matrix of the form

cCi Cy ... Cpha Cm

Cy C3 ... Cn ACy
& = retrocirc4 (Cy, Ca, ..., Cp) = Gz Cu ... AC ACy

Ch ACy ... ACp_o ACh_1

The factor retrocirculants of type(m, 1) will be referred to as scalar factor retrocirculants. In
this case the matrix A reduces to a scalar that we shall denote by a. When A is the identity
matrix I, we drop the word “factor” in the above definition. This kind of matrices are just block
retrocirculants. Further, when C1,Cs, ..., C,, are scalar ¢, co, ..., Cnp, this kind of matrices are
as in [10-12].

Lemma 5.1. We have le =T 4-1, where
T4 = retrocica(I,,0,...,0), Tag-1 = retrocicy-1(In,0,...,0).

Lemma 5.2. Let ® = circy-1(C1,Cs,...,Cy) be an A71- factor block circulant and let S =
retrocirca(C1, Ca, . .., Cy) be an A- factor block retrocirculant. Then T'aR = S.

Theorem 5.1. Let § = retrocirca(C1, Ca, . .., Cp,) be a nonsingular A-factor block retrocirculant
matriz over the complex field C. Then

St = retrocirca-—1 (B1, A" By, ..., A" B3, A7 By),

where

m—1
Bji1=— S (WK)IFWEK)T =01, ,m =1 (21)
k=0

and w = exp(2mwi/m), F(z) = ZZ:OI Ciy12" and K denotes the principal mth root of the non-
singular matriz A~".

Proof By Lemma 5.2, Lemma 5.1 and Theorem 2.2, we have

%_1 = [CiI‘CA—l (Cl, CQ, ceey Cm)]_lf‘;ll = CiI'CA—l (Bl, BQ, ceey BWL)FA—I
B, By .e. Bpm1 B, I, 0 . 0 0
Aile B, e B, _o B_1 0 0 e 0 AL
_ ; : : ; 0 0 ... Al 0
A7'By A7'By ... B B, Do ;
A_IBQ A_lBg . A_IB»m B, 0o At ... 0 0
B, A_IB»m S A_lBg A_lBQ
A_le A_le_l . A_lBQ A_lBl
A_iB3 A_.lBQ A_l(A_lB5) A_l(A_lB4)
A_IBQ A_lBl . A_l(A_lB4) A_I(A_lBg).

= retrocircy-1(B1, A" By, ..., A" B3, A7 By),
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where
m—1

WFE) T FWPK) L =0,1,...,m —1.
> J

k=0

This implies the validity of Theorem 5.1. W

1
B, = —
j+1 m

Let & = retrocirca (Cy,Co,...,Cy) be a nonsingular A-factor block retrocirculant matrix
over the complex field C, by Theorem 5.1, we have the following algorithm which can find the
inverse of the matrix < :

e Step 1. Find out the inverse matrix A~! of the nonsingular matrix A.

e Step 2. Find out the principal mth root K of A1 .

Step 3. By F(z) = ZZL;Ol Chy12" for computing F(wkK),k =0,1,...,m—1, respectively.

Step 4. By Step 2 for computing [F(w¥K)]™1, k= 0,1,...,m — 1, respectively.

Step 5. By Equation(19) for computing Bjy1,j =0,1,...,m — 1, respectively, we have

3! =retrocircy -1 (B1, A By, ..., AT B3, AT By).
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