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Abstract. Let 1 < p < 2, E be a real p-uniformly smooth Banach space and T : £ — E
be a continuous and strongly accretive operator. The purpose of this paper is to investigate
the problem of approximating solutions to the equation Tz = f by the Ishikawa iteration
procedure with errors

Tn4+1l = Andn + bn(f - Tyn + yn) + CnUn,
Yn = anTn + by (f — TTn + Tn) + Chvn, n>0

where zg € E, {un}, {vn} are bounded sequences in F and {an }, {bn}, {cn}, {an}, {bn}, {c.}
are real sequences in [0, 1]. Under the assumption of the condition 0 < o < by, + ¢y, Vn > 0,
it is shown that the iterative sequence {z,} converges strongly to the unique solution of the
equation Tz = f. Furthermore, under no assumption of the condition nhnéo(b% +ecp) =0, it

is also shown that {x,} converges strongly to the unique solution of Tx = f.

Key words: Strongly accretive operator equation; Ishikawa iteration procedure with errors; solution;
p-uniformly smooth Banach space.
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1 Introduction and preliminaries

Let E be a real Banach space with norm | - ||, let E* denote the dual space of E, and let
(+,-) denote the generalized duality pairing between E and E*. For 1 < p < oo, the mapping
J,: E — 2F" defined by

Jp(z) = {u" € E": (z,u”) = |lall |’ |’ = |l2|P~"}, @ €B,

*Correspondence to: Luchuan Zeng, Department of Mathematics, Shanghai Normal University, Shanghai 200234,
China. Email: zenglc@hotmail.com

TThis work was supported partially by the Teaching and Research Award Fund for Outstanding Young Teachers
in Higher Education Institutions by Ministry of Education, the Department Fund of Science and Technology in
Shanghai Higher Education Institutions, and the Special Funds for Major Specialities by the Shanghai Education
Committee.

Numer. Math. J. Chinese Univ. (English Ser.) 31 http://www.global-sci.org/nm



32 Approximation Solutions of Nonlinear Strongly Accretive Operator Equations

is called the duality mapping with the gauge function ¢(t) = t*~!. In particular, the duality
mapping with the gauge function ¢(t) = ¢, denoted by J, is referred to be the normalized duality
mapping. It is a well-known fact!”l that J,(z) = ||z[|P=2J(x) for z € E'\ {0} and 1 < p < .
Equivalently, the duality mapping J, can be defined as the subdifferential of the functional
U(z) =p Y z|P , that is,

¥ e Jp(z) & 2" € 0¥ (z) = {f c FE* :p_1||y||” —p_1Hx||” >(y—ux, f),Vy € E} (1)

In addition, it is also known that J,(Az) = AP~1J,(x), VA > 0.

An operator T with the domain D(T') and range R(T) in E is said to be strongly accretive
if for z,y € D(T) there exists j(z —y) € J(z —y) such that (T'x — Ty, j(xz —y)) > k||z — y||* for
some constant k > 0; or equivalently, for x,y € D(T) there is j,(z — y) € Jp(z — y) such that

(Tx =Ty, jp(x —y)) = kllx —yl” (2)

for some constant & > 0. In particular, T is said to be accretive if for z,y € D(T) there is
jx —y) € J(x —y) such that (Tx — Ty, j(x —y)) > 0; or equivalently, for x,y € D(T) there
exists jp(z —y) € Jp(x —y) such that (Tx — Ty, j,(z —y)) > 0. Without loss of generality, we
assume that k& € (0,1). It is known that an operator T' with the domain D(T') and range R(T)
in E is accretive if and only if for all x,y € D(T') and r > 0 there holds the inequality

e =yl < [l —y +r(Tz = Ty)|.

It is also known that T is strongly accretive if and only if there exists a positive number & such
that (T — kI) is accretive where I is the identity operator of D(T'). The accretive operators were
introduced independently by Browder!*) and Kato!?! in 1967. An early fundamental result, due to
Browder, in the theory of accretive operators states that the initial value problem du/dt + Tu =
0,u(0) = wug is solvable if T is a locally Lipschitzian and accretive operator on E. A strongly
accretive operator is sometimes called the strictly accretive operator. These operators have been
investigated previously by many authors; see [5-14, 18] for more details.

Now we remind the reader of the following fact: In most of the known results on the Ishikawa
iteration procedure (with errors) for finding solutions to nonlinear equations Tx = f of strongly
accretive operators, generally, the Lipschitz continuity or uniform continuity is imposed on the
strongly accretive operators T'. Moreover, the sequences of the iteration parameters are assumed
or possible to be convergent to zero. See, for example, [5-14, 18].

Now, let us recall the following iteration procedures due to Xul?l,

(I) The Ishikawa iteration procedure with errors is defined as follows: For a nonempty closed
convex subset C' of a Banach space E and an operator T : C C E — F, the sequence {x,} in C
is defined from an arbitrary x¢ € C' by

{ Tntl = ATy + bpTYn + Cplin,
Yn = ah Ty + b, Txy + chvp, n>0,
where {u,}, {vn} are two bounded sequences in C and {a,}, {bn},{cn},{a,,},{b),}, {c,,} are real
sequences in [0,1] satisfying certain restrictions.

(IT) The Mann iteration procedure with errors is defined as follows: If a!, = 1,b, = ¢/, = 0 for
all n > 0, then the above Ishikawa iteration procedure with errors is called the Mann iteration
procedure with errors.

Let 1 < p < 2, FE be a real p-uniformly smooth Banach space and T': E — E be a continuous
and strongly accretive operator. In this paper, we investigate the problem of approximating
solutions to the equation Tz = f by the Ishikawa iteration procedure with errors

Tpil = ATy + bn(f — Tyn + yn) + Ccpp,
Yn = ahxp + 0, (f — Txp + ) + v, n>0



Luchuan Zeng 33

where zg € E,{uy},{v,} are bounded sequences in F and {a,}, {bn}, {cn}, {a),},{0,}, {c),} are
real sequences in [0,1]. Under the assumption of the condition 0 < a < by, + ¢,V > 0, it is
shown that the iterative sequence {z, } converges strongly to the unique solution of the equation
Tz = f. Furthermore, under no assumption of the condition b/, + ¢/, — 0(n — o0), it is also
shown that {z,} converges strongly to the unique solution of Tz = f. The results presented
in this paper improve and extend some earlier and recent results obtained previously by many
authors, see, e.g., [5-14,18].

Next, we give some preliminaries. Let E be a real Banach space. Recall that the modulus
pE(+) of smoothness of E is defined by

pe(r) =suwp{(lz +yll+llz -yl /2-1:z,y € B flz| =Lyl <7},  7>0,

and that E is said to be uniformly smooth if li% pe(7T)/T = 0. It is known (cf. [15]) that if E is

uniformly smooth, then F is a smooth and reflexive Banach space, and J,, is single-valued, and
uniformly continuous on any bounded subset of E. Recall that for a real number 1 < p < 2,
a Banach space E is said to be p-uniformly smooth if pg(r) < d7P,Vr > 0, where d > 0 is a
constant. It is known (cf. [16]) that for a real Hilbert space H, pgr (1) = (1472)1/2 —1 and hence
H is 2-uniformly smooth. It is also known that if 1 < p < 2,L,, (or [,) is p -uniformly smooth;
while if 2 < p < 00, L, (or I,) is 2-uniformly smooth. Xul'®l gave the following characterization
for a real p-uniformly smooth Banach space: Let E be a real smooth Banach space and p be
a fixed number in (1,2]. Then E is p-uniformly smooth if and only if there exists a constant
dp > Osuch that

lz+yll” < llzll” +ply, Jp(@)) + dpllyll”,  Va,y € E.
Proposition 1.1 Let 1 < p <2 and E be a real p-uniformly smooth Banach space. Then
o+ yll” < [z]|” +p(y, Jp(z + ),  Va,yeX.

Proof. The conclusion follows from (1). W

Proposition 1.2 Let 1 < p < 2. Then

(i) (a+b)P~t < 2P (aP~ + b7~ 1) Va, b, € [0, 0);

(ii) (a+b+ )Pt <22~ (gP~1 4 5P~ 4 P71 Va, b, ¢, € [0, o).
Proof. 1) If a,b are both zero, then the conclusion (i) is obviously true; if one is zero and the
other is not zero, for example a = 0,b # 0, then the conclusion (i) is obviously true; if a,b are
not zero, then

(a+0b)P < 2”_1(a” + bP)
a+b — a+b

(a—i—b)”_1 = < 2”_1(a”_1+b”_1).
This shows that the conclusion (i) is still true.
2) From the conclusion (i), it follows that
(a+b+cop~t < 2071 (a+b)P~t 4Pt
< ormh[2rm i (aPmt 4 Py 4 oY
< 22=D(gP=1 g pp=t 4 P,

This proves that the conclusion (ii) is true. W
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Lemma 1.1. [15] Let 1 < p < 2 and E be a real p-uniformly smooth Banach space. Then
Jp : E — E* is Holder continuous with power (p — 1), that is, there exists a constant r > 0 such
that

[Tp(x) = Tl < rlla —ylP~h,  Va,y € E. (3)

Lemma 1.2. [14] Let {on.},{0n} and {vy.} be three nonnegative real sequences satisfying

On+1 S (]- - )\n)an + 6n + Yn

with {\,} C [0,1], Z A = 00,0, = 0(A\p), and Zvn < o0o. Then lim o, = 0.

n=0 n=0

Lemma 1.3. [18] Suppose that {u,} and {v,} are two nonnegative real sequences satisfying
the following inequality
Hn+1 S’yﬂn+yn; VTIZ 0;
where v € [0,1) and lim v, = 0. Then lim p, = 0.
n—oo n—oo

Browder!!) proved that if T : E — FE is locally Lipschitzian and accretive then 7' is m-
accretive; i.e., the operator (I +7') where I denotes the identity operator of F is surjective. This
result was subsequently generalized by Martinl®! to continuous accretive operators. It can be
seen that the following lemma is an immediate consequence of Martin’s result.

Lemma 1.4. [}/ If T : E — E is continuous and strongly accretive then T maps E onto E;
that is, for each f € E the equation Tx = f has a solution in E.

2 Main results

Theorem 2.1. Let 1 < p < 2, F be a real p-uniformly smooth Banach space and T : E — E be
a continuous and strongly accretive operator. S : E — E is defined as Sx = f — Tx + x for each
x € E. Let {an}, {bn},{cn}, {al,}, {b),},{c),} be real sequences in (0,1) satisfying the following
conditions

(i) an + by +cn =al, + b, + ¢, =1;

(i) ¢n, — 0(n — 00),b), + ¢, — 0(n — o0);
]%, Iﬁ, 1} for some n € (0, k).

Let {x,,} be the sequence in E generated from an arbitrary xo € E by the Ishikawa iteration
procedure with errors:

(iii)0<a§bn+cn§min{

{ Tn4+1 = ApTp + bnsyn + CnUnp, (ISE)
Yn = ATy + b, STy + ¢ Un, n >0,

where {un}, {v,} are two bounded sequences in E. Assume that {Sx,}, {Syn} are both bounded.
Then {x,} converges strongly to the unique solution x* of the equation Tx = f if and only if
{Tyn} converges strongly to f.

Proof. At first, we observe that the equation Tx = f has a unique solution which is denoted
by z*. Indeed, the existence follows from Lemma 1.4 and the uniqueness from the strong accre-
tiveness of T'. We also observe that for x,y € E,

(Sz — Sy, Jp(z —y)) —(Tz =Ty, Jy(x —y)) + [z —y[”

< =kl —yllP +llz —yllP = (1= F)lle —yl”.
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Now, set ay, = by, + ¢ and 8, = bl, + ¢},. Then (ISE) can be rewritten as

Tpy1 = (1 = an)xn + anSyn + cn(tn — Syn),
{ Yn = (1 - ﬁn)mn + BnSx, + C{n(’un — an), n > 0. (ISEI)

Put d = ||zg — *|| + sup || Syn, — *|| + sup ||u, — 2*||. Then, by inductive reasoning, we get
n>0 n>0

|z —2*| < d, Vn > 0.
Since {zy}, {Sxn},{vn} are bounded, it follows from (ISE1) that {y,} is bounded. Let
K ={Szn}nlo U {Sun}nio Uannio Ufyntnio U{untnlo U{va}ne U{z"}

Put M =1+ sup ||z|| + diamK, where diamK denotes the diameter of K.
zeK

Sufficiency. Suppose {Ty,} converges strongly to f. Then we assert that {z,} converges
strongly to x*. Indeed, it follows from Proposition 1.1 and the definition of M that

(1 = apn)zn + @nSyn — x* + cn(tn — Syn)||P
[(1 = an)zn + anSyn — 2*[|P + plen(un = Syn), Jp(@ns1 — 2¥)) (4)
(1 — an)xn + @nSyn — x*||P + pMPc,,.

[€n1 — 2]

INIA

Now, set w, = (1 — ap)xy + @Sy, Then it follows from (3) and Proposition 1.1 that

Syn — ¥, Jp(wn — x*))
Syn — ¥, Jp(wn - :E*) - J;D(yn - LL‘*)>
)

lwp — 2P < (1 —an)P||zn — %P + pay,
= (1 —an)Pllz, — 2P + pan
+pan (Syn — x*, Jp(yn — z*

~ o~~~

< (1 —an)Pllzn — 2P 4 rpan || Syn — ¥ - [[wn — yal P (5)
+p(1 = K)o [lyn — 2P
< (L= an)?llzn — 2P + rpan M|lw, — yu [P

+p(1 = k)an|lyn — z||P.
Utilizing Proposition 1.2, we have

(1= an)(@n —yn) + @n(Syn — yu) IP

{lzn = ynll + 11Syn — yall 3>~

UBn(Szn, — ) + €5 (v — Swp) || + [|Syn — ynH}p_l

220~ DLBP | Sy, — 2 [P0 A P o — Szl [P+ (| Sy — ynllPT
M) e 4 (| Ty — FIIPY).

lwn = ym [P~

INIA A

(6)

As in the proof of (4), we obtain

lyn — 2P = [[(1 = Bn)n + BnSTn + ¢ (vn — Szpn) — [P
< (1= Ba)(@n — 2%) + Bu(Szn — )P + pey, (v — ST, Jp(yn — 7))
< (1= Bp)Pllen — 2P + pBalSzn — x*, Jp((1 — B)(zn — ) + Bu(Szy — 27)))
=B (S0 — 2", Jp((1 = Bn)(@n — x7)))
+pBn(Swy — 2%, Jp((1 = Bp) (2 — 2¥))) + pMPcy,
< (1= Bp)Pllen — 2P + 1ol Bn (St — )P + p(1 = k) Bz — 27||P + pMPcy,
< [ =80)? +p(1 = k)Bu] lln — 2|7 + (rBh + ¢ )pMP.

(7)
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Substituting (6) and (7) into (5), we derive
o — 2"l < (1~ an)Pllan — 2
Arpan M - (AM)P=H(BE + P+ [Ty, — fIP71) + p(1 = K)o
Al = B0)P + p(1 = k)Balllen — 2*||P + (rf] + ¢, )pMP} (8)
< (1= an)? +p(1 = K)an]||zn — z*||P + 47~ LrpMP
(B T [ Tyn — fIPTY) + PP MP (B + 185 + ).

Substituting (8) into (4), we deduce
s~ 27 < (L= an)? +p(L— K)a] z — [ o)
DB+ Bu+ B+ T+t en} + Dl Ty — fI77
where D = max{4?~'rpMP, rp? MP, p> MP}. Note that for 1 < p < 2 we have
(1—t)P ' <1-(p—1)t,Vte[0,1].
Since 0 < a < o, < min{pn/p—1,1/(p(k — 7)), 1} for some n € (0,k), we deduce
(I—an)’+p(l =kl < (1—(p-—1Don)(1—on)+p(l-Fka
= 1—pka,+(p—1)a2
1—pk:ozn+(p—1)-ppf1an
L=p(k = n)an,
and 0 < 1—p(k—n)a, <1—p(k—n)a < 1. Substituting (10) into (9), we obtain

[Znt1 — 2P < (1 —p(k—n)an)||zn —z*|?
+D{BE™ + B+ B+ Pt + ¢ 4 e} + D Tyn — fIP!
< (1 —plk = n)a)llz, — | (11)
+D{B0 " + B+ B8 + P o+ en} + D) Tyn — fIP7T
= (1—plk—n)a)lzn, —z*||P + 0n,

(10)

IN

where

On = D{BL™" + o + B + e+l +en} + D[ Tyn — fIP
Since || Ty, — f]] — (n — o0), by virtue of the condition (ii) and by using Lemma 1.3 for (11),
we infer that ||z, — z*|| — 0 as n — 0.

Necessity. Suppose that {x,} converges strongly to the unique solution z* of the equation
Tz = f. Then, it follows from the continuity of S that {Sz,} converges strongly to Sxz* = z*.
Since

lyn — @ull = 180 (Szn — 20) + ¢ (05 — Sap)|| < 2M B, — 0, n — oo,

So, we have lim y, = lim x, = z*. Hence, this implies that lim Sy, = Sz* = x*. Thus, we
n—oo n—oo n—oo

have
1Tyn — FIl = [1SYn — ynll < 1SYn — 2| + [y — ™[] — 0(n — o0).

The proof is thus complete. W

Remark 2.1. By the careful analysis of the proof of Theorem 2.1, we readily see that if the
condition (iii) in Theorem 2.1 is replaced by the following condition: lim inf, o (bp+cn) > a > 0,
and
lim sup(b,, + ¢,) < min {ﬂ, #, } for some 7 € (0,k),
n— 00 p— 1 p(k - 77)
then Theorem 2.1 is still valid.
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Theorem 2.2. Let E,T,S be as in Theorem 2.1. Let {an},{bn}, {cn}, {al}, {0}, {c,} be real
sequences in (0,1) satisfying the conditions:
(i) an +bn +cn =al, + b, +c, =1;
oo

(i1) Z(b” +¢,) = 00,¢n = 0(by);

(m)Zb +en)dPt < 0.

Let {xn} be the sequence in E generated from an arbitrary xg € E by the Ishikawa iteration
procedure (ISE) with errors, where {u,},{vn} are two bounded sequences in E. Assume that
{Sxn},{Syn} are both bounded. Then {x,} converges strongly to the unique solution of the
equation Tx = f if and only if {Tx,} converges strongly to f.

Proof. Following the idea of the proof in Theorem 2.1, we know that the equation Tx = f
has a unique solution which is denoted by z* and that {z,},{y,} are both bounded. Let
K, M,{an},{0n} be as in the proof of Theorem 2.1. Next, we still need to use the rewritten
version of (ISE).

Sufficiency. Suppose that {Tz,} converges strongly to f. Set w, = (1 — an)z, + @ Syn.
Then, observe that

[Zn1 — 2P = [[(1 — an)zpn + anSyn + cn(un — Syn) — |7

< (1= on)(@n —2") + an(Syn — x*)Hp +pchp
< (1= an)p”mn - z*||p + pan (Syn — x*, Jp(wn — *)> + pen MP
—pan(Syn — *, J (yn — ")) +p0¢n<5yn (y ")) (14)
< (Q-a)flzn —a ||” + rpo || Syn — x| [|wn — yn||”_
+p(1 = k)an|lyn — 2*||P + pMPe,
< (I =ap)Pllan —a*||P + rpay, M ||lw, — yn”p_l

+p(1 — k)ay||yn — =*||P + pMPc,,.
Utilizing the estimates (6) and (7), we have
[wn = ynllP~" = l@n(Syn — 24) — Ba(Swn — 4) — ¢}, (vn — Sn) [P
2200 { o8[Sy a7+ 8|S — [P o — S 1)

22e=D Lap=1MP=1 4 || Sz, — 2 ||P7 + P71 MPT)
(M)~ {ab ! + [T — [P~ + P71}

(15)

ININAIA

and

lyn — 2 ||P = ||zn — 2" + Bn(STp — 20) + €}, (V0 — Szy)||P
lzn — 2" + Bn(Szy — 2,)||P + pMPe;,

20 — 2|7 + pBp MP~|Szn — 20| + pMPc,

it — 2 [ + pMP|Try — f] + pM7e,,

Now, substituting (15) and (16) into (14), we have

(16)

VARVANRVAN

[ €41 — 2%

(1= an)? 2 — 2" [P 4 rpa M - (4M)*1 {081 + [T, — fl7=1 + cp—1}
+p(1 — K)an - {lon — *||P + pMP| Ty — ||+ pMPE,} + pMPe,

(L= an)? + p(1 = k)an][lan — @[ + rpoy M

(M= b=t [Ty — fIP~ 4 1)

+p° MPay {||Tay — fI| + ¢} + pMPey,

(1= an)? +p(1 = F)ag]||lz, — 2|

+Doay {ab ™" + || Txp — fIIP7 + | Twn — fl| + 7" + ¢l } + Doca,

IN

IN

IN
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where Dy = max{rpM (4M)P~1 p> MP}.
Since for 1 < p <2 we have (1 —t)P~1 <1 — (p— 1)t,Vt € [0, 1], so, it is easy to see that

(1 - an)p +p(1 o k)an

< (1= (p—1)an)(1— )+ p(l - an = 1 — phan + (p — Da?. (18)

Substituting (18) into (17), we obtain

[€n1 — = |7

< [1—phkagllen — 2" + (p — Do ||z — 277
+Doan {oh™! + [Twn — fIP~ + | Ty — fIl + ¢~ + ¢, } + Docn, (19)
< [ =pkan)lzn — 2P + Do {of™" + an + [Tz — fIP™F + [Tz — fII}

+Docpn + Do(ancP~t + ancl).

Now, set oy, = ||@y, — 2%||P, 6, = Do {027 + a + [|[ T — fIP~H 4 | Tan — fII} + Docn, 1 =
Do(anc?~t + apcl,) and A\, = pka,. Then (19) reduces to

On+1 S (]- - )\n)gn + 6n + Tn-

Since ¢, = o(b,) and Y -, @, P~ < oo, we conclude that ¢, = o(a,) and Y oo, anc), < oc.
Therefore, according to the conditions (ii), (iii), we can see that

i)\n =00, 0p,=o0(\,) and i'yn < 0.
n=0 n=0

Hence, by using Lemma 1.2, we know that o,, — 0(n — o0) i.e., z, — z*(n — o).

Necessity. Suppose that {z,} converges strongly to the unique solution z* of the equation
Tz = f. Then it follows from the continuity of T that {Sz,} converges strongly to Sz* = x*.
Thus, it is readily seen that

I T — Il = 820 — 2all < [1S20 — || + 2, — 2| = 0(n — oo).

The proof is for this theorem complete. W
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