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Abstract
The error caused by the ghost force is studied for a quasicontinuum method with planar
interface in two dimension. For a special case, we derive an analytical expression of the
error, which is exploited to prove that the ghost force may lead to a finite size error for
the gradient of the solution. The pointwise estimate of the error shows that the error
decays algebraically away from the interface, which is much slower than that of the one-
dimensional problem, for which the error decays exponentially away from the interface.
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1. Introduction

Multiscale methods have been developed to simulate mechanical behaviors of solids for
several decades [18]. Combination of models at different scales greatly enhances the dimension of
problems that computers can deal with. However, problems regarding the consistency, stability
and convergence of the multiscale methods may arise from the coupling procedure [3]. Taking
the quasicontinuum (QC) method [13,24] for example, one of the main issues is the so called
ghost force problem [22], which is the artificial non-zero force that the atoms experience at the
equilibrium state. In the language of numerical analysis, the scheme lacks consistency at the
interface between the atomistic region and the continuum region [4]. For the one-dimensional
problem, it has been shown in [2,20] that the ghost force may lead to a finite size error for the
gradient of the solution. The error decays exponentially away from the interface.

To understand the influence of the ghost force for high dimensional problems, we study a
two-dimensional triangular lattice model with a QC approximation. This QC method couples
the Cauchy-Born elasticity model [1] and the atomistic model with a planar interface. Numerical
results show that the ghost force may lead to a finite size error for the gradient of the solution
as the one-dimensional problem. The error profile exhibits a layer-like structure. Outside the
layer, the error decays algebraically.

To further characterize the influence of the ghost force, we introduce a square lattice model
with a QC approximation. Compared to the triangular lattice model, this model can be solved
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analytically and the error profile exhibits a clear layer-like structure. Based on the analytical
solution, we prove the error committed by the ghost force for the gradient of the solution is
O(1) and the error decays away from the interface to O(e) at distance O(y/€ ), where ¢ is the
equilibrium bond length. These are also confirmed by the numerical results. We note that
there are some recent efforts devoted to the convergence analysis for ghost force free multiscale
coupling methods in high dimension, we refer to [16,21] and the references therein.

The paper is organized as follows. Numerical results for the triangular lattice model and
the square lattice model with QC approximations are presented in § 2 and § 3, respectively.
We derive an analytical expression of the solution of the square lattice model with a QC
approximation in § 4. The pointwise estimate of the solution is proved in § 5.

2. A QC Method for Triangular Lattice

2.1. Atomistic and continuum models

We consider the triangular lattice L, which can be written as
L= {IEERQ | x = may + nag, m,nEZ}
with the basis vectors a; = (1,0), a2 = (1/2,1/3/2). Define the unit cell of L as
T = {ac € R? | 2 =cra1 + caae, —1/2 < c1,c2 < 1/2}.

We shall consider lattice system cL inside the domain €2 = I, and denote Q. = Q N e, where
€ is the equilibrium bond length. Assume that the atoms are interacted with the potential
function, which is usually a highly nonlinear function, e.g., the Lennard-Jones potential [15].
Denote by &1 and Sy the first and the second neighborhood interaction ranges; see Fig. 2.1. In
particular, we have

6
S =U;_ys; = {a1,a2, —a1 + ag, —a1, —ag, a1 — az},

Sy = U£7si ={a1 + az, —a1 + 2a2, —2a1 + az, —a; — az, a1 — 2as,2a; — as}.
For p € Z?, the translation operator T# is defined for any lattice function z : L — R? as
(Trz)(z) = z(x + eprar + epgag)  for x € L.
We define the forward and backward discrete gradient operators as
Df=e X (TF~1) and Dy =& YI-T"),
where s = p1a1 + poas and 1 is the identity operator. We shall also use the short-hand

Dz = (D} z,D3z) = (D} 2, D} 2).

In what follows, we denote z(z) as the deformed positions of the atoms.
Consider an atomic system posed on €).. The total energy is given by

B =2 Y Y V(D). (21)

rE€Q, sES1US,
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Fig. 2.1. The first and second neighborhood interaction ranges of the triangular lattice; S1 =
{81, ce 786} and 82 = {877 e 7812}.

where V' is a potential function. In this paper, we only consider the pairwise potential function,
and leave the discussion on the more general potential functions in future publication. The
atomistic problem is to minimize the total energy subject to certain boundary conditions that
will be specified later on.

Next we turn to the Cauchy-Born elasticity model [1,7-9]. Given a 2 by 2 matrix A, the
stored energy density function is given by

Wen(A) =5 Y V(s-A]),

aES1US2

where ¥y is the area of the unit cell and ¥y = v/3%/2. The stored energy function is defined by

(t:gt = / ch VZ

The continuum problem is to minimize the stored energy function subject to certain boundary
conditions. We employ the standard P; Lagrange finite element to approximate the Cauchy-
Born elasticity model with the lattice I as the triangulation. The approximate stored energy
function is

B =53 Z( (ID%2@))) +V (1D, + D)2} ). (2.2)
xEQ i=1

One can see Eip', reproduces the atomistic energy E2";
hood interaction is considered.

We study the quasicontinuum method [24]. Let ¢ = 1/(2M), and we assume that the
interface between the continuum model and the atomistic model is z; = 0 as shown in Fig. 2.2.

The total energy of the QC method is
6
1
i=g XX (v (D% 2@)) +v (10 + D%, )=(@)) )
1 <2 i=1
1
3

Py {Z( @) +V (D% + DE,)2@)) ) + V(D 2w >|>}

- i=1

cf. (2.1), if only the nearest neighbor-
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ZZ{ZVID+ Z( (ID%2(@)) +V (/D5 + D.,,)=()]))

T sES

VDL (@) + VDS, 2@)) + V(DL 2(a >|>}

*%Z{ S V(Df@))) - sV(DL = }+—Z S v (D).

T1=¢c ~ s€851USs x1>2e s€S1USs

l\’)lr—t

The force at atom z is defined by

aEtot
qc

0z(x)’

Fael2l(2) = -

Since we only concern the influence of the ghost force, following [20], we assume that the
interaction potential is harmonic, i.e.,

1
Vo(r) = 57"27
where r is the distance between the atoms. Denote 7 = r/e, and we rescale the potential V; as
V(7) = Vo(r) with € the equilibrium bond length.
Without taking into account the external force, we write the equilibrium equations for the
QC approximation as

Facl2l(x) =0
with
Faelzl(z) = —122(x) + Zz(x +es;), x € Qa1 < =2,
6
Foelz](z) = —242(z) + 422(30 +es4), x € Qeymy > 26,
i=1

For x = (—¢,22),

6
Foelzl(z) = —4—92(30) + 422(30 +es;) + %z(x + es12).

L] L]
m=-M m=0 m=M

Continuum region Atomistic region

Fig. 2.2. Schematic picture of Q..
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For x = (0, 22),

Foclz)(x) = —18z(x) + [2(z +es1) + z(x + £s6)] + g(z(z +es9) + 2z(x+ 555))
+ 4(z(ac +es3)+z(x+ 534)) + (z(ac +es7)+z(x+es11) + z(x + 5312)).

For x = (g, x2),
23 2 1
Faelz](x) = f?z(z) + ; z(x+es;) — §z(:£ + £59).
At the equilibrium state, we evaluate Fqc at z(r) = x to get
(—3¢/4,V3¢/4), if =z = —¢,
(3¢/2,—V3¢/2), if x; =0,

(—3e/4,V3e/4), if x; =c¢,
(0,0), otherwise.

Faelz)(x) =

The above equations imply z;(x) = —v/32a(x). Therefore, we only study the first component
of z(x) and neglect the subscript if no confusion will occur. We denote the error caused by the
ghost force by y(z) = z(x) — x, which satisfies

Faelyl() = Foclz)(x) — Foc[z)(z) = —Foclz](z) = f(z) (2.3a)
with

3e/4, if =z = —¢,
—3¢/2, if x =0,
flx) = . (2.3b)
3e/4, if x =¢,

0 otherwise.

Boundary conditions need to be supplemented to close the system of equilibrium equations.
Two types of boundary conditions will be considered in this paper. One is the periodic boundary
condition in zs direction while homogeneous Dirichlet boundary condition in x; direction,
which will be called periodic boundary condition if no confusion will occur. The other is the
homogeneous Dirichlet boundary conditions in both x; and xo directions.

In what follows, we shall use a conventional notation y(m,n) = y(z) with = = e(ma; +naz),
and call (2.3) the triangular lattice model with a QC approximation.

2.2. Periodic boundary condition

The periodic boundary condition can be written as

y(—M,n) =y(M,n) =y(M +1,n) =0, n=-N,--- N,
y(m,n) =y(m,2N + n), m=-M,--- ,M,n=—N,---,N.

Observe that the solution of (2.3) with the periodic boundary condition takes a special form:

y(x) = cy(x1),
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(a) Dy (b) DLy

Fig. 2.3. Profiles of the discrete gradients for triangular lattice model with M = N = 20 under Dirichlet
boundary condition.

namely, the solution is constant along xo direction. Based on this observation, we conclude
that the QC approximation with the periodic boundary condition reduces to a one-dimensional
problem. The equilibrium equations satisfied by y(z1) are as follows. In the continuum region,
e, m=-M+1,---,=2,

8y(m + 1) — 16y(m) + 8y(m — 1) =0,
and in the atomistic region, i.e., m=2,--- , M — 1,
y(m+2)+4y(m+1) — 10y(m) + 4y(m — 1) + y(m — 2) = 0.

The equations in the interfacial region are

Su(1) +85(0) — Ty(~1) + 8y(~2) = 3¢,

y(2) + 4y(1) ~ 13(0) + 8y(~1) = ~2=,

y(3) +4y(2) — 1—293/(1) +4y(0) + %y(—l) = ZE-
The boundary condition is

y(—M)=yM)=y(M +1) =0.

The above equilibrium equations can also be obtained by considering a one-dimensional
chain interacted with the following harmonic potential:

V=2 Y w2 el (2.4)

li—j|=1 li—j|=2

with k1 = 4 and ko = 1. This is the model studied in [2].
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Fig. 2.4. Profiles of the characteristic functions for triangular lattice model.

2.3. Dirichlet boundary condition

The Dirichlet boundary condition can be written as

y(—]\477’1):y(]\fﬂl):y(]\f—}—l,’n):o7 n:_]\f,...7]\f7
y(m,—N) =y(m,N) =0, m=—M,--,—1,
y(Tnafo]) :y(TnafN>:y(m7N> :y(m7N+1):Oa m=0,---, M.

This boundary condition together with (2.3) yields an essentially two-dimensional model. We
show profiles of discrete gradients D}y and Dy in Fig. 2.3 with M = N = 20. The profile
of Dj‘ly is similar to that of the one-dimensional problem, but there is some difference if one
zooms the interface. For ¢ = 1,2, we define

Bi={re0.|Dyy) > e},

and let x g, be the characteristic function. Here ¢( is an empirical parameter chosen to highlight
the interface. We plot xg, in Fig. 2.4 with M = N = 640 and c¢o = 1073, In Fig. 2.4(a), the
width of the interface near the boundary is much wider than that in the interior domain. No
interfacial layer for D y is observed in Fig. 2.4(b). Therefore, we only measure the width of

Continuum region

Continuum
region

m=—mM m=0 m=M

S
Continuum region

Fig. 2.5. Padding technique to remove the boundary effect.
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Table 2.1: Width of the interfacial layer versus the equilibrium bond length ¢ for the triangular lattice
model with Dirichlet boundary condition.

e (5x1072) 20 271 272 273 274 275 Rate
Layer Width(lO_l) 50 23 1.1 056 028 0.14 1.02

Table 2.2: Width of the interfacial layer versus the equilibrium bond length € by removing the effect
of the boundary condition.

5(10_2) 1.7 083 041 0.21 0.10 Rate
Layer width(1072) 17 8.3 4.2 2.1 1.0  1.00

the interfacial layer for Djl y, which is defined by

max {[ml(n) —ma(n)le| mi(n) = argmax,, {x = maie + nase € E1}
n
ma(n) = argmin,, {z = maie + nage € El}}

Numerical results in Table 2.1 imply that the width of the interfacial layer scales O(e).

One may doubt the above result could be caused by the boundary condition instead of the
ghost force. To clarify this issue, we enlarge the continuum region to weaken the influence of
the boundary condition. We set N = 3M and use different equilibrium equations for different
regions as in Fig. 2.5.

We plot Df y, Df y, and their characteristic functions in Fig. 2.6 and Fig. 2.7, which are
similar to those in Fig. 2.3 and Fig. 2.4. The discrete gradients of the error are still localized
around the interface, and are away from boundaries we imposed. This suggests that the interface
is caused by the ghost force instead of the boundaries.

Table 2.2 shows the width of the interfacial layer in terms of €. Numerical results suggest
that the width of the interfacial layer is still of O(g), which is consistent with that in Table 2.1.

The QC approximation discussed in this section is quite realistic except the potential func-
tion, which however seems enough to characterize the influence of the ghost force. Unfortu-

(a) Dy (b) D&y

Fig. 2.6. Profiles of the discrete gradients for triangular lattice model with M = 20 and padding
technique under Dirichlet boundary condition.
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Fig. 2.7. Profiles of the characteristic functions for triangular lattice model with padding technique.

nately, it does not seem easy to solve this model analytically as we have done in [20] for the
one-dimensional problem. In next section, we introduce a QC method for square lattice model
that can be solved analytically. We shall prove that this square lattice model with the QC
approximation does capture the main feature of the ghost force for the triangular lattice model
with a planar interface.

3. A QC Method for Square Lattice

We consider the square lattice model with the harmonic potential. Compared to the
standard interaction range of the square lattice, we assume a special interaction range as shown
in Fig. 3.1 (Left). Namely, the first and second neighborhood interactions in z; direction,
and the first neighborhood interaction in x5 direction are taken into account. This seemingly
strange selection may be obtained from a rotated triangular lattice as in Fig. 3.1 (Right). If
we condense the interaction of the atoms 9,4, 5,11 into one atom, and the atoms 8,2,1,12 into
another, then we obtain a square lattice model with the special interaction range described
above, which may be the underlying reason why it can be regarded as a surrogate model. We
shall show in the next two sections that this model not only captures the main features of the
triangular lattice model with the QC approximation as shown in Fig. 2.2, but also lends itself
theoretically tractable.

Proceeding along the same line that leads to (2.3), we obtain the equilibrium equations for

the error y(:c).l) In the continuum region, i.e., m = —-M,--- ,—2and n=—-N,--- | N,
12yz(m7n) - yi(m7n - 1) - yz(man + 1) - 5yt(m - 1)”) - 5yz(m + 1)”) = Oa (31)
for i = 1,2, and in the atomistic region, i.e., m =2,--- ,M and n=—N,--- , N,

6yz(ma n) - yi(ma n— 1) - yz(m7n + 1) - yt(m - 1) n) - yz(m + 17”)
—yi(lm—2,n) —y;(m+2,n)=0, i=1,2. (3.2)
The interface between the continuum model and the atomistic model is the line m = 0 as

shown in Fig. 3.2, and M is assumed to be even for simplicity. The equilibrium equations for
the layers m = —1,0 and 1 are as follows.

1) We actually multiply —1 on both sides of (2.3).
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Fig. 3.1. Interaction ranges. Left: First and second neighborhood interactions in z; direction and
first neighborhood interaction in w2 direction for square lattice; Right: First and second neighborhood
interactions for triangular lattice in a rotated coordinate.

For layer m = —1 and n = —N,--- | N,

25
?yz‘(*la n) —yi(=L,n—1) —y(—=1,n+ 1) = 5y;(—=2,n) — 5y;(0,n)
1
- 5%(1;71) = f’i7 Z = 172) (33)

where f; = —¢ and fo = 0. For layer m =0 and n =—N,--- , N,
9yz(o7n) - yz(oan - 1) - yi(oan + 1) - 5yi(_1an) - yz(lan) - yl(27n) = fia (34)

for i = 1,2, where f; = 2¢ and fo = 0. For layer m=1and n=—N,--- | N,

11
7yi(]—an) —yi(l,n—1) —yi(L,n+1) —y(0,n) — yi(2,n)
1
- §yz(7]—7n) - yz(gvn) = fiv 1= 1a27 (35)

where f; = —e and fy = 0. Using fo = 0, we obtain yo = 0. We only consider y; and omit the
subscript from now on.

First we impose the Dirichlet boundary condition in the x; direction, and the periodic

n=N ° ° ° .

[ ] ] [ ] [ ]

L] L] L] [ ]

L] L] ] [ ]

[ ] [ ] [ ] [ ]

L] L] L] [ ]

[ ] L] L[] [ ]

[ ] ] [ ] [ ]
n_il}‘nz—M pa ° [ [ ) [ ] m=M

Continuum region Atomistic region

Fig. 3.2. Square lattice with a planar interface.
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Table 3.1: Width of interfacial layer versus the equilibrium bond length & for square lattice model.

e (5x1072) 20 271 272 273 271 Rate
Layer width (10°!) 10 55 24 1.2 0.59 1.04

Table 3.2: Width of the interfacial layer versus the equilibrium bond length € by removing the effect
of the boundary condition for the square lattice model.

5(10_2) 33 1.7 0.83 041 0.21 Rate
Layer Width(IO*Q) 133 6.7 44 1.7 0.83 1.00

boundary condition in the x5 direction as

{y(M,n)y(M,n)y(M+1,n)0, n=-N,--- N, (36)

y(m,n) =y(m,n+2N), m=—-M,--- M, n=—N,--- N.

Similar to the triangular lattice model, it is easy to check that this square lattice model re-
duces to a one-dimensional chain model with the following equilibrium equations and boundary
conditions.

Sy(m + 1) — 10y(m) + 5y(m — 1) =0, m=-M+1,--,-2,
ym+2)+y(m+1) —dy(m) +y(m—1)+y(m—-2)=0, m=2,--- ,M—1L

The equations for the interface are

Su(1) +5(0) — Sy(~1) +5y(~2) =<,

y(2) +y(1) — Ty(0) + 5y(—1) = —2¢,

y(3) +y(2) — ;y(l) + 4(0) + %y(fl) =e.

The boundary condition is

e 0 0.2 0.4 0.6 0.8 1 e2 0 0.2 0.4 0.6 0.8 1
2 el el
+ +
(a) D3y (b) DLy

Fig. 3.3. Profiles of the discrete gradients of y for square lattice modle with M = N = 20 under
Dirichlet boundary condition.
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Fig. 3.4. Profiles of the characteristic functions for square lattice model.

05 0s
e2 T ° eOA o o ! e2 ® 0.2 e°-4 o6 08 !
1 1
(a) Dy (b) Dy

Fig. 3.5. Profiles of the discrete gradients for the square lattice model with M = 20 and padding
technique under Dirichlet boundary condition.

1 1 1
0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8
0.7 0.7 0.7 > 0.7
0.6 0.6 0.6 0.6
0.5 0.5 0.5 0.5
0.4 0.4 0.4 0.4
0.3 0.3 0.3 - 03
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1

° 0 0.2 0.4 0.6 0.8 1 ° 0 0 0.2 0.4 0.6 0.8 1 0

(@) xm, (z) (®) Xz, (2)

Fig. 3.6. Profiles of the characteristic functions for the square lattice model with padding technique.
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It is clear that the above model is exactly the same as that has been studied in [20], which
can also be obtained from the one-dimensional model (2.4) with ky = ko = 1.
Next we impose the Dirichlet boundary condition in both x1 and x5 directions.

{y(Man)y(Mvn)y(M+1an)Oa n:*Na"' 7N7

(3.7)
y(m,fN):y(m,N):O, m=—M,--- M.

Choosing M = N = 20, we show the profiles of the discrete gradients Dy and D y in
Fig. 3.3. The feature is similar to that of the triangular lattice model. To highlight the interface,
we plot the characteristic functions y g, and g, in Fig. 3.4 with M = N = 320 and ¢y = 1073,

We report the width of the interfacial layer in Table 3.1. It is clear that the width of the
interfacial layer is of O(e), which is the same with that of the triangular lattice model. In § 5,
we shall prove this fact.

To clarify that the above result is caused by the ghost force instead of the boundary con-
dition, we use the same setup shown in Fig. 2.5 for the square lattice model with a QC ap-
proximation. We plot the discrete gradients Djl Y, D;;y, and their characteristic functions in
Fig. 3.5 and Fig. 3.6. The profiles are similar to those in Fig. 3.3 and Fig. 3.4. The discrete
gradients of the error are still localized around the interface, and are away from the boundaries.

Table 3.2 shows the width of the interfacial layer in terms of €, which suggest that the width
of the interfacial layer is still of O(g). This is consistent with that in Table 3.1.

4. Exact Solution for the Square Lattice Model

To find the exact solution of the QC approximation (3.1) —(3.5) with Dirichlet boundary
condition (3.7), we follow the approach in [20]: firstly, we find the general expression for the
solution of the continuum equation and the atomistic equation by separation of variables ansatz,
with certain unspecified constants; secondly, we use the equations around the interface to
determine these constants. The next lemma gives the general expression of the solution.

Lemma 4.1. Form=—-M,---,—1 andn=—N,---,N, we have
aN—1 .
y(m,n) = ; aj, sinh ((M + m)ak) sin W(N +n), (4.1a)
where N %
coshayp =1+ ?k, A\ = 2sin? % (4.1b)
Form=0,---,M andn=—N,--- ,N, we have
aN—1 -
y(m,n) = ; (bk(—l)mFm('yk, 0k) + ¢ fm (Vk, 5k)> sin W(N +n), (4.2)
where
1+ /25 + 8\ —1+ /25 + 8\
coshy, = — Y coshdy = — (4.3)
and
Fo(y, ) = sinh[(M + 1 — m)~y] + sinh[(M — m)~] coshé
mi\7,0) = coshy + cosh §
B (_1)mcosh[(M —m)d] sinhy (4.4)
coshy +coshd ’

fm(775) = Fm(avﬁy)'
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The coefficients by, and ¢y, are parameters to be determined; see (4.13).

Proof. By separation of variables, we get (4.1a).
The explicit expression for the solution of the atomistic model can also be obtained by
separation of variables ansatz. Substituting y(m,n) = f(m)g(n) into (3.2), we get

2

S (sm+i) £ )alo) + 3 (st +9) = g(m)) ) =

i=—2 i=—1

By (3.7), we have

We write the above equation as

2

Z( m+1i) — f(m ) (L_i( (n+1) (n)):().

For A € R, we get

{g(n+1)+(2)\2)g(n)+g(n1) =0,
fm+2)+ f(m+1)— @A +2N)f(m)+ f(m—1)+ f(m—2) =0.

Using the boundary condition for g, i.e., g(N) = g(—N) = 0, we have, for any ¢ € R,

.k .o km
g(n)fcsmﬁ(nJrN) and \ = 2sin N

The characteristic equation for f(m) is:

Pt 2ttt =200 +2)=0.

Denote the roots of the above equation by t1,--- ,t4. It is clear that
t] = —67, to = —6_’7, tg = 66, ty = 6_6,
with
— V254 8\
2coshy = —s1, §1= ——m,
—14 /254 8\
2 coshd = so, szzf.

This leads to
f(m) =a(~1)" sinh ((M — m)v) +b(~1)" cosh ((M — m)v)
+ ¢sinh ((M — m)é) + d cosh ((M — m)é)

with constants a, b, c and d that will be determined by the conditions f(M) = f(M + 1) = 0.
Since M is even, by f(M) = 0, we obtain b = —d. By f(M + 1) = 0, we obtain

asinhy — ¢sinh § — b(coshy 4 cos d) = 0.
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Therefore,
_asinhy — csinhd

cosh~y + coshéd

We write f(m) as
f(m) = a(—l)msinh ((M - m)’y) + c¢sinh ((M - m)é)

Ty ()" ot (3 =) o (a1 ) .

It is easy to rewrite f(m) into a symmetrical form

f(m) = a(il)mFm(’% 5) + CF’m((sa 7)7
where F,(7,0) is given in (4.4), this gives (4.3). ad
Remark 4.1. The exact solution based on the series expansion is common in solving a finite
difference equation. We refer to [17] and [11] for a thorough discussion.

Next we use the interfacial equations (3.3) — (3.5) to determine the coefficients ay, b, and
ck. Denote
ycb(m7n):y(man) —MSmS—l,—NﬁnSN

with y(m,n) given by (4.1a), and
yat(man):y(man) OSmSMafNSnSN

with y(m,n) given by (4.2). Though yc, and ya; are only defined in a subset of Z?2, they can
be extended to Z?2, and satisfy

Je [be](ma n) =0, Fat [yat](m; n) =0, (45)
where

Felyl(m,n) = 12y(m,n) —y(m,n —1) —y(m,n + 1) — 5y(m — 1,n) — by(m + 1,n),
Fatly](m,n) = 6y(m,n) —y(m,n—1) —y(m,n+1) —y(m—1,n) —y(m+ 1,n)
- y(m - 2;”) - y(m + 27”)'

This observation is crucial to simplify the equations around the interface.
The equation for m = —1 changes to

Fﬁ[ycb(Ia Tl)] + 5(be - yat)(oa Tl) + %(ycb(ia Tl) - yat(lvn)) = —¢.

Using F:[yen(1,n)] = 0, we have

5(Yeb — Yat)(0,m) + %(ycb(i,n) — yat(l,n)) = —c. (4.6)

Proceeding in the same fashion, we get

_ 1 1 _

yat(17n) - ant(lan) - 59cb(17n) = —¢, (47)

3Yat (0, 1) + Yar (1, 1) + Yar (2, 7) — Syen(1,n) = 2¢. (4.8)
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In what follows, we use the above simplified interfacial equations and the representation formulas
to determine ay, by, and c¢j. Subtracting (4.7) from (4.6), we obtain

5ycb (07 n) + ycb(Ia n) = 5yat (07 n) + yat(i7 n)
Substituting (4.1a) and (4.2) into the above equation, we get

br(5F0 — F1) (7, Ok) + cx(5fo + f1)(Vk, 5k)'

= 4.
a 5sinh[M ay] + sinh[(M — 1)ay] (4.9)
Substituting (4.1a) and (4.2) into (4.7), we get
2N-1 -
Z ) sin {ﬂ(n—i—N)} =—2¢
k=1
with
= —sinh[(M — D)aglay + (=2F1 + F1) (v, 0k) bk + (2f1 — f1) (9, Ok ) ck-
Using the discrete Fourier transform, we get
2N—1 2e k'ﬂ' . .
— j ——cot—, ifk dd
ekZ;NX(lQE)lZSiH%: Nco AN if k is odd,
Tt Jj=1 0, if £ is even.
This leads to
Prbi + prer = Uk, (4.10)
where
P, = [—2Fj + F — pk(—Fj + 5F0)]('yk, o), (4.11&)
e = [2f1 — f1 — pe(f1 + 5f0)](Vk k), (4.11b)
sinh[(M — 1))
= . 4.11
Pi 5sinh[M ay] + sinh[(M — 1)ay] ( )
Using (4.7) and (4.8) to eliminate ye,(1,n), we obtain
3Yat (0,1) — 9yt (1, n) + yar (2,m) + Hyar(1l,n) = 12¢.
The coefficients by and ¢ satisfy
Ryby + rpcp = —64g, (4.12&)
where
Ry = (3Fy + 9F; + F5 — 5 F ,0k),
k= (3Fy 1 2 1) (Ve Ok) (4.12D)
e = (3fo —9f1 + f2 + 5f1) (K Ok).-

To solve the linear system (4.10) and (4.12), we need to check whether Pyry — pipRy is
nonzero for all k. We shall prove in Lemma 5.4 that this is indeed the case. Therefore, we may
solve (4.10) and (4.12) to obtain

r + Opg Ry + 6P

b= — £ 0Pk, T EOTR
i Pyry — ppRy i r Pyry — pr Ry,

(. (4.13)
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Substituting the above equation into (4.9), we get

(rk + 6pr) (5F0 — F1) (Y, 0k) — (Ri + 6P%)(5f0 + f1)(Vk, Ok)

(5sinh[M o] + sinh[(M — 1)aw]) (Perk — peRi) -

ap =

To sum up, we obtain the representation formulas for the solution of the QC approximation
by specifying the parameters ay, by and ¢ in Lemma 4.1.

Theorem 4.1. Let y be the solution of problem (3.1)-(3.5). Then for m = —M,---,1 and
n=-N,-- N,

2 O sinh[(M + m)ay] kr [ kn
Z Prri — Ripr sinh[(M — 1)ay] pi: - cot AN S 2N(n +N)|,  (414)

where py is given in (4.11c). Form =0,--- ,M and n=—N,---, N,

ka km . km
t —— — N 4.1
y(m Z Porr — Repr VAN o {21\1("+ )}’ (4.15)
Wodd
where
Fy —Fi - Iy —F F5
Pyry — Ripr = 6(8pr — 1 + (250, — -
Goe=D g | TERI w7 s g
—I7 F; - —F Fo Fy
+ (2= pr + (Opr — 1 — 9Pk ;
( s fa ( ) i fi fo fa
Fy —F3 Fy F5+EF —Fy F5+ Fy
Qr =12 +5 )
fo fi fo fa—nf1 i fo—f
and

(-1)"F, F
fm f()
(-1)"F,, —F ‘(—1)’”1?m F+F

Qm,k = 3(1 - 10/%)

A2 o T T BB

As an immediate consequence of the above theorem, the solution is symmetrical with respect

ton =0, i.e.,
y(m,n) = y(m, —n), (4.16)

which can be easily verified from the representation formulas (4.14) and (4.15).

5. Pointwise Estimate of the Error

The main result of this section is the pointwise estimate for the error caused by the ghost
force of a QC method for square lattice introduced in § 3.

Theorem 5.1. Let y be the solution of problem (3.1)-(3.5). Then

|Dy(m,n)| < %exp [——] , m<—1, (5.1)
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The above result suggests that the error decays algebraically away from the interface.

Remark 5.1. The above theorem indicates that the width of the interface is of O(e). It also
suggests that the gradient of the error decays away from the interface to O(e) at distance
O(y/€), while for one-dimensional problem, the error decays away from the interface to O(e)
at distance O(g|lne|) as shown in [2,20].

Remark 5.2. In view of the estimates (5.1) and (5.2), we conclude that the gradient of the
solution actually decays as fast as (m?+1)~!, which is due to the decay properties of the lattice
Green’s function associated with Fy.. We shall elaborate on this issue in the future work.

5.1. Some lemmas

We exploit the explicit expression of the solution in Theorem 4.1 to prove Theorem 5.1. Note
that the terms Pyry — Ripr, Qr and Q,, i consist of the terms like (—1)"F,, fr, — (=1)"F), fin
for different integers m and n. The asymptotical behavior of such terms will be given in a series
of lemmas, i.e., Lemma 5.4, Lemma 5.5 and Lemma 5.6. We begin with certain elementary
estimates that will be frequently used later on.

Lemma 5.1. For1 <k <2N — 1, there holds

M
5 )

A
sinh &), > 1/?’2 (5.4)
. 12 . Qg Ak
h > — h— =4/ —. .
sinh o, > = sin 5 10 (5.5)

Proof. Tnvoking (4.3), we have

3 1 2\
COSh’Yk — 5 = Z (\/ 25+8)\k —5> = —mk)\k%,

which immediately implies (5.3). The estimate (5.5) follows from (4.1a) by definition. Us-
ing (4.3), we have

<

N W

A
Ek < coshg —

1
cosh g, — cosh oy, = 3 (5.6)
this implies

sinh? 8, = cosh?d), — 1 = (coshy, —1/2)% -1
= (coshy, — 3/2 + 2)(cosh v — 3/2).
Using (5.3), we have
M
3
This gives (5.4). a

sinh? §;, > 2(cosh~y, —3/2) >

To proceed further, we need the following estimates.
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Lemma 5.2. For1 <k <2N — 1, there holds

exp(—ag) < exp [2\/_%] , (5.7)

exp(—x) < exp(—dy) < exp [,i} (5.8)

5N
Proof. We only prove (5.7). Other cases are similar. Using (5.5) and coshay, > 1, we have

exp ay = cosh ay + sinh oy,

>1+ 2>\k*1+lsink—7r
- Vs — T AN’

Using Jordan’s inequality sina > 2z /7 for « € [0, 7/2], we have

expag > 1+ ——

VBN
For any 0 < = < 2/+/5, we have
In(1+2) > z(1 —2/2) > (1 - 1/V5) > z/2.
Using the fact that k/(v/5N) < 2/4/5 since 1 < k < 2N — 1, and combining the above two

inequalities, we obtain

exp(—ay) < (1 + %) = exp[—In(1 + k/(V/5N))]

k
<e —— .
= { 2V5N }
This completes the proof of the lemma. O

The next lemma concerns the estimate of py.

Lemma 5.3.

5 ([ Ak 1 .
—bpp < 22k . .
0<1 6pk_6<5+M_1+smhak> (5.9)

Proof. Using the definition of px, we get

5 (sinh[M o] — sinh[(M — 1)ag])
5sinh[Mavy] + sinh[(M — L)ay] ’

which implies the left hand side of (5.9). Moreover

5 sinh[Mag]
L=0pe =g <sinh[(M “a] 1)

)
= g(coshak — 14 cot[(M — 1)ay] sinh ak).

Using cosht < 1+ sinht for any t € R, we have

sinh oy
M—1 inh aj < sinh sinh[(M — Do
cot( Jag] sinh o, < sinh oy, + sinh[(M — 1)a]

1

< sinh
< sin ak+M71’
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where we have used the elementary inequality

sinh[Mt]

> M.
sinht —

Combining the above three inequalities, we obtain the right hand side of (5.9).

By the definition of pj and the left hand side of (5.9), we get
0<pr < 1/6.
A direct calculation gives

(cosh’y + coshé) (( D"Ey fn — (71)”anm)
= Asinh[M~]sinh[M§] + B cosh[M~] sinh[M d]
+ C'sinh[M~] cosh[M 6] + D cosh[M~] cosh[M ]
— sinh[(m — n)§] sinhy + (—1)™"" sinh[(m — n)7] sinh §,

where

A = (=1)™ cosh[m~] cosh[(n — 1)d] + (—1)™ cosh[nd] cosh[(m — 1)7]
— (=1)" cosh[n~y] cosh[(m — 1)d] — (—
B = —(—1)" sinh[m~y] cosh[(n — 1)d] — (—1)" sinh[(m — 1)7] cosh[nd]
+ (=1)" sinh[n~] cosh[(m — 1)d] 4+ (—1)" sinh[(n — 1)7] cosh[md],
C' = —(=1)™ cosh[m~] sinh[(n — 1)d] — (—1)™ cosh[(m — 1)~] sinh[nd]
+ (=1)" cosh[ny] sinh[(m — 1)d] + (—1)" cosh[(n — 1)~] sinh[m/d],
D = (—1)™sinh[m~] sinh[(n — 1)d] + (—1)™ sinh[(m — 1)~] sinh[nd]
— (=1)" sinh[n~] sinh[(m — 1)d] — (—1)" sinh[(n — 1)7] sinh[mJ].

The following lemma gives a lower bound for |Pyri — Ripk|.

Lemma 5.4. There holds

5 2
(cosh’yk + cosh 5k> ‘Pkrk — Rppr| > — (1 — exp {—]) exp [M (v + 0x)].

24
Proof. A direct calculation gives

(cosh’y;€ + cosh (5k) (Pkrk — Rkpk)
= Ay, sinh[M~;] sinh[M 6] + By cosh[M~y] sinh[M 6y
+ C sinh[M ;] cosh[M i) + Dy, cosh[ M| cosh[ M dy]
+ 2(12 42X, — 72py) sinh ~y sinh dy,

1)™ cosh[md] cosh[(n — 1)7],

(5.10)

(5.11)
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where
313 105
A = (4)\2 + TAk‘ + 315) Pk — 6)\2 — 39\, — R
225 229
By = (18>\k + e + <T + 2>\k) V25 + 8>\k> Pk sinh g

25
+ <7 + AN — (14 +4M)V/ 25 + 8>\k) sinh v,
225 229
Cr = (—18)\k - — + <— + 2)\k> V25 + 8)\k) Pk sinh 0,

1 1
2
+ (—; — 4N, — (144 4Xp)V/25 + 8>\k) sinh 0y,
Dy = (169 + 8\e)pr — (T4 + QOAk)) sinth y4 sinh 6.

Using (5.10), we may show that
Ak,Bk,Ck,Dk < 0. (512)

Using Dy, < 0 and invoking (5.10) once again, we have
Dy, cosh[ M| cosh[Mdy] + 2 (12 + 2\, — 72pk) sinh 7, sinh d,
< Dy + 2(12 2N — 72pk) sinh , sinh
- ((169 +8Mk)pk — (T4 4 200;) +2(12 42X, — 72pk)> sinh 4, sinh &

= ((24 + 8\k)pr — (50 + 16)\k)) sinh 7y, sinh 0,

IN

- (46 444, /3) sinth v sinh 8y, < 0, (5.13)
which together with (5.12) implies
(cosh vy + cosh &) (Pyrr — Ripr) < 0.
Combining the above equation with (5.12) and (5.13), we obtain
‘(cosh Vi + cosh 0y ) (Pyry — Rkpk)‘
=— (cosh’yk + cosh 5k) (Pkrk — Rkpk)
= — By, cosh[M ] sinh[Mdy] — Ay sinh[M ;] sinh[M 6] — Cj, sinh[M ;] cosh[M 6]
+ ( — Dy, cosh[ M~y cosh[M ] — 2(12 4+ 2\, — 72py) sinh vy, sinh 5k)
>| By | cosh[M ] sinh[M dx]. (5.14)

Using (5.9), we bound |By| as

225 229
|Bk| =B =— (18)% +—+ (— + 2)\k) 25 + 8)\k> Pk sinh vy

4 4

25
- <— + 4>\k - (14 + 4)\19)\/ 25 + 8)\k> sinh’yk

2

107 11 175
> <<— + —)\k) V25 48X\, — e 7>\k> sinh .

24 3



678 J.R. CHEN AND P.B. MING

A direct calculation gives sinhv, > /5 /2, which together with the above inequality yields
5
Bl > 2. (5.15)

By (5.8), we have
exp[2M | > exp[2kM /(5N)] > exp[2M /(5N)].

It follows from the above inequality that
sinh[Moy] = = exp[Mdg] (1 — exp[—2M &k])

>

N — N~

(1 — exp[=2M/(5N)]) exp[M 5]

Substituting the above inequality and (5.15) into (5.14) implies (5.11). |

Next two lemmas concern the upper bounds of 9 and Q,, ;. Instead of calculating all the
coefficients of Qy and 9, 1 as we have done for (cosh~yy + cosh0x)|Pyrr, — Ripr|, we consider
the coefficients of the leading order terms of Qp and Q,, . We write

(cosh’y + cosh 5) ((—1)’“ S — (—1)"anm)
ZE(A + B+ C + D)Mot i(—A —B+C+ D)™ + LO.T. (5.16a)
with

A4 B+C+D= (e +e) ((-1)ymeotm) — (—qyremtmrma)),

(5.16b)
—~A—B+C+D=(e"+e%) (—(=1)me" ™ 4 (=1)"e™ ™),

and L.O.T. stands for the terms that are of lower order than e +9) and M (=9 Using (4.14),
we write (cosh~y + coshd)Qy as
(cosh’yk + cosh 5k) Qi = QL exp[M (y1, + 6x)] + Ok exp[M (v — 6x)] + L.O.T. (5.17a)

with

1
Q) = 1 (e”’“ + e‘s’“) {12(@7" + %) 4 52 — e2k) — 5(e” Tk 47 %)

— e VETOk (e’Yk + eék) + eV Ok _ oOk—k }, (5.17b)
1
Q) = 1 (ev’“ + 676’“) {*12(6’% + 7)) 4 5(e27k — e 2%k) 4 5(e Tk 4 )
+ e’ykftsk (e’yk + 6*519) + e*'kaék — e’Yk“F&k}' (5.17(3)

We have the following estimate for Qg and Q}c.

Lemma 5.5. There exists C' such that

Q0]+ |Qk| < CV A (5.18)
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Proof. We only estimate QY, and Q) can be bounded similarly. We firstly write QY as
0f = 7 (e + M) {124 7% — ) — (54 ) (e 4 )
41265 — 5% 4 ped } (5.19)
By definition, we have
cosh[2v] = 2cosh? v, — 1 = coshy, + A\, + 2, (5.20)
which implies

e?Ms 4 e = cosh[2yx] + sinh[27y;] + cosh vy, — sinh
= 2coshy, + A + 2 + sinh v, (2 cosh v, — 1)
=2(e"™ + 1) + A\ + sinh v, (2 cosh vy, — 3).

Substituting the above equation into (5.19) produces
QY = i(e”" + 65k> {(5 — e)[2(e% — 1) — e % 4 20r)]
— (5 + %) [\ + sinh v (2 coshy — 3)]}
Using (5.6), we get
2(e% — 1) — 7% 4+ %% = (¢ — 1)(3 + 2cosh &) = 2(coshy, 4 1)(e’ — 1).
Combining the above two equations, we obtain
Q) = (e + e‘s’“){2(5 — e7%)(coshy, + 1)(e — 1)
— (54 €%)[\g + sinh (2 coshyy, — 3)]} (5.21)

Proceeding along the same way that leads to (5.21), we obtain

1
Q; = Z(e'y’“ + 65’“){(5 + € %) [\ + 2sinh (2 coshyy, — 3)]

4 (5 — €7)(1 + 30 4 e~ 20k ek — 1)}. (5.22)
Using (5.6) gives
3
e% —1 = coshdy +sinhdp — 1 = coshy, — 3 + sinh 6.

Substituting the above equation into (5.21) and (5.22), and using the estimates (5.3) and (5.4),
we obtain (5.18). O

Next we write (coshvyy + coshdx) Q1 as
(coshyy + cosh 0) Ok = Q?mk exp[M (v + 6k)] 4+ Qr, . exp[M (v — 65)] + L.O.T.
with )
Q'ron,k = 1(6% + %) ((f”mEim% Q) — e ™Mok Q2) )
Q1 = 3(1 4 €%) 4 €% — 7% — 6pi(5 + %),
Q= ¥k f e — (e — 1) 4 6pg(e™ — 5),
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and
e = (€ €7 (<(-1)me Qs — Q)
Qs = 3(1— 2p)(% — 1) + €720 — ¢ 1 6(1 — Gpy),
Qi= 0.

We have the following estimate for Q?n’ . and Q}n’ k-

Lemma 5.6. There holds

1
|Ql|+|92|+|93|+|g4|§c<m+M_l). (5.23)

Proof. We only estimate Q1 and Q. The terms Qs and Q4 can be bounded similarly.
Similar to (5.20), we have

cosh[20;] = — cosh dy, + A\ + 2.

Using the above equation, we write Q; as

Q1 = 3(1 + cosh &, + sinh 6 ) — cosh &y, + A + 2 + sinh[26]
— (cosh &), — sinh &) — 6y (5 4 €°*)
= A\ + 5 + cosh 8 + 4sinh &, + sinh[20;] — 6px (5 + %)
=M\ + (54 €%)(1 — 6py) + sinh 65 (3 + 2 cosh d,).

Using (5.20) and proceeding along the same line that leads to the above expression of Q;, we
obtain

Qs = 2cosh? vy, + 2 + sinh|[27,] — 3(cosh g + sinh ) + cosh g, — sinh vy, + 6pg(e™* — 5)
= i + 5 — coshyg, + sinh[27;] — 4 sinh vy, + 6px(e7* — 5)
=X + (1 = 6pg)(5 — ) + 2sinh g (coshy;, — 3/2).

Using (5.3), (5.4) and (5.9), we get

1
|Q1|+|Q2|SC(\/E+M1).

This completes the proof of the lemma. a

To prove Theorem 5.1, we need the following identity that can be easily derived from [12, p.
38, formula 1.353(1)].

Lemma 5.7. For any o € (0,1), we have

N
Z 0**~Lsin[(2k — 1)z]

k=1
_(o+ 0®)sinz — o*NTlsin[(2N + 1)x] + 0?VN 3 sin[(2N — 1)z]
B 1 — 202 cos|2x] + o* '
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5.2. Proof of Theorem 5.1
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Based on the above estimates, we are ready to prove Theorem 5.1. Using (5.11) and (5.18),

we have, for m < —2,

C = km
|Dy(m,n)| < N Z p(—|m|ax) sin oN" (5.24)
By (5.11) and (5.23), we have, for m > 0,
aN—1 .
|D1y(m,n)| < N ; <exp(m’yk) + exp(—mdy) sin W) (5.25)
k odd
aN—1
C km km
<= - —— .
|Doy(m,n)| < N ; <exp( my) sin 5N + exp(—mdy) sin 2N) (5.26)
k odd
Let ¢ = exp[—|m|/(2V/5N)] and = = 7/[2N], and using Lemma 5.7, we have
2N—1 . N
Z exp(—|m|ay) sin N < Z 0**Lsin[(2k — 1)z]
k=1 k=1
k odd
o1+ o)A +0*) 20(1+0)* 20
= —5 SN < ———o-siny = —— sina.
(1—02)2+40%sin“z (1-10?%) (1-0)
Using Lozarevié’s inequality [14]:
nh\ 3
cosht < (smt ) , t#0,
and the elementary inequality cosht > e!/2,t € R, we obtain
™ ™
9 sin — —
ey G T TR
° 2sinh? (—) <ﬂ> cosh?/3 (ﬂ)
4V5N 45N 45N
- 22/340nr N . { |m| ] 80N [ |m| ]
2 e S I
- oom? 6v5N m? 6vV5N
which together with (5.24) leads to(5.1).
For m > 1 and let ¢ = exp[—m/(5N)], we immediately have (5.2).
The proof of the case when m = —1 can be done in the same way that leads to (5.1). We
leave it to the interested readers. a

Proceeding along the same line that leads to Theorem 5.1, we have the following estimate

on the solution.
Corollary 5.1. There exists C' such that

ly(m,n)| < C—, m< -1,

m; >~
3—5 " 1
< > 0.
Iy(mm)l_&(( 5 ) +m+1>, m >0
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The above estimate suggests that the ghost force actually induces a negligible error on the
solution, which is as small as ¢.
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