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Abstract

The stability of the P;j-Pp mixed-element is established on general Powell-Sabin tri-
angular grids. The piecewise linear finite element solution approximating the velocity is
divergence-free pointwise for the Stokes equations. The finite element solution approxi-
mating the pressure in the Stokes equations can be obtained as a byproduct if an iterative
method is adopted for solving the discrete linear system of equations. Numerical tests are
presented confirming the theory on the stability and the optimal order of convergence for
the P Powell-Sabin divergence-free finite element method.
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1. Introduction

A natural finite element method for the Stokes equations would be the Pp-P,_1 mixed
element which approximates the velocity by continuous Pj piecewise-polynomials and approxi-
mates the pressure by discontinuous Py_1 piecewise-polynomials. One advantage of the element
is to preserve the incompressibility condition of incompressible fluids, i.e., the discrete velocity
is also divergence-free pointwise [2, 3, 18, 28, 29, 34]. Another advantage is its simplicity in
computation that the mixed element can be reduced to the standard Cj finite element solving
Laplace equations, as the discrete pressure is a byproduct when an iterative method is used for
the linear system of discrete equations. A fundamental study on the method was done by Scott
and Vogelius in 1983 [28, 29] that the method is stable and consequently of the optimal order
on 2D triangular grids for any k > 4, provided that the grids have no nearly-singular vertex (a
vertex is called singular if all edges meeting at the vertex form two cross lines.) For k < 3, Scott
and Vogelius showed the method would not be stable for general triangular grids, in [28, 29].
Nevertheless, for low order elements, (k < 4), the Py-Pj_; element can still be stable if the un-
derlying triangulations are of certain types. The stability is shown for the Hsieh-Clough-Tocher
triangles with k& > 2 [24], for the quadrilateral-triangulations with k = 2 [2], for the uniform
criss-cross grids with k& = 1 [25] and for the 3D Hsieh-Clough-Tocher tetrahedral grids with
k> 3 [35].

To establish the convergence of the finite element solution for the pressure, a uniform (in-
dependent of the grid size h) inf-sup condition, (cf. (3.7)), known as LBB condition (cf. [6]),
is usually required. For example, when a nearly-singular vertex approaches to singular (cf.
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[28, 29]), the inf-sup constant approaches to zero for the mixed element space Py-Pj_1. Nev-
ertheless, when the vertex becomes a singular one, the inf-sup constant would jump back from
zero to a regular one, because the extra spurious pressure mode is filtered out automatically in
the divergence-free element method. This is exactly the situation for the P;-FP, mixed element
on Powell-Sabin grids. To be precise, here the discrete space for the pressure is the divergence
of Cy-P; conforming element space, a proper subspace of the C'_1-F, space on the grid. Via the
macro-element technique [6, 31] and a local L?-orthogonal decomposition (see (3.14) below), we
prove the inf-sup condition for the P;-Py mixed element on Powell-Sabin grids. The stability of
this P; Powell-Sabin element has not been fully studied previously, but the element was used
in computation, cf. [8]. We note that the name of divergence-free mixed element is used often
for non-conforming [4, 21, 32] or discontinuous Galerkin methods [7, 10, 14, 17], or even for
weakly divergence-free methods [33]. But here, the discrete solutions for the velocity are truly
divergence-free, including the points on the inter-element boundary.

The rest of the paper is divided into the following sections. In Section 2, we define the
divergence-free finite element method and prove the uniqueness of such finite element solution.
We will show how to reduce the Pj-Pj_1 mixed element to the Cy- Py element, and how to apply
the classic iterated penalty method to solve the discrete, but positive definite, linear systems
of equations. In Section 3, we will show the inf-sup condition for the Powell-Sabin element. In
Section 4 we provide numerical tests using the Powell-Sabin P; divergence-free element.

2. The Divergence-free Finite Element

In this section, we shall define the divergence-free finite elements for the stationary Stokes
equations. The resulting linear systems of equations, by such elements, are shown to have a
unique solution. The classic iterated penalty method is introduced, which solves the discrete
linear system and generates the discrete pressure solution as a byproduct.

We consider the stationary Stokes equations: Find functions u (the fluid velocity) and p
(the pressure) on a 2D polygonal domain 2 C R? such that

—Au+Vp=f in Q,
divu=0 in Q, (2.1)
u=20 on 012,

where f is the body force. Via the integration by parts, we get a variational problem for the
Stokes equations: Find u € Hg(Q)? and p € L§(Q) := L*(Q)/C = {p € L? | [,p = 0} such
that
a(u,v) +b(v,p) = (f,v) Vv e Hj(Q)?,
b(u,q) =0 Vg € L(Q).
Here HJ(2)? is the subspace of the Sobolev space H'(Q2)? (cf. [9]) with zero boundary trace,
and

(2.2)

a(u,v) = / Vu- Vv dz,
Q

b(v,p) = —/ divu p dz,
Q

(f,v):/vadx.
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Let Q be quasi-uniformly triangulated [9]:
Qp ={T | T is a triangle with the minimum angle bounded, |T'| < h}. (2.3)

Let V;, be the space of continuous piecewise polynomial of degree k on €2 with the homogeneous
boundary condition:

Vi ={uy € C(Q) | up|p € Po(T)* VT € Qp, and  up |y, = 0} . (2.4)
Then we define
P, = {le up | up € Vh} (25)

Since [, pn = [ divu, = [, up -0 =0 for any pj, € Py, we conclude that
V, C Hi(Q)?, P, C L),

i.e., the mixed-finite element pair (Vj, Py) is conforming.
Then the finite element discretization of problem (2.2) reads: Find up € Vj, and py € Py
such that
a(up,v) +b(v,pr) = (f,v) Vv € Vy,
b(uh,q):O Vq € Pp.

We note that by (2.5), Py, is a subspace of discontinuous, piecewise polynomials of degree
(k—1) or less. Except a few cases such as the high-order tetrahedral elements on Hsieh-Clough-

(2.6)

Tocher grids (cf. [34]), P, does not include all mean-value zero piecewise polynomials of degree
(k —1). So it is not possible to find a local basis for P, in general, and it is not possible to
derive a linear system of equations for (2.6), different from all other mixed finite methods. It
seems that the definition of P, (2.5) is not practical to implement the mixed element. But
on the other side, it is the special interest of the new formulation where the space P, is not
implemented at all, and the discrete solutions approximating the pressure function in the Stokes
equations will be obtained as byproducts. So there will be only one finite element space for
the velocity, and the mixed element pair becomes a single element. This does not only greatly
simplify the coding work, but also avoids the difficulty of solving non-positive definite systems
of linear equations encountered in the classic mixed element method.
Let us introduce a key finite element space, the divergence-free finite element space,

7, = {uh €Vy | divuy, = 0} (27)

Because of the special definition (2.5) of P}, the solution uy of (2.6) is always divergence-free
pointwise, i.e., uy € Zy, shown below.

Proposition 2.1. Let V}, be defined by (2.4) on any 2D triangulation, with or without singular
or nearly singular vertices, of quasi-uniform or graded grids, of reqular or degenerating grids,
and for any degree of polynomial k > 1. Let P}, be defined by (2.5). The discrete linear system
(2.6) has a unique solution:

u, € Zp, pu € P

Proof. We show the uniqueness first. Let u;, be a solution of (2.6). We have, by the second
equation,

b(up,q) =0 = /divuhdivuhzo = uy € Zyp,
Q
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where we have chosen ¢ = divuy, € P,. Now, if 4y, is another solution of (2.6), by the first
equation, because divuy = 0 as shown above, we get

a(uh - ﬁh, up — ﬁh) = 0,

where we have chosen v = u;, — 0, so that the term involving two pressure solutions drops as
divv = 0. Therefore we have shown uy, is unique (if it does exist.)
Next, let (up, pn) and (up,pr) be two solutions of (2.6). It follows that

b(v,pn —pn) =0 = / (ph —Pn)* =0,
0

where we have chosen one v so that divv = pj, — pp, by the definition (2.5). So we conclude
the solution py is unique too.

Finally, because (2.6) is a linear system of finitely many equations, the uniqueness implies
the existence. O

We remark that an inf-sup condition is required to ensure the existence of solution for general
mixed finite elements. Therefore, for divergence-free finite elements, the inf-sup condition
always holds, except that the inf-sup constant in the inequality may depend on the grid, i.e., it
may be very close to zero sometimes.

Proposition 2.1 ensures the finite element system (2.6) has a unique solution. We introduce
a classic iterated penalty method to find the unique solution. We will show how to reduce the
mix-element space to a single element space in the method. The method is an iterative one for
solving conforming Py element Laplace equations, in essence.

Definition 2.1. (The iterated penalty method for the divergence-free element. [5, 6, 11, 13, 30])
Let the initial iterate uy = 0 for the finite element Stokes equation (2.6). The rest iterates uy
are defined sequentially as the unique solution of

n—1

a(uy,vp) + a(divuy, divvy) = (f,vy) + G(div Z u{l, divvy) Vvp € Vi, (2.8)
j=0
n=1,2,---. Here a and (8 are positive constants. At the end of iteration, we let
n .
pi=pdiv)y uj. (2.9)
j=0

Remark 2.1. In the iterated penalty method of Definition 2.1, we need only to do computer
coding for the conforming Cy-Pj element for the vector Laplacian like equations. This avoids
a heavy work for coding the discontinuous finite elements for the pressure.

Remark 2.2. The convergence speed of the iterated penalty method in Definition 2.1 is shown
to be constant, independent of the grid size h, in [5] under the inf-sup condition.

Remark 2.3. The iterated penalty method of Definition 2.1 can be a nested-iteration method.
As usual, the inner equation would be solved by another iterative method, for example, the
multigrid iteration [30], up to a certain accuracy. In other words, the inner iteration and the
outer iteration would be combined into one.
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To conclude this section, we show a lemma about the equivalence, in fact, an identity, of
the semi H'-inner product and the div+ curl product, for Co-P; polynomials. This is well
known. But we could not find a rigorous proof anywhere, as it seems that the differentiability
is assumed.

Lemma 2.1. For allu,v € Vy, in both 2D and 3D, it holds that
a(u,v) = (divu,divv) + (curlu, curl v). (2.10)

Proof. We note that curlu is a scalar function in 2D, but a vector function in 3D, curlu.
We will show (2.10) in 2D first. Let u = (uy, uz), v = (v1,v2), and x = (z,y).

a(u,v) = E / (U1pV15 + UtyV1y + UogVog + UgyVay )dX,
TEQy, T

(divu,divv) = g / (U1pV15 + UrpV2y + Uy V1g + UoyV2y )dX,
T
TeQ,

(curlu, curlv) = E / (U2zV25 — U2z U1y — UlyV2z + UiyU1y)dX.
Teq, /T

We need to show the cancellation of 4 terms in the middle of (divu,divv) and (curlu, curlv).
This is done by the integration by parts.

/ulxvgydydxz/(ulvgy)xdyda?—/ulvgyxdydx
T T

T

:/ Uvaydyf(\/ (ulvgx)ydyd:cf/ulyvgzdyd:c)
ar T T

:/ ulvgydy—/ ulvgxdx—i—/ulyvgxdyda?
T aT T

0
:/ ulﬂds—k/ulyvgxdydx.
or Ot T

We note that the normal derivative dva/dn is not continuous across two elements, but the
tangential derivative Quy/0t is. When summing above integrals on all triangles, as u; is con-
tinuous on internal edges, the two integrals on the two sides of each internal edge are canceled.
In addition, u; is zero at the boundary of . So it follows that

/’U/lg;’Ugde— / U1y V2 dx = 0.
Q Q

Similarly we can do such an integration by parts for the other pair of terms. Hence (2.10) holds
in 2D.

We now study the 3D case. The terms inside the integral over a tetrahedron T for a(u, v),
for (divu,divv), and for (curlu, curlv), are, respectively,

U1V + U1y V1y + U101, + U2, V2 + U24V2y + U2,V2, + U3 V3z + U3yV3y + U32V3z,
U1V + U12V2y + U1,v3, + U2y Vig + U2y V2y + U2y V32 + U3,V12 + U32V2y + U32V3z,
U2 V2 — U2z V1y — UlyV2x + U1yV1y + U1V1, — U12V32 — U3z V12 + U3 V32

+ U3y V3y — U3yV2, — U22V3y + U2,V2;-
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Thus what we need to show is that
/Q(ula;'U2y + U12V32 + U2yV1x + U2yV3z + U3V1 + U3 V2y
—UiyV2z — U1,V3p — U2pV1y — U2:V3y — U3g V1, — U3yV2,) dx = 0. (2.11)

We study one pair of such terms on one tetrahedron T' € 2y, by the divergence theorem, as
follows.

/ (U15V2y — U1y Vg )dx = / (u1v2yng — U1V, + 0)dS
T aT

:/ u1(n X Vug)sdS.
T

Here we denote the normal vector on the triangular faces of T' by n = (ng,n,,n,). We note
that all three components of “tangential derivatives”

n x Vug = <(n X V’Ug)l, (n X V’Ug)g, (n X V’Ug)g)

are continuous at the inter element boundaries and are zero at the domain boundary. Therefore
(2.10) holds in 3D and the lemma is proven. O

3. The Powell-Sabin P1 Divergence-free Element

We will define the Powell-Sabin triangulation and the P; divergence-free element on such
triangulations. We will establish the inf-sup condition for the Powell-Sabin P; divergence-free
element, and consequently, the optimal order of convergence.

CT3

Cf“l sz

Fig. 3.1. A Powell-Sabin split of the central triangle 7.

Let  be a 2D polygonal domain triangulated into a quasi-uniform grid Q;, (c.f. (2.3), [5, 9]).
For each triangle T' € Qy,, let ¢ be the center of the inscribed circle of T, see Fig. 3.1. To define
the Powell-Sabin triangulation €, based on €, we connect each cq to both the three vertices
of T (this is the Hsieh-Clough-Tocher triangulation, cf. [1,9, 16, 19, 24, 26, 27, 35] and Fig. 3.6)
and the three ¢z of the three neighboring triangles T; in Q (c.f. Fig. 3.1, [1, 16, 22, 23, 27]).
If T is a boundary triangle, we simply connect ¢ to the mid-point of the boundary edge(s).
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In this fashion, each triangle of €, splits into 6 subtriangles, see Fig. 3.2. We call the resulting
triangulation a Powell-Sabin triangulation, Q5. It can be shown (see the references in [15]) that
the family of Powell-Sabin triangulations derived from a quasi-uniform family triangulations
is also quasi-uniform. We note also that the interior point on each triangle T can be chosen
differently, in general. However, we can see that by choosing the point ¢z to be the center
of the inscribed circle of T}, it is guaranteed that the intersection of the edge ¢, ¢, and the
common edge between triangles T; and T, is an interior point on the common edge. In fact,
the intersection point is between the two projection points of ¢; and ¢z, on the common edge.
We remark that there is no restriction on Qp here. However, if we would like to have a nested
multigrid-refinement of ), and a nested family of Powell-Sabin finite element spaces, ), would
be no longer an arbitrary triangulation (see [20]). We note that the center of the inscribed circle
is used in Fig. 3.1, but the center of mass is used in Fig. 3.2. In either case, computationally, we
would assume that the initial grid €, is quasiuniform and regular enough such that the center
point is away from the boundary of the triangle and that the six subtriangles, T}, j =1,--- ,6,
of T, are about the same size:

distance(cy, oT) > Ch, area(T;) > Ch?, for all T € Qy, (3.1)

for some C > 0 independent of h.

Q, QO (H-C-T) Q. (P-S)

Fig. 3.2. A uniform triangulation €, splits into a Powell-Sabin grid €.

To be clear, we use another notation for the Powell-Sabin Cy-P; space, different from the
general space Vj, in (2.4), on the grid Q.

VIS = {v | vlr € Py VT € Qu} 0 Hy ()2, (3.2)

To show the inf-sup condition for the Powell-Sabin mixed P;-P, element, we introduce
auxiliary spaces for the pressure in the Stokes equations. One is the piecewise-constant space
on the base triangulation 2 of a Powell-Sabin triangulation:

P, = {qh € L2(Q) | Gnl7 = Gz, a constant, on each triangle T € Qh} . (3.3)

It is well known that the P»-FP; combination mixed element is uniformly stable. In fact, the
P5-Py pair and the P-Py pair on half-sized grids, cf. Fig. 3.3, are two mostly used tools
in the macro-element technique for showing the stability of other mixed finite elements, cf.
Stenberg [31] and Arnold & Qin [2]. For the pair (VS P,), we have more degrees of freedom
for the velocity while having the same pressure space, compared with the P»-Py element, cf.



P1 Divergence-Free Element for Stokes Equations 463

)
@) @]
® ®
Co—P» velocity, C'_1—Py pressure Co—P; velocity on Q n, C_1—P, pressure on Qh

Fig. 3.3. Two pairs of stable mixed finite elements.

Co—P; velocity on Qp, C_1—F, pressure on Qh

Fig. 3.4. A stable pair of mixed finite elements (Powell-Sabin grids for the velocity).

Figs. 3.3 and 3.4. Using the same analysis for the Py-Py mixed element, cf. Stenberg [31], it is
straightforward to show the pair (Vf S, Py,) is uniformly stable, as stated in the next lemma.

Lemma 3.1. The mized finite element pair (VS Py), defined in (3.2) and (3.3), is uniformly
stable, i.e., for some C' independent of h,

inf~ Sup b(Vh, qh)

——F—2>C > 0. (3.4)
Gn€Pn vy evPS |Vh|H1 HQhHL2

We next enlarge the pressure space to get another auxiliary space. Instead of one constant
each macro-triangle, we have three constants on each such a macro-triangle. Here, we split each
triangle of 2 into three triangles, instead of six,

O ={T; | THUT,UTs =T € O},
shown in Figs. 3.2 and 3.5. Such a triangulation is called a Hsieh-Clough-Tocher grid, cf. Ciarlet

[9] and Qin [24]. We define the second auxiliary space for the pressure on macro-grids €y,.

P, = {qh € L4(Q) | 4nl4 = 47, a constant, on each triangle 7' € Qh} . (3.5)

Lemma 3.2. The mized finite element pair (VES, By), defined in (3.2) and (3.5), is uniformly
stable, i.e., for some positive C' independent of h,

b N
inf  sup (th Qh)

o e 2 3.6
in€Pivi,evres [Vilml|gn| L2 (3:6)
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AN

Qp Qh Co—P, velocity on Qp,, C_1—F, pressure on Q;l

Fig. 3.5. A Hsieh-Clough-Tocher grid and a stable pair of mixed finite elements.
o Ps

P2
SRR
q Ps\ o Py = ¢ ¢ ?1
A qy
S P4

w1 Wo Qn Py Qn

Fig. 3.6. A decomposition w;, = w1 + wz, and a reference mapping.

Proof. The proof is done by the macro-element technique, similar to that for the inf-sup
conditions on P»-P; Hsieh-Clough-Tocher triangles, cf. [2] and [24], and on 3D Ps-P, Hsieh-
Clough-Tocher tetrahedra [34]. We outline the proof. When restricted on a triangle T of Qp,
the dimension of null space of the B-operator arising from b(-,-) is 1, i.e.,

dim Nj = dim{gp|7 | Gn € Py and b(vp,qn) =0 Vv, € VES} =1 VT € Q.

We then apply the macro-element technique of Stenberg [31]. Here the key factor is the existence
of a degree of freedom for v, inside each edge of €. (3.6) follows from (3.4). O

We will show next the stability of the Powell-Sabin divergence-free P; element, i.e., the
space for the pressure is taken to be the divergence of the velocity space V,I: S, as defined in
(2.5). Here the pressure spaces P, and Py, are extended further to Pj,.

Theorem 3.1. The mized finite element pair (VES, Py), defined in (3.2) and (2.5), is uni-
formly stable on Powell-Sabin grids, i.e.,

b
inf  sup _bvhan) > C. (3.7)

€Pw v, evrs [Vi|mllqnl| L2

Proof. Let g, € Py. Let wy, € V,ILD S be one such a function whose divergence is gp:
divwy, = ¢n. To prove the inf-sup condition (3.4), we need to construct a vy, close to wy,
filtering out the divergence-free component of wy. The construction of v is done in two steps.
Let

W, = W1 D Wo, WlerS, W2€V§S, (3.8)

where VI is the Cp-P; subspace of VI on the Hsieh-Clough-Tocher grid QO (cf. Figs. 3.2,
3.5 and 3.6) and V£'¥ is the span of nodal basis functions of VI at the points interior to edges
of Qp, shown as Ps in Fig. 3.6.

Without loss of generosity (by shifting @, to the origin), let P5(0,0) be a mid-edge point in
the Powell-Sabin triangulation €2;,. With the four neighbor points, cf. Fig. 3.6,

Pl(zlayl)v P2(x27y2)a Pg(*Cl‘l,*Cyl), and P4(*dl‘2,*dy2),
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the four triangles in §2; meeting at P5; form a quadrilateral Q). Here ¢ and d are two positive
constants. If ¢ = 1/2, Ps would be the true middle point of edge P; P;. The referencing linear
mapping for the first triangle Py P» P is:

=G ) G) =)

It leads to the standard finite element calculation of gradient vectors,

()
x (2 —T2 I UL — U
runl) ()2 (172).
Y ) T1Y2 — T2Y1 \U2 — Us
where u denotes a linear function and u; = u(P;). The calculation is similar on the other three

T
triangles. Let v = (u v) € Vf S, Then divv consists of four constants on the four triangles,
see Fig. 3.6,

d.iVV|T1 = gjg(ul — U5) — gl(U;Q — U5) — jg(’Ul — ’U5) + .fl (’Ug — ’U5),

Uz — Us U3 — Vs

divv|rn, = 72 — J1(u2 —us) — &2 + 21 (v2 — vs),

. . Uz — Uy . Ug — U . Uz — Uy .~ U4 — Vs (39)
div v|p, = 2 —in — &9 + I ,
—c —d —c —d

Ug — Us N Vg4 — Vs
—Zo(V3 —U5) + T1———
— ( ) —

d.iVV|T4 = :IQQ(U3 - U5) — U1

The dimension of (div V,ILD s ) 0, an be easily found. It is 3, not 4, as Ps is a singular-vertex. In
fact, denoting the four constant values of div v on the four triangles by a vector (c1, co, ¢3,¢4),
we have

1 1

1

(div VPS) = Span 1
hJQn 1]7-1]"|-1

1

In particular, if v =v; € V¥ i.e., v is one vector of one linear polynomial on T} and 75, and
of another linear polynomial on T5 and Ty, (to be precise, v(Ps) = (ev(Py) + v(P3))/(c+ 1))
then divv|p, = divv|p, and divv|p, = divv|g,:

(div VfS)Qh = Span

1
1
. (3.10)
1

-1

On the other side, for any v = vy € VI3 v(P) =0 for i = 1,2,3,4. That is v = v(Ps)¢s, cf.
Fig. 3.6. We have

(div'vy®),, = Span (3.11)

Q
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To decompose VIS further, we write

Us

valQ, = v(P5)¢s = ( ) ¢5 = Va1 + Va2, (3.12)

Us

where
Tous + Yovs [T
v =V(P5)¢s —va1, and vog = 2?2721%25 <A2> ®5.
YD + Y3 Y2
It is straightforward to verify that, by (3.9),
divvy; € (divVvEs) |
([divVi%)q, ; (3.13)
(diVVQ’Q,diV VI)L2(Q;L) =0 Vvq € Vf .

We note that the separation of (div vy S) o in (3.13) is done by separating its two basis

functions in (3.11) according to the structure of (divV{®)_in (3.10). Now (3.8) can be

Qn
decomposed further as

W =W + Wy = (W +Wz1) D (Wa2) (3.14)

such that
diV(Wl + W271) € Py, and (diVWQ’Q,Qh)LQ(Q) =0 Vq € Ps. (315)

By (3.14), as ¢1 := div(wy +wa,1) € Py, by Lemma 3.2, there is a vy, € V7S such that
b(vi,q1) > Clvilar @ llaillz2 o) - (3.16)
Further more, we scale vj, on both sides of (3.16) so that
Clvilmi o) = llaillzz(o)- (3.17)
By the same way as in the decomposition (3.14) and (3.15), we write
v = (Vi +va1) ®(va2), Vaa € V§S.
It is clear now how to select a v € Vf S for the given wy, to satisfy the inf-sup condition (3.4):
Vv=vp+(—Was—Vas) = (Vi +Va1)®(—Wao). (3.18)
By the L?-orthogonality in (3.14) and (3.18), it follows that

b(v,qn) = —(divv,g1) — (divv,divwg2)
= —(div(vi +v21),q1) + (divwg 2, divwa 2)

=b(vh,q1) + || diVW2,2”%2(Q)'
By the reduced inf-sup condition (3.16) and (3.17), we get further that

b(v,qn) = Clvalm @ llarllz2 @) + [ div wa ol 720

1
2

1
. 2 .
= (C2|Vh|%{1(sz) + |d1VW2,2|%2(Q)) (”Ch”%?(ﬂ) + | leW2,2H%2(Q)>

%
> (CWValis o) + CEwaolhney) lanllzaoy

> min{C, C1 }|v]gi(o)llanllL2(0),
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Fig. 4.2. The pressure pj, on the 4th level grid.

where we used an easily verifiable fact [wa 2| p1(q) = V2| div wa || 12(0) for hat functions sup-
ported on squares (cf. [12]), which ensures (by an referencing mapping) that

(Wa2lmi(a) < Cr | divwasl 22

with C7 independent of A but dependent on the regularity (3.1) of triangulation 2, because
Wo o is supported locally on quadrilaterals like the @)}, shown in Fig. 3.6. g

Theorem 3.2. The Powell-Sabin Py divergence-free solution (up,pr) for the Stokes equations
(2.6) is of optimal order in approximation:

lw =l +llp = pall2 < Ch([[al[ 2 + [[plla)-

Proof. By the inf-sup condition (3.7), the approximation of the mixed-element is quasi-
optimal, by the classic mixed finite element theorem [6, 12], namely,

u—u +||lp — <(C inf u—v + C inf — .
o=l lp = palls <€ int vl +C it o= anlliee

Noticing P, D P, defined in (3.5) — the space of 3 piecewise constants on each triangle of Qn,
the proof is complete. a
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Table 4.1: The Powell-Sabin solutions by the iterated penalty method (2.8)-(2.9).

Level | Grid | # triangles | [u —up|m | [[p—pallz2 | [u—unli, | [P —Pallic
2 2x2 48 2.42444 5.65923 5.65923 9.54726
3 4 x4 192 1.31865 2.91791 0.15469 5.51233
4 8 x 8 768 0.67491 1.44462 0.05398 3.23210
) 16 x 16 3072 0.33514 0.71194 0.01544 1.72471
6 32 x 32 12288 0.16663 0.35458 0.00413 0.90545
7 64 x 64 49152 0.08306 0.17711 0.00107 0.46507

Table 4.2: The P; divergence-free element on the uniform grids.

Level Grid # triangles | |[u —uplg | lp—pallzz | [lu—unli, | lp —prllis

3 4x4 32 3.10367 13.26644 0.75000 16.48328
4 8 x 8 128 3.52223 31.20645 0.75000 67.44058
5 16 x 16 512 3.62370 65.30492 0.76172 | 174.82793
6 32 x 32 2048 3.63142 | 130.72432 0.76500 | 383.22368
7 64 x 64 8192 3.64096 | 212.58133 0.76912 | 728.41291
00 40 — 00 40 — 00

4. Numerical Tests

In this section, we report some results of numerical experiments of the P; divergence-free
element on the uniform cross grids, and on the Powell-Sabin grids, shown in the left graph and
the right graph of Fig. 3.2.

The computational domain 2 for (2.6) is the unit square. The unit square is first partitioned
into m x n small squares, then 2(n x n) triangles. The partition is denoted by Q;l, shown in
the left graph of Fig. 3.2. Each triangle of Q, is further subdivided into 6 subtriangles by
connecting the center of mass with the three vertices and the three mid-edge points, shown by
Qp, in the right graph of Fig. 3.2. This is a simplified version of Powell-Sabin grids, described
in Section 3.

The right hand side function f for (2.6) is

f=—-Acurlg— Vg, = (gym ~ Gywy gmz) . (4.1)
Jaazx T Gzyy — Gyax

where g = 28(x — 2%)?(y — y?)2. The continuous solution for the Stokes equations (2.1) is
u=-curlg, p=—g... (4.2)

We plot the first component of the numerical solution uy in Fig. 4.1, and py in Fig. 4.2, for
h = 0.125 (i.e., on the 4-th level grid, see Table 4.1) by the Powell-Sabin P; divergence-free
method.

In Table 4.1, we list the errors of the Powell-Sabin P; divergence-free element on several
levels of grids. The order of convergence for the velocity in the H'-norm and the order for the
pressure in the L2-norm are apparently both 1, verifying the theory presented in Theorem 3.2.
Also in Table 4.1, we can see that the nodal error for the velocity converges at order 2, while
that for the pressure at order 1, as expected, though not proved in this paper.

In Table 4.2, we list the errors of the P; divergence-free element on the uniform grids, shown
in the left graph of Fig. 3.2. It is well known that such a conforming P; method has a locking
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Table 4.3: The inf-sup constant in (3.7) for the Powell-Sabin P; element.

Level | Grid | dimVF® | dimZ, | inf-sup constant in (3.7)
1 1x1 6 2 0.286344198474493
2 2x2 34 8 0.258961387083094
3 4 x4 162 56 0.272567422851668
4 8 x 8 706 296 0.274357431100380
) 16 x 16 5892 1352 0.275426941311122

problem. The numerical data in Table 4.2 show that there is no approximation at all for the
P, divergence-free element on the uniform grids. We can see that the discrete solutions for the
velocity go to zero, and that the discrete solutions for the pressure diverge to infinity.

Finally, we verify the inf-sup condition (3.7). The inf-sup constant is equal to the square
root of the minimum eigenvalue of matrix A='B, where A and B are the matrices arising
from the a(+,-) inner product and the (div -, div-) inner product under the nodal basis (or any
basis) of Vf 9. respectively. We note that the number of zero eigenvalues is the dimension of

divergence-free space Zj. The computed inf-sup constants on each level of grids are listed in
Table 4.3.
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